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BBepgeHue

Kanra "Mathematica st cTyaeHTa" TIOTIONHSET CCPUIO KHAT CUMBOJBHOM MaTeMa-
tukn: "Derive g crynenra”, "MATLAB ang crynenta”, "Mathcad s crynenta”,
BblMyIIEeHHbIX B cBeT B 2005—2006 rr. uzaarenscreom "bXB-IlerepOypr".

Bynem HazesThes, UTO B CKOPOM BPEMEHW W3JATEITBCTBO BEBITYCTHT B CBET KHHUTY
"Maple mnst cTymeHTa" — MOCNSIHIOI W3 CEPUH KHUT CHMBOJNBHOW MaTeMaTHKH.
Ecau 3710 npou3oiaer, To CTYEHT MOJIYUUT MOJHYI WHTE/UIEKTYalbHYIO 6ubauoTe-
KY KHUI' KOMIBIOTEPHOH anreOpbl. DT KHUIM Oy1yT €My Hy’KHbl B TEUEHUE BCEro
nepuoja o0y4eHusl B By3e.

Hu onna u3 HUX B OTAEIBHOCTU HE MOKET 00ecleunTh yueOHbIi mpolece Mo BeeM
peaMeTaM JAHHOM CHEelUaNbHOCTU. Bce OHU Hy)XHbI CTYJEHTY NPU BbINOIHEHUU
YOPOKHEHUM U AOMALIHMX 33JaHUM MO Pa3NIUYHbIM MATEMAaTHUECKUM U TEXHUUE-
CKVM JWCUMITIIMHAM, TIPH BBITTOIHEHUH Ta00paTopHEIX paboT, PH KypCOBOM W AH-
IIJIOMHOM TIPOEKTUPOBAHUU.

He Bce cTymeHThl MOryT UMETh Takylo OuOauoTeKy. ManouMyuiux J0mKHbL odecme-
YUTH 3TUMHW KHATaMHU OMOTMOTEKH BY30B. TakoBEI TpeOOBaHWS KOMITHIOTEPH3AIIIH
00yUCHNUS, TPU3BAHHOTO CYMECTBCHHO MOBBICHTE €10 3())ESKTHBHOCTE.

TlosiBneHKe cUCTEM CUMBO/IBLHOM MaTeMaTUKU — PEBOJIOLUS B HAYKE U 00pa30BaHUM.

CoBceM HEJaBHO KOMIIbIOTEp OblL1 JMIUbL MOIIHBIM KaIbKyJSTOPOM M He oOnaaan
CBOMCTBOM MHTE/IEKTYabHOIO TEXHHYECKOIO CPE/ICTBA.

C ero noMolIbI0 MOXXHO ObLIO pellaTh 33241 TOJABKO B YMCIEHHOM Buse. [Ipu sTom
[0/1b30BaTEb 00513aH COCTABIATH IPOrPAMMbl HA YHUBEPCAIbHBIX 3bIKaxX MpOrpam-
mupoBanus (Poprtpan, Cu, belicuk 4 T. n.). DT0 MOr AenaTh TOIbKO Hpodeccuo-
HaJIBHBII TIPOTPAMMHCT.

OTUM MOXHO OOBSCHUTD €1a00€ UCHONb30BAHHUE BLIYUCIUTENbHOM TEXHUKY B UHXKE-
HEPHOM Jeie, HayKe U 00pa30BaHUU.

TlosiBnenue cucteM CUMBOJIBHOM MaTeMaTMKM, Takux kak Mathematica, Maple,
Derive, Mathcad, MATLAB, cylieCTBEHHO U3MEHUIIO CUTYaLUIO.

Tenepb Mmoab30BaTeqO HET HEOOXOAUMOCTH COCTABISIThL NPOrpaMMbl Ha YHUBEp-
CanbHOM f3blke IporpamMmupoBaHus. OHM yKe COCTaBIEHbI U B KaueCTBE I'OTOBBLIX
[IPOrpaMM HaxoJsATCs B NAMATU KOMIbIOTepa. TpeGyercs uib 00paTUThCs K HUM, a
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[POrpaMMUPOBAHUE COCTOUT JMIIb B TOM, YTOObI O0BETUHUTH HEKOTOPBIE U3 HUX B
EJIMHYIO TIPOTPaMMY, COOTBETCTBYIOIIYIO QJITOPUTMY PEIICHUS 3a1a4n.

O0paileHye K NporpaMmMam OCyIIESCTBISETCS C OMOILBH BCTPOSHHBIX QPyHKIMA uiau
komana. Torja cylHOCTh NPOrpaMMUPOBAHUS COCTOUT B TOM, YTOObI CO3/1aTh KOM-
OWMHAIIMIO BCTPOSHHEIX (YHKIMH, COOTBETCTBYIOMIYIO anroputMmy. Takoe (yHKIHO-
HAJBHOE MTPOrPAMMHPOBAHNE HACTONBKO TMPOCTOE, UTO MM JIETKO OBJAJIEET JIF0OOH
TONTB30BATENb.

OcobeHHOCTU cucTteMmbl Mathematica

O Cucrema Mathematica siBisIeTcsl OUEHE TOTYIAPHOHN BO BeeM MHpe. Tak, Hampy-
Mmep, B CIIA odwmansHO 3aperncTprpoBaHO CBBINIC MUJLTHOHA €€ TT0JTB30BaTe-
neli. U31aHo HECKOJIBKO IECSITKOB KHUT Pa3IMdHOTO HA3HAYCHHUSL.

Cunraercs, 1 He 63 ocHOBaHMS, 9T0 Mathematica — Jmaep Cpenyt CHCTEM CHM-
BOJIEHOM MareMaTHKH.

() Bricokre WHTENTEKTYANBHEIE BO3MOKHOCTH crcTeMbl Mathematica mossomnsroT
peliaTth 3a71a4u B aHATUTUUECKOM BUJE.

TIpeobpazoBanmst MaTeMaTHIECKUX BEIPAXKEHWI OCYIIECTBISIOTCS HAa TAKOM BBI-
COKOM YpOBHE, UTO CHCTEMA TIO3BOJISET ITOydaTh pereHus OONBITHHCTBA MaTe-
MaTHYeCKUX 3a/1ad B aHAJIUTUYECKOM BUIE, BBIBOAUTH (POPMYIbL, J0Ka3bIBATH
TeopeMbl. CucTemMa NO3BOJISET:

® ONpejeniTh BEILIECTBEHHbIE U KOMILIEKCHBIE KOPHM anrebpaudeckux u
TPAHCLCHIEHTHBIX YPaBHEHHIA;

e pewars anredpanueckue U auddepeHiinaibHble ypaBHeHUs:
®  BLIYUCITATE HEOTIPEACTCHHBIC HHTETPATEI;

®  OCYIECTBJATH UHTErPalbHble Pe0dpa3oBaHus;

e peluarh 3a1a4y ONTUMU3ALUM;

®  OCYWIECTBISTE pa3yioxkKeHNe PyHKIMM B CTETICHHOM psix;

®  HAXOJUTh MpeJesbl, BbIYUCIATH CYMMbl M IPOU3BENCHUS MATEMATHYESCKHX
(yHKIHIT;

®  OCYLIECTBIIATh YIPOLICHUE CIIOKHBIX MATEMATUYECKUX BBIPAKECHUH 10 TaKuUX
YPOBHEH, KOr/J1a BhIpaXKeHUE CTAaHOBUTCS (PopMyJIoii;

® OCYHCCTBIATE CAMOITPOBCPKY PC3YJILTATOB PCHICHUS 3a1a9H.

O Mathematica — MowHas BoluucaurelbHas cucrema. OHa M03BOJsLET 6e3 Ipo-
PaMMUPOBAHUS N0/Ly4aTh YUCIACHHbIE pelleHUs OOJIbIIMHCTBA 33/1a4 IPUKIaI-
Holi MareMaTtuku. CucTeMa mopaxaetr o0beMoM BbluucaeHuid. Hanpumep, ¢ynk-
A T, e, n! BBIMACISIET MPAKTHIECKH C MOOBIM THCIIOM 3HakoB. OHa crocoOHa
BBUIOJHATh MAaTEMaTUYECKUE JSHCTBUS € a0COMIOTHOM TOuHOCTbO. [lpu 3TOM
KOJIMYECTBO UU(P HE OrPAHUUCHO.
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Mathematica no3BossieT Takke BBIIONHATL BHIYMCICHUS C MPOU3BOILHON TOY-
HocTblo. Hanpumep, BcTpoeHHas GyHkuMs N[F,n] BBLIYMCISET MAaTEMATUYECKOE
BBIP@OKEHME F ¢ YUCIOM 3HAKOB IOC/E 3aMsToi, paBHbIM n. [Ipu 3TOM n He orpa-
HUYEHO.

(0 Mathematica — cripaBouHas MareMaTHdeckas cuctema. Tereps MaTeMaTHIECK e
CIPAaBOYHHMKH HE HYXKHBL. B CUMTaHHBIE CEKYHIBI M0JB30BATEb MOTyYUT TaOIH-
IB1 JTOTapU(PMOB, FMEMEHTAPHEIX W CMIEIHATHEHBIX (BYHKIHH, TaOIWIBI TIPOU3BOI-
HBIX, HHTETPAJIOB, CyMM W NIPOU3BEICHUI U T. II.

(0 Mathematica — cnpaBouHas CUCTEMa, COAEPIKAIAS HECKOIBKO DIEKTPOHHBIX
KHHT JUTS TIOJTB30BATENs ¢ GOIBIITHM YHCIIOM TIPUMEPOB.

(J Pewenue 3ama4 OCyIECTBISETCS B PEKUME AUANOTA U HE TPEOYET MPOrpamMMu-
poBanus. SI3bIk OOLIEHHS CUCTEMbI — SI3bIK (YHKIMOHANBHOTO IPOrPaMMHUPOBa-
HUS BBICOKOTO YPOBHS. ET0 MOXHO OTHECTH K KIIacCy WHTEPIIPETATOPOB, KOTAA
cUCTEMa aHAM3WPYET (MHTEPIIPETHPYET) BBEACHHOE BBIPAXEHWE W Cpazy €ro
UCIOJIHSET.

O Opwurwnanera crpykTypa cuctembl Mathematica, coctosimas W3 sapa, MakeTOB
pacIpenus, GUOIMOTEKN W CTIPABOTHOM CHCTEMBI M3 IIECTH DNIEKTPOHHBIX KHHAT.
S1npo cucTeMbl NPAKTUYECKU HE 3aBUCUT OT Iuiardopmbl. Takas CTpykTypa 03Ha-
"aeT, uTo crcremMa Mathematica siBisieTcst cucteMoif camooOyJarommeii.

Crncrema cBsazaHa ¢ Wureprerom. Ee rmaBHbIM calit mocesameH cucreme Mathe-
matica. B HeM comepkarcs pa3TUIHBIC BEPCHH CHCTEMBI, KHUTH, BCEMHUPHAs CUCTEMa
BBIYHUCIICHUS] WHTETPAJIOB, rajepes rpadKku, JOTOTHATCIBHBIC ONOIMOTEKH U TTaKe-
THI paCIIMPEHHUS.

O kHure "Mathematica ansa ctyaenta"

B Poccuu MmeeTcst TOILKO HECKOILKO KHMI 0 cucteMme Mathematica. Ouu u3nannl
HeOOIbIIMMY TUPAKAMKU U NPUBEASHbI B coucke nureparypol. [1o cBoemy o6bemy u
COJICPIKAHMIO OHM HE MOTYT YAOBJCTBOPUTL MHIKSHEPA, CTY/AEHTA, MPENnojaBaTels.
Hy»Ha xaWra Juts MIMpoKoTo MOJE30BATENs, B KOTOPO# OBl B TOCTYITHOM IS TTOHHU-
MaHus pOpME MU3JTaraliCh KOMITBIOTEPHBIC TCXHOJOTHH PETTCHUS MaTEMaTHUICCKIX U
TIPUKIATHBIX 3a1ad. Takoi, kaxercs, W sBIICTCS HacTosmas kaura. Jlanee n3nara-
IOTCSl €€ OCHOBHbIE OCOOEHHOCTH.

D B xawure l'IOZ[pO6HO N3TararoTCd KOMITBIOTCPHBIC TCXHOJOTWUHN PCIICHUA MATC-
MaATHYCCKHUX 3a1a4:

® KOppEKTHas TTOCTaHOBKA 3aayH;
e BbIOOp AIrOPUTMA U METO/1d PELLICHUS 3a/1a4H;
e BbLIOOP BCTPOCHHOH (PyHKIIMK;

e  peIIcHHE 3371a1H;

® [IPOBEPKA JTOCTOBEPHOCTH PEIICHUS;

e 00CYXJICHHE PE3YIIBTATOR.
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Ilpu pewenuu 3anau B KauecTBe NPUMEPOB 3Ta TexHoJorus codmogaerca. OHa
M03BOJISIET: TOHUMATh CYIIHOCTH 334, MOJy4aTh 3HAHUS, a HE TOJBKO YMECHHS
U HaBbIKM, HAXOAUTb PABUNLHOE PELIEHUE 33 KOPOTKOE BPEMSL.

O llenenanpapieHHOCTh KHMIM. B Heli M3/1araeTcs Bee TO [NABHOE, I8 YEro IIpe-
HazHayeHa Mathematica — BBIIOJAHATH BHIYMCACHUS, MONYyYas PELIEHUs B YMC-
JICHHOM WJIM aHATUTUYCSCKOM BUJIE.

MHuorue BO3MOXHOCTH CUCTEMbI, UMEIOIME UL KOCBEHHOE OTHOLIEHUE K Bbl-
YUCIEHUAM, M371araloTcsi NOBEPXHOCTHO. K HUM OTHOCSATCS: UCTOPUS CO3AaHMS,
YCTAHOBKA CUCTEMBL, AeTaiu untepdeiica, rpaduka, He UMEIOIAs OTHOLICHUS K
BU3yalu3alUMu BblUMCIeHUM, cucrema Mathematica, Kak peJakTOp TEKCTOB,
CTIpaBoOYHAsI ¥ OKOHHAST CHCTEMBI, P AOTIOMHUTENEHBIX (DYHKIWI, OTIINH W TH-
PEKTHB, UMEIOIIUX BCTIOMOTATEIIBHOE 3HAUCHHE.

JTO 1ai0 BO3MOKHOCTE B HEOOMBIIOM 00hEME KHHUTH JIOCTATOYHO TMOIPOOHO W3-
JIOKWUTH OCHOBHOC COJIepKaHue cucTeMbl Mathematica — KOMITRIOTEPHEIC TEX-
HOJIOTWH PEIICHUS MaTeMaTHUYeCKUX 3a1ad. [Ipy HeoOXOMUMOCTH TOTE30BaTEIb
MOJKET CAMOCTOSTENLHO YTITyOUTH CBOW 3HAHWS W YMCHUS C TIOMOIIIBIO CITPaBOdU-
HOM CUCTEMBI.

O Msnoxenne KOMNLIOTEPHBIX TEXHOMOTHI PEIIEHUS] MATEMATUUYECKUX 38724 COMPO-
BOXKJACTCS TIPUMEPAMH Ha KaXKIBIi M3 METOJOB, YTO CHOCOOCTBYET Oouiee Tiry0o-
KOMY WX TIOHMMaHwio. C TeNBI0 CAaMOKOHTPOJST 3HAHWH KHWTA COACPKHT OpPHIH-
HA/IbHbIE MH/MBU/1YyallbHbIE 33/1aHUS. HA OCHOBHBIC MaTEMaTH4ECKUE METO/IbL.

O Hanuuue 33124 NOBBLULEHHON CIOKHOCTU AAET BO3MOKHOCTbH MPENONABATENIO
OCYILECTB/ISITh KOHTPO/b 3HAHUM, & CTYACHTY 0oJiee ryOOKO U3YYUTh CUCTEMY
Mathematica, kak cucTeMy KOMIbIOTEPHOM anreOpsl.

DTO B MONHOM MEPE OTHOCUTCS K THOOOMY IM0JI30BATEIII0, U3YUYaIOIEMY CUCTEMY
Mathematica.

D Kuura JO0CTAaTOYHO Hay4Ha, OTJIUHYacTCs HpOCTOTOFI U SICHOCTBIO U3JIOKCHUS.

KoMmnbroTepHass MaTemaTuka
B HayKe U obpasoBaHuUMn

Bonemme Bo3MOXHOCTH CUCTEM KOMHLIOTCpHOﬁ MaATCMATHUKH TI03BOJIAKOT BO MHOTHX
CJiydadax MnoJryqaTh pCuICHUs 0c3 3HAHUST MaTEMaTHKH. I[OCTaTO‘IHO W3Yy4UTH BCTPO-
CHHBIC beHKLII/H/I " TIpaBuJia ayuajiora.

Torna Bo3HMKAET €CTECTBEHHBII BOTPOC: HYXKHO JIH TIOJTE30BATENIO TTy00KO M3ydaTh
CHCTEMBI KOMITBIOTEPHON MareMarHkn? He J10CTaTouHO JIM TONBKO € WX TTOMOIIBIO
TMOJTydarh PEIICHHS?

Jla, HyXHO. 3HAHUS CHCTEM KOMTIBIOTEPHON alireOphl CYIECTBEHHO 0OJIErvaloT u3y-
YEHWUE MAaTEMaTHKW, Pa3BUBAIOT MBIIUICHHE, MalOT 00pa3zoBaHMe, NENaloT YeToBEKa

yYMHEE.
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Hcnonb3oBaHue cuCTeM KOMOBIOTEPHON MAaTEMATHKU MPU U3YUYECHUU OOLIEHHKEHep-
HBEIX WA CTICIHATIBHBIX JUCIWITIIAH MO3BOJISCT 6ojiee IIyOOKO W3yJaTh STH JUCIIUTI-
JIMHEL, TIpUIaBasi UM UCCIIEA0BATENLCKUH XapakTep.

[Lame CaMbI€ MOILIHbIC KOMIOBIOTEPHBLIC CUCTEMbL HE UHTCIUICKTYaJIbHbL. Ounu He MO-
TYT OTBCTHUTH HaA TIPOCTHIC BOIIPOCHI, HA KOTOPBIC OTBCHACT JAXKC MIKOJIbHUK, HAITPpU-

3 7 .
Mep, 4YeMy paBHO 7+ﬁ sin® x+cos? x, ueMy paBeH KODEHb YPABHEHMS

ax+b=17?

O6y‘{CHI/IC CTYACHTOB, OCHOBAHHOC HA TIPUMCHCHWU KOMITLIOTCPHBIX TEXHOJIOTHH
HUCJICHHLIX pacuCTOoB, OONBINUX 3HAHWI HE JacT.

HeymeHue BblIIyCKHUKOB BY30B NPUMEHATb MareMarTHKy B CBOEH JeSTelbHOCTH,
0COOEHHO MHXEHEPHOU, — Ooublias Oejia Halllero oopa3oBaHus.

CTyeHT 3aloMMHAET MATEeMaTUYECKUE BBIPAXEHUS, (OpMyJbl, METOABl JIMIIL HA
MIEPUOJ FK3aMECHALIMOHHOM CECCHM. A €ClH JIaXKe W TMIOTOM WX IIOMHUT, TO HE MOXET
HUMHU BOCIOJIb30BATLCS Ha MIPAKTUKE, T. K. KOMIBIOTEPHbIE TEXHOIOIUU TPEOYIOT Ipo-
rpaMMUPOBAHUS HA SI3bIKAX BBICOKOTO YPOBHS, C KOTOPHIMU OH TOJBKO 3HAKOM.

Jpyroe 1e/10 CUCTEMbl KOMIIbIOTEPHOMH anreGpbl.
Onu 001aa10T CAeAYIOUIUMU 0COOEHHOCTAMMU:

(O ue TPeOyrOT NPOrpAMMHUPOBAHMS IPU PELICHUU 33144, KAK B YUCIEHHOM, TaK U
B CUMBOJILHOM BUJAX;

O yrayOnsoT 3HAHKUS MaTEMaTHKM, OCOOEHHO TPH PEMIEHHUM 331a4 B CHMBOJILHOM
BUJIC;

D MO3BOJIAKOT OCBAUBATh KOMIILIOTEP,

a

TOBBIAIOT UHTECPEC K 06paBOBaHI/HO;

D OCBO607KI[a}OT TIOJIE30BATCITA OT PYTUHHBIX BBIUUCICHUN U OAHOBPCMCHHO yT‘JTy6-
JIAIOT 3HAHUA MaTCMAaTUKW,

J BO3MOKHOCTH TIPOBEIEHHS BHICOKOKAIECTBEHHBIX 3aHATHI 110 JFOOOMY TMpeaMe-
Ty, TJI¢ HEOOXO0IMMa MaTeMaTHKa;

O cucTeMBI KOMITBIOTEPHOI ANTEOPHI ABJISFOTCS MATEMATHYECKUMHE CTIPABOTHHAKAMU
BBICOKOT'O YPOBHSL.

Ions Koro ata KHuUra?

He caenyer aymats, 4To 3Ta KHUrA, CyJsl [10 €€ HA3BAHUIO, TOJILKO JJISl CTY/ICHTA.

Jla, OCHOBHEBIM €€ YHTaTeNieM, HaBEpHOE, OYNIET CTYJCHT. DTO OOBICHSICTCA TEM, UTO
KHUIa TaK METOJMYECKHU MPEACTABIEHA: NOAPOOHOE OMUCAHUE KOMIbIOTEPHbIX TEX-
HOJIOTHI PEIMICHNS 3334, TIPOCTOTA W SICHOCTh M3ITOMCHUS, OONBINIOC YHCITO TTPUME-
POB, MHAWBHIYAJLHEIC 3alaHUs, TPUMEPHI TTOBBIIICHHON CIIOMKHOCTH.
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OaHako 3TH 0cOOEHHOCTH BOBCE HE O3HAYAIOT, YTO B KHUIE MOBEPXHOCTHO U HEMOJ-
HO M3J1araloTcs KOMIBIOTEPHBIC TEXHOIOTHH PEMICHUSI MaTEMaTHIECKUX U TTPUKJIA-
HBIX 3a/1a9.

"Mathematica 15151 cTyAeHTa" COAEPKUT JJOCTATOUHO MOJHOE U I1y0OKOe U3N0KEHHE
KOMITBIOTEPHBIX TEXHOIOTHH PEIICHNS] MAaTEMATHIECKIX 3a/1ad ¢ TIOMOIIBIO CHCTEMBI
Mathematica.

Ona HeoOxoaMMa WHXEHEpY T00O# CrenMambHOCTH, dKOHOMUCTY, OM3HECMEHY W
MoOOMY CIEIANNCTY, KOTOPBIi 110 CBOCH IEATETHHOCTH 00s3aH pelaTh MPpHUKIal-
HBIE MaTeMaTHIECKAC 3a1a1H.

Ycnexa Bam, 9uTaTEeNM, B OCBOCHWH W TIPUMCHEHUM CUCTeMBI Mathematica B cBoeit
podecCHOHANTEHOM NeITENEHOCTH.
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UHTepdenc cucremoli
Mathematica

1.1. UHTepdenc cuctembl n ero nsyvyeHume

Hutepdeiic cuctembl Mathematica peanusyer oToOpaskeHUe OKOH, DATUTP, MaHenei
WHCTPYMEHTOB, 3HAKOB, PACIOJIOKEHUE MX B Pa3IMYHOM BUIE U B Pa3HbIX MecTax
IKpaHa MOHHUTODA.

I'maBHOE OKHO CUCTEMbI UMEET BUJl, MOKa3aHHbIH Ha puc. 1.1.

& Mathematica 5.0 - [Untitled-1] EEx

File Edit Cell Format Input Kernel Find ‘window Help

Untitled-1

100% - 4 ] >

14 mycK

Puc. 1.1. ['maBHOE OKHO CHCTEMBI
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I'1aBHOE OKHO CHUCTEMbl COIEPIKMT: CTPOKY 3arojiOBKa, [JIABHOE MEHIO U GObLION
JKpaH pelakTHpoBaHus. CripaBa W BHM3Y OKHa PACMONOKEHBI TIOJNOCH MPOKPYTKH C
MOT3YHKAMH, YIIPaBISIEMBIMH MEIITBIO. [ToToskeHre MoNM3yHKa MOKa3kIBAET €T0 MECTO
B TEKCTE (HOMEp CTPaHWIEI OT Havdama TeKCTa). BHW3Y BO3IE TTOJIOCH MPOKPYTKH pac-
MOJIO’KEHA CTPOKA COCTOSTHUH, B KOTOPOH COMCPKUTCS WH(POPMANHsS O TEKYIIEM pe-
JKuMe paboThL.

Hurtepdeiic cncTeMsl conep HUT HECKOTEKO COT HAMMEHOBAHWH MyHKTOB MEHIO, MOJ-
MEHIO, KoMaHA, GyHKIHH. U3yanTs X NpH TIEPBOM YTEHHH HEBO3MOXKHO: U3 KPATKO-
[0 ONUCAHUS HENb3sl MOHATH cojepxkaHue. CojepkaHue [YHKTOB MEHIO, [OJMEHIO,
KOMaHJI MOJKHO [OHSTb TOJbKO B mpouecce pelieHus 3ajiad. [ybokue 3HaHUS UH-
Tepdetica cuctembl NPUOOPETAIOTCS TOABKO C OMBITOM PabOThL ¢ cUcTeMOi. [loaTomy
U3Yy4YEeHUE JAHHOM rNaBbl IPU NEPBOM YTEHUM He TpeOyercs. [Ipourure ee u mpucry-
naiiTe K pemeHnio 3a1ad. B rporecce pemennst odpamaiTech K KOMaHIaM TITaBHOTO
MEHIO CHCTEMBL.

He urnopupyiite cnpaBouHyto cucremy. Jlyuiium cnocoGoM n00uthes ycrnexa B
TIPOLIECCE PEIIEHNS 3a1auM ABJSIETCS OOpallleHne K CIpaBOYHON chcreMe. DTO BO
MHOTHX ciyqasx 6oiiee 3pdeKTHBHO, UeM oOpalieHne K KHATE.

OnHako crpaBoYHAs CHCTEMa HE MOXKET 3aMCHWTH KHUTY — HHKakas CIIpaBOYHas
CHUCTEMa HE MOXKET OBITH YICOHUKOM.

1.2. TNaBHOE MEHI0 cucTeMbl

I'maBHOE MEHIO CHICTEMBI COCTOUT U3 CIICAYIOIIUX TTYHKTOB!:

O File — aeiicteus ¢ (ailnamu: coznanue (aiina, OTKPHITHE M3 KATAlora U €ro
3aKpblTUe, coXpaHeHue (Qaiina ¢ NpesKHUM UM HOBbIM UMEHEM, Ie4aTh TeKCTa U
3aBeplueHue padoThL;

O Edit— onepauny peIakTHPOBAHUA: PENAKTUPOBAHHE TEKCTA C COXPAHEHHEM B
CTICIMANTBHBIX (popMarTax, MepeHOC BEIICICHHBIX YIaCTKOB TEKCTa, KOTHPOBAHHUC
n3 Oydepa, yrajaeHue;

O Cell — paGora ¢ suelkamMM: yjaleHMe M BOCCTAHOBJICHHE, OOLEJAMHEHME M
paszbeauHeHue, yCTaHOBICHUE CTaTyca,;

O Format — ycranoska cruiell, usMeHenue (opMara TEKCTA HA DKPAaHE W [PM
TeYaTH, BEIBOJ ONINH, 00CCTICUHUBAIONINX KETAEMBII BUII TEKCTA, YIPaBICHHC
OKHOM PEJIaKTHPOBAHWS,

O Input — ympaBieHHe BBOJOM: BCTABKA B TEKCT COAEPKAMOTO SMEEK BROJAA M
BBIBOJZIA, CO3laHue TpadukoB, TaONI, TTAIUTP, THIEPCCHUIOK, 3arpyska (daitna B
HY/KHOE MECTO TEKCTa, CO3/JaHUE KHOIMOK Pa3/]M4HOLO HA3HAYEHWs, M3MEHEHUE
LBETA PUCYHKOB W 3aJIMBKH, 3AIUCh 3BYKOBbIX CUI'HAIIOB, ONPEIEICHUE KOOP/IU-
HAT To4ek rpaduka;

O Kernel — ympasiieHie SIpOM CHCTEMBL BEIOOD SIpa CHCTEMBI, YIIPABIEHHE MPO-
[IECCOM BBIUUCIICHUH, YIAICHUE TEKCTA;
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O Find — nowck m 3ameHa ()ParMEHTOB TEKCTA, WCTIONB30BAHME THITEPCCHUIOK,
obecneueHue pabOThl C ATUKETKAMU;

0 Window — onepauuu ¢ OKHAMH: PACTIONOKEHUE OKOH U YIIPABIEHUE UMK
0 Help — ynpagnenre CpaBOTHON CHCTEMOI.

PaccmoTpuM HazHaueHUe MyHKTOB [MIABHOIO MEHIO 0o0Jiee noApOOHO.

1.2.1. MeHto File

Menio File npeanaznaueHo ais padotsl ¢ ¢paitnamu. OHO COAEPKUT MHOTO KOMAH/I.
PaccmoTpnM HazHauEeHHE M CONEPKAaHME OCHOBHBIX M3 HUX.

O Kowmanzna New (Ctrl+N).

Komanna ciyxut mis pabOTEI ¢ HOBBIM TEKCTOM (JI0KyMeHTOM). OHa yrajsieT
OpeablIyIIUid TEKCT, ¢AelaB 3ampoc 0 ero coxpaHeHud. OKHO HOBOrO 3KpaHa
umeet ums Untitled-V, rie N — HoMep HOBOro okHa. McnonHeHue 3Toi KoMaH-
Jibl He OTMEHSET paHee 3arpy>keHHble (ailibl MAaKeTOB PacIUMPEeHusl U ompeaelne-
HHAW TTPENBIAYIINX BBITUCIICHAN.

O Komauzna Open (Ctrl+0).

Komannma ocymiecTisieT 3arpy3ky HeOOXOIMMBIX Monb30BaTemo ¢aitios. OHa
BBIBOJIUT JManororoe okHo OTKpeITH (puc. 1.2), B KOTOPOM OCYILECTBISETCS
[IOMCK HE0OX0MMOro (aiia U ero OTKPhITHE B HOBOM OKHE CHCTEMbL.

Nanka; | <e NokaneHer grce (C:] £ o ¥ ¥ E"

Y ICBAT [C TCWINZ

\_\,ﬁ ) COPRO |2 wincrnd

Hegasre | |LJ)curcpt [0 WINDOWS
AOKYMEHTEI "3 Derive i)

= I[)DERIVE S |[C)HoganA nanka

5 I)DEY
Patauuii cron IRy
) DFWSTrial

___J IC3)015K_D
DISk_E

bom gokyrEHTEI = - .
) Documents and Settings
i ICIMATLAB
-
g g CIMATLABERS
- ) Program Files
b i

EOMOBDTER

@) waoen .
2
Cetesoe Tun draiinos: Matebooks [*.nb) -

Puc. 1.2. J/[nanoroBoe OkHO 3arpy3ku (aiijios
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Ilpu HeoOGxoaumocTy BBOJA coaepxuMoro (aiina B TeKyllMH TEKCT CIeAyeT uc-
MoJIb30BaTh koManxy Import.

O Komanna Close (Ctrl+F4).
OCYIECTBISET 3aKPBITHE TEKYLIETO OKHA.
O Kowmanna Save (Ctr+S).

Kowmanna npeanasHaveHa Ui COXPAHEHHs OTPEAAKTHPOBAHHOTO W BHOBB CO3-
MAHHOTO TEKCTA. 3alCh Ha MarHWTHBIM JIUCK OCYIICCTBISCTCS 0€3 W3MCHCHUS
AMCHH (aiina.

O Komauza Save As (Shift+Ctrl+S).

Dra KOMaH/a TIpeIHAa3HAuCHa T COXpaHeHUs (Qaiiia B Tr000M MecTe Karajora
JUCKA C U3MeHeHueM umenu (aiina.

TIpu oOpammenny k KOMaHIE OTKPHIBACTCS JAAAIOTOBOEC OKHO, TTPEICTARICHHOS Ha
puc. 1.3. Beibrpaercs MeCTO COXpaHEHHs IOKYMEHTa, 3allUChIBACTCS B COOTBET-
CTBYIOLIEM I10J1¢ MMsi HOBOro (paiina mnu noATBepikaaeTcs crapoe. Paciiupenue
CTaBUTh HE 00513aTELHO — CUCTEMa BhIOUPAET ero cama.

Manka: I--1|:|L-u1| “ o ¥ m,

y L5 APE

| :3 |C2)rnaga_Tama
Hegastbe | |[24Maw pHCyHIEH
AGRUEIEETE =\ Mod Mysbika

— (iNanosko &, M
% [ITaHa_5.2

Patioudii cTon e

M om gokyreHTEl
-
59
Mot
KOMNBOTER

‘:_'] HmA datina: Untitlied-1 hd
2
Ceresoe Tun dafina: Notebooks [*.nb) v

Puc. 1.3. [TuanoroBoe okHO coxpaHeHus (aiina

O Kowmanzna Save As Special.

KOMaHZ[a JaCT BO3MOXKHOCTH 3alTUChIBATL W CHUTHIBATE COICPIKUMOC CbaﬁI[OB B
CTICIHMAJIBHBIX (bOpMaTaX.
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Takumu Gopmaramu SBISLIOTCS:

e Version 2 Notebook — ¢opmart cTapoitf Bepcuu CHCTEMET (may);
e Text — TexcToBblit popmar (txt);

o Notebook Expression — dopmar BrIpaskeHHif B OJIOKHOTAX;

e Package Format — ¢opmar naketoB paciuupenus (m);

o Tex — dopmar penakropos Tex (tex).

Komanga Open Special.

CryxuT ans 3arpy3ku ¢aitnos B crienuanbHEX (popmarax. KoMmaHna oTkpeIBaeT
OKHO, C TIOMOIIEI0 KOTOPOTO 3arpysKafoTcst (haliibL.

Komanna Import.

OTKpbIBaET OKHO ()aiioB AL BCTABKU COJEPKUMOrO Hy:KHOro (aiina B TeKCT
JIOKYMEHTA.

Komaunns! Send To, Send Selection.

3ape3epBUPOBAHHBIE KOMAH/IbL.

Komaunna Palettes.

BbIBOAUT NANUTPbl MATEMATUYESCKMX 3HAKOB, ONEPATOPOB U PyHKIUIA.
Komanna Generate Palette from Selection.

Komanna cmyxut a4 nomeiieHust 1000 4acTH TEKCTa B YMEHBUIEHHOE OKHO
(nanutpy). [lanuTpy MOXKHO COXPAHUThL HA JUCKE.

Komanga Generate Notebook from Palette.
Komanja npeoOpasyeT nanutpy B ee COACPKUMOE.
Komanga Printing Settings.

Komauna mpejnHasHayeHa s yCTAHOBKM HapameTrpoB nedard. OHa BbIBOAUT
noAMeHI0 ¢ Tpems onepauusmu: Page Setup, Printing Options, Headers and
Footers. Onepanns Page Setup ciyuT s yCTaHOBKH IAPAMETPOB CTPAHMILIBL
Ona BBIBOANT OKHO, COACPIKAIIEE THITHIHEIC YCTAHOBKH TTApaMETPOB CTPAHHIIBL:
pasmep Oymaru, criocob mofaun 6ymard, pa3Mepsl TIoIeH, OpHEHTAIIHIO.

Ornepaunst Printing Options npennaznavena uisi yCTaHOBKH ormiuit nedatu. OHa
BBIBOJUT OKHO, B KOTOPOM W YCTaHABIUBAIOTCS OTIIIVH.

Onepaunst Headers and Footers npennasnadeHa 1U1sl yCTaAHOBKH KOJIOHTHTYJIOB
C TIOMOTIBIO BEIBOJMMOTO OKHA.

Komanma Print.

Komanna npennazHadeHa s mevati Beero Tekcra. OHa BEIBOAWT OKHO TIEYATH,
B KOTOPOM YCTaHaBJIMBAIOTCS HOMEpa CTPAHUIL, YHCIIO KOTHH, 3a1aHus pa3bopkn
kormit. B okHe Tarke ycraHaBmmBacTcs THI TpuATepa. OKHO TIOKa3aHO Ha
puc. 1.4.
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& Meuarn

0 Gwme
Brifepre npuHTER

YeraHoeka  HP DeskJet
NPHHTEDS Bl10C

Pastiew erme:
F.artAEHT SpE:

JWanazoH cTpaHuL

(O BrineneHue
(®) CTpaHuu: 1-21|

BBEﬂHTE HOMED CTPAHMUEI MAK AManasoH
cTpaHuw. Mpurep: 512

O Bce Yucno konui; 1

CocToaHme: [oToE [ Neyart & daiin HacTpokika

~

SUETes

Neyars ][ Otriena

Puc. 1.4. OkHO nieuaT TEKCTA

B nponecce nedatn Tekcra MOXKET MOSBATHCS OKHO NMPHHTEPA, B KOTOPOM OTO-
OpaskaeTcsl XOJ HevaTH U aBapUiiHble CUTyallUu (IIPUHTEP HE BKIIOYEH, OTCYTCT-

ByeT Oymara, KOHUMIIUCE YEPHUIIA).

O Komaunza Print Selection.

KOMaHZ[a npcaHasHavuCHa Jid TICHaTHu Ha60pa BBIACIICHHBIX AYCCK € TTOMOMIBIO

OKHa 11€¢4yaru.

O Komanna Exit.

Hcnonb3yercs ans okoHdyanus paboThl ¢ cucteMmoi. [lpu sTom 3ampaiiupaercs

HCO6XOZ[I/IMOCTL COXpaHCHUA TCKCTA Ha AUCKCE.

1.2.2. MeHto Edit

Menio Edit coaep:xuT KoMaHIbl pelakTUPOBaHUA TeKcTa. MeHIo colepxkuT 16 ko-
MaHJ, GONBITHHCTBO M3 KOTOPBIX TyOMUpYroTCs KiaBumramu. KoMaHmBl Takke ocy-
IIECTBISIOT onepaunu ¢ Oydepom obMeHa (ITOMEIAIOT, COXPAHSIOT, PEIaKTHUPYIOT,

CUMTHIBAIOT UHpOpManuio). PaccMoTpum kpatko HazHaueHue koMan] MeHio Edit.

O Komanna Undo — oTMEHa OTIepaLviH.

O Komanma Cut (Ctrl+X) — 0oTMeHa COIEPKHAMOTO BBIIENEHHON SUeiikW M TOMe-

uieHue ero B Oydep oOMeHa.
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Komarna Copy (Ctrl+C) — xomupyer comepxkumoe siaciikn B Oygep 0e3 ero
YAQICHUS U3 TYCUKU.

Kowmanna Paste (Ctrl+V) — kommpyer comepxkumMoe Oydhepa odMeHa B TO MECTO,
KOTOpoe yka3aHo Kypcopom. Conepxumoe Oydepa npu 3ToM He MEHSAETCS.

Kowmanna Clear (Del) — yAndTOMXaeT comepkUMoe BBIISICHHOI sraelikn 6e3 ero
coxpaHeHus B Oydepe.

Komanaa Copy As — konupyer copep:KuMoe a4eliky B 3aJaHHOM (opmarte.

Komannga Paste As — nepeHocur cozaepxumoe Oydepa B TO MECTO TEKCTa,
KOTOpoe ykazaHo kypcopoMm. Coaepskumoe Oydepa ouuiaetcs. OTH OpOLELypbl
BBITIOJIHSIFOTCS ¢ ToMOIbI0 koMaHs! Paste and Discard.

Komannga Save Selection As— coyXuT 17 COXpPaHEHHsS B CHOEIMATbHBIX
(opmarax TEKCTOB BblIe/ICHHbIX s4eek. [lepeueHs (popMaToB ykasaH B [OJMEHIO.

Komanga Select All (Ctrl+A) — BrIIENCHNE BCEX STUEEK.

Komanna Insert Object — oTkpbIBacT CTaHAAPTHOE OKHO C TIEPEUHEM TIPUIIONKE-
HUH. [IpHITOXKEHNSIMI SBISIOTCS TEKCTHI, PHCYHKH W ApyTrHe 00heKkTH. OHM BHe-
JpstoTes B cucteMy Mathematica U MOTYT pelakTUPOBAThCSL.

TTommernto Motion — penakTrpoBaHwe OONBIMTUX AHTIIOA3BIYHBIX TEKCTOB CTAH-
JApTHBIM CITOCOOOM.

Kowmanna Expression Input — BBOxX BEIpaXeHMIT B pa3nuaHEIX (opMarax u 3a-
JTAaHWE BHJA S9EEK ¢ TOMOIIBI0 KOMaH/ ITOIMEHIO.

Komanga Make 2D (Shift+Ctrl+Y) — npeacraBieHue M peaakTUPOBAHUE CO-
JICPI)KIMOTO SIIeEK BBOAA B AByMEPHOM (hopMmare.

Komanaa Check Balance (Shift+Ctrl+B) — onpeaenenue mecra pacnonoxeHus
TEKCTOBOTO Kypcopa (TTOUCK CKOOOK).

Komanaa Check Spelling (Alt+;) — nposepka opdorpaduu.

Komanna Preferences — BbI30B OKHA HACTPOEK CUCTEMbL.

1.2.3. MeHto Cell

Menro Cell cryxut ans paboTs! ¢ suciikamu. OHO CONEPKUT HECKOJBKO MOJMEHIO 1
607b110€ yncao koman. [IpuBenem 3T KOMaHAbl M ONUIIEM UX HAa3HAUYEHUE.

a

Komanma Convert To.

Komanaa npennasHauena i mpeoOpazoBaHusi popmara COAEPKUMOrO syeek.
OHa OTKpbIBAET MOJMEHIO C EPEeYHEeM BCeX MpuMeHsieMblx dopmaros. Texyluuit
({opmar nomeueH. /lng 3axaHug HoBoro opmara HEOOXOJUMO €ro OTMETUTh Ia-
JIOYKOM, 1IEJIKHYB MbILIbBIO [10 OIPEASICHHOMY IIYHKTY I1OJIMEHIO.

dopmaTaMu SUEEK MOTYT OBITH CJICAYIOIINE:
e InputForm (Shift+Ctrl+1) — popmar BBOA2;

e OutputForm — ¢opmar BbiBoa;



Untepgperic cuctemel Mathematica 23

a

¢ StandardForm (Shift+CtrlH+N) — crannapTHeIif popmar;

¢ TradicionalForm (Shift+Ctrl+T) — TpamgurmonHsiif popmar;

o PostScript — BexTopHEIi rpadudecknit hpopmar;

e Bitmap — pactpoBblii popmaT U300paKEHUIA;

e Metafile — BexkTopHblii rpaduueckuii popmar Windows Metafile.

IIpu paboTte ¢ TekcTaMu ¢ OOJBbILIUMM YKUCIOM MaTeMaTUYECKUX 3HAKOB Leneco00-
Pa3HO UCIO/IL30BATH CTAHAAPTHbIN Gopmar.

Kowmanna Display As — ycranoBka ¢opmara 0TOOpaskeHHUS SIEeK.
Komanna Default Input Format Type — ycraHoBka ¢opmaTta A1 siueek BROJA.

Komanaa Default Qutput Format Type — ycraHoBka (opmara 17 g4eeK Bbl-
BOJA.

Tlonmento Cell Properties.

IToxmento Cell Properties ycranasimsaer cBoiicTsa siueek. OHO COICPXKHT Clie-
JIYIOIIE KOMAHJIBI:

e Cell Open — ycraHaBnMBaeT sSU€iiKy OTKPBITOM WK 3aKPBITOM;

e Cell Editable — ycranaBnauBaer fA4eiliky penakTUPyeMOH WU HepeNaKTH-
PyEMOH;

e Cell Evaluatable — ycranaBnuBaer siueliKy OlLICHMBAEMOM WM HEOICHUBAC-
MOIi;

e Cell Edit Duplicate — nenaer s4eliky BHOBb CO3JAaHHOM B CIIydae pelakTH-
poBaHus;

e Cell Active — nenaet siueiiky aKTUBHOM UM HEAKTUBHOIA;

o Initialization Cell — nenaer sueiiky MHUIIMATU3AIMOHHOM WITH HEMHUITHAIU-
3aIMOHHOIA.

YCcTaHOBKA MEPEUUCIEHHbIX CBOMCTB BhinonHseTcs yepe3 noaMeHto Cell Proper-
ties. [Ipu 3TOM MOXHO YCTaHOBHUTH OJHOBPEMEHHO HECKOIBLKO HEMPOTUBOPECUU-
BBIX CBOMCTB. JIJ1st CHATHS CBONCTBA HEOOXOAUMO TIOBTOPHUTE KOMAH/Y.

Sluelika BBOJA M COOTBETCTBYIOLIAs €l sA4elika BbIBOJA OOPaMIIOTCS CIpaBa
CKkOOKaMW: OJMHOYHBEIMM W OOIIeH. AKTHBH3MpYS CKOOKY IBOWHBIM IIEITIKOM,
MOKHO CKPbIBAaThb U CHOBA BBIBOJMTb HA SKPAH BBIXOJHYIO SIUEHKY. DTO [OJE3HO B
TOM Clly4ae, €ClM Pe3yJbTaT B HEU CIIMUIKOM IPOMO3AKUA.

PenaxtrpoBaTh MOXKHO COACPKHUMOC Kak BXOJHOM, Tak W BRIXOMHOU sueek. s
9TOr0 BLIXOJHYIO s4eiiKy HEOOXO0AMMO C/elaTh PeJaKTUPYeMOi, YCTAaHOBUB
cpoiictBo Cell Editable. Penaktupyemas sueiika umeer cumon "?" y cBoelt 00-
pamutsroniel CKOOKH.

C nomompto komanasl Cell Evaluatable ucnonnsitoress ¥ BbIAIOT pe3yabTaTbl
TOJIEKO OTICHWBACMBIC suciikn. HeorleHBaeMEBIe SUciiky ToMedaloTes 3HakoM "-"
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7 obpamistomieil ux ckoOkoif. OTIeHUBAHUE SYECK MOYKHO BEITIOJIHUTE B TFOOOM
KX COYETaHUU.

H3Menenne akTUBHOCTH sucek aocturactes koMamnoii Cell Active. AxThBHas
siueiika nomeyaercs cuMBoI0M "A" U ynpaBnsieTcss KHOIMKOMH.

Wuanmmanm3uposannas sraelika (ycranasnuBaeTcst komannoi Initialization Cell)
oMeuaercs B CKoOke 3HakoM "/ M aBTOMATMUYECKM MCIOJHSAETCA MPU 3arpy3ke
TEKCTA.

Jlnst o6beAMHEHNS psifia sTUeeK B OJHY I'PYNITY BCE SUSHKN BBIIEISFOTCS, W WICTION-
usiercs komanaa Group Cells. [Tpu 3ToM oHM 00OpamAOTes 0JHOM 001Lel ckob-
koif. Tereps MOkHO 00BETUHEHHBIE B OTOK SYEHKH OTKPBIBATE M 3aKPBIBATE.

Komanaa Ungroup Cells pazbenunsier 00beIMHEHHbIE SUSUKU.
IToamento Cell Grouping.

Haznauenue noameHto — rpynnupoBka siueek. [1o ymonuaHuio BbIOpaH pexuM
Automatic Grouping, 1o koTopoMy siueiiku 00BEIUHSIOTCS B COOTBETCTBUH € UX
cTunsaMUd. YToObl BOCMOIL30BATHCA KOMAaHAaMU OOBEAMHEHUS U Pa3beIAUHEHUS
A4eek, Heo0XoauMo BbIOpaTs koMaHLy Manual Grouping.

¢ Komanna Open All Subgroups OTkpBIBAET BCE BBIICICHHBIE TPYIIIBI U TTOM-
[PYILIbL SUEEK.

e Kowmanna Close All Subgroups 3akpbiBaeT BCe BbLICICHHbIE TPYMIbL U MO~
TPYTITB SIYEEK.

o Komanma Open/Close Group cokpariaet Yuciio s4eek B rpynie Tak, 4To BU-
JUMOJ OCTAETCsl TOJAbKO NEPBasi siUehKa.

Ocranbhbie komanabl MeHio Cell uMeroT crneayioiiue Ha3HAYCHUS:
¢ Divide Cell (Shift+Ctrl+D) — pazaenenue crpynnupoBaHHBIX TUEEK;
o  Merge Cells (Shift+Ctrl+ M) — o0beIMHECHNE BEIICIICHHBIX TUCCK;

* Animate Selected Graphics (Ctrl+Y) — anumaimis ¢ rpagikoM BBIICICH-
HOM sTUEiKH;

e Play Sound — BocmpousBeieHUE CUHTE3UPOBAHHOTO 3BYKa;
e Rerender Graphics — noctpoeHue 3aHOBO rpa(puKOB;

e Rerender and Safe Graphics — nocrtpoeHue 3aHOBO rpadukoB ¢ mocie-
JYIOUIECH 3aIUChIO;

¢ Make Standard Size — ycraHOBKa CTaHIapTHOTO pasMepa s9ehKy;
o Align Selected Graphics — BripaBHIBaHWE TpadrKoOB;

e  Cell Size Statistics — BBIBOX CTATUCTHKH O pa3Mepax siueeK.
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1.2.4. MeHto Format

Menio Format coaeput cleayroniie KOMaH b,
O Komauza Style.

CIy>XWT JUISl YyCTAaHOBKM MapaMeTpoB TeKcTa (IpHT, pazMep CHUMBOJIOB, BHIBI
BblAeNeHUl U T. 1.). KoManaa oTKpbIBaeT MOJAMEHIO CTAHAAPTHLIX CTUJIEH, KOTO-
pble BbIOUPAIOTCS MIOIb30BATENEM U PEATU3YIOTCS CUCTEMOH.

O Kowmanna Screen Style Environment.

Ota koMaHJa npeJHa3HayeHa A1 U3MeHeHus (popMaTa TeKCTa Ha 3KpaHe U UMEET
CleIYIOIUE YCTaHOBKU:

¢  Working — cTuiib THITHYHBIN;

e Presentation — npe3eHTAUMOHHBIA CTUIb C YBEIMUYCHUEM pazMepa CHUMBO-
JI0B;

e Condensed — yMCHBIICHHEII pa3Mep CUMBOJIOB (CXKaTBIH);
e Printout — cTub ONTUMANBHBINA JJ18 Ie4YaTH (IPUHTEPHBIH).
O Kowmanza Print Style Environment.

Crunb npeaHasHaueH 1715 u3MeHeHus Qopmara Texcra npu neuaru. MMeer e xe
YCT@HOBKH, YTO W TIPEABIIYIIas KOMaHIa.

O Komanna Show Expression.

KomaHna CIyuT JUIst TOKa3a BEIPAKCHHH B CTAHIAPTHOM M Pa3BEPHYTOM BHIAX.
TIpu 3TOM pas3BepHyTHIH (hopMmat TpencTapiser co0oi BHyTpeHHNH dopmar THma
MIpOrpaMMBI Ha S3bIKe ccTeMbl Mathematica.

O Komauzna Option Inspector.

Komanna BEIBOANT OKHO OMIWHA, Aaroliee MOB30BATENO MEPEUEHb BCEX OMIIMA
MpOrpaMMBI ¥ BO3MOXKHOCTh WX HCITOJIG30BAaHWS JUIST OOCCIIEUEHUS JKeIacMOTO
BU1a UHDOpMALIUU.

O Komauzna Remove Options.

KOM&HZLa y61/1paeT BCC OIIUMHM, BBCACHHBIC I10JIb30BATC/IEM, M BOCCTAHABJIMBACT
Ha4yajlbHOC COCTOSIHUC CUCTCMBbL.

0 Komannus! TpeTheii, ueTBepTO# M NATOl TpymT Menio Format.

OTH KOMaH/Abl NPeAHA3HAYCHb! AJIS YIpPaBAcHUsd CTUIEM A0KyMeHTa. OHU 103BO-
JSI0T OCYLIECTBUTL BLIOOP CTU/IEH, ycTaHaBAMBAaTh TUN pudTa, HadepTaHue
CHMBOJIOB U HX pa3Mep, YCTaHABIMBATL 1IBET TEKCTa U ()OHA, OCYLIECTBIAThH Bbl-
PaBHUBAHKE TEKCTA MO IUPHHE U pa30OMBKY HA CTPOKH.

(0 KomaHmus! mecToii rpyrmmsr komans MeHio Format.

OTn KOMAHIBI ABJIAIOTCA KOMaHAAMW YIIPABJICHUSA OKHOM TCKCTAa. K wum gacro
06pamaeTcsr TIOJIB30BATCIIb.
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JTH KOMaHAbI TAKOBEI:

e Show Ruler — oto0paxeHue MepHOU TMHEHKY;

e Show Toolbar — BBIBOJ Ha 5KpaH NTAHEIN HHCTPYMEHTOB;

o Show Page Breaks — nokas niHuit pa3pbiBa CTpaHuIL;

e Magnification — ycraHoBka MaciTaba 0TOOpaXeHHs TekCTa dKpaHa.

HHH MTOJTE30BATENIS 0CO00 TIONIC3HON SIBIIETCT TIOCIE AR kKoMaHaa. K Helf gacto npu-
XOOAUTCA 06pamaTLcsr pu pa60Te C TCKCTOM, HAIIpUMCEP, TIpU COXPAHCHUU TCKCTAQ,
nedyaryd TCKCTa U T. 4.

Hepenxo npuxoanTcst oOpamarsest Takke K KOMaHIE BEIBOAA HA 3KpaH MaHEIN WHCT-
PYMEHTOB.

1.2.5. MeH1o Input

Tlepeuncnnm komaHIbL, BXOASHE B MeHIO Input.
O Komanna Get Graphics Coordinate.

Komanaa nozposnser onpeaensats KOOPAUHATHL 1I0O0H TOUKU ABYMEPHOTrO rpadu-
ka. Ilpn ncronHeHnn KaHHOW KOMAaHIBI TOSBISETCS OKHO, OOBSCHSIONIEE TPO-
LEYpBl TIONY9IeHHUsT KOOpAWHAT. IS 3TOT0 HEOOXOAMMO: BBIICITHTE IBYMEPHBII
rpaduk, HaxaTh Kiapuuly <Ctrl> u, yaep:kuBasg ee, HOMECTUTh B HY>KHOE MECTO
rpaduka Kypcop. B crpoke cocTOsiHUI NOSBATCS KOOPAUHATDI Ipaduka.

Takum cnocoGoM MOXKHO [0J1Yy4UTh CEMEHCTBO KOOPAMHAT TOYEK U C HOMOLIbIO
komaHabl Copy nomectuth ux B Oydep oOMeHa. Temeph mpu HEOOXOJUMOCTH
TOYKH MOXKHO BCTaBUTh C [IOMOLUbIO KoMaH/bl Paste B 11000e MecTo Tekcra j10-
KyMEHTa.

O Kowmanzna 3D View Point.

Ota KOMaHJa npeHa3HaYeHa JJ1 BbIBOA CEIEKTOPA TOUKU 0030pa TPEXMEPHOIo
rpaduka.

O Kowmanzxa Color Selector.

Komanja BbIBOAUT CTaHAAPTHOE OKHO M3MEeHEHUs 11BeTa. C MOMOLIBIO 3TOr0 OKHA
C03/1a10TCSl 1IBETA PUCYHKOB M 3aJTUBKH.

O Kowmanzna Record Sound.

Komania BBIBOAMT CTAHJAPTHOE OKHO 3BYKO3AIUCH OMEPALIMOHHON CUCTEMbI
Window. C 1TOMOIIBIO 3TOM KOMAHIIBI 3alTMCHIBAIOTCSA 3BYKOBBIC CHIHABI PEYH U
MY3BIKH B BUJIE (haifoB.

O Kowmanna Get File Path.

Komausa cilyskKuT Uil BCTAaBKM B JJOKYMEHT MMeHM (haiina ¢ yKasaHUeM [yTH K
Hemy. [lpn oOpamennn k KOMaHIE OTKPBIBAcTCS OKHO 3arpy3ky (aitnos. TTocne
BEIOOpa HyKHOTO (haiina ¥ merdka MK 1o kHomke Open daiin 6yaeT BcTaBieH
B HY)KHOE MECTO TEKCTa, OTMEYESHHOE KyPCOPOM.
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O Kowmanzna Create Table/Matrix/Palette.
Komanna cimy®ut a7st 3a1aans Ta0TUIL, MaTPHI] A TIAJIATP Yepe3 TTaBHOS MCHFIO.

IIpu obpailieHuu K KOMaH/IE MOSBISAETCS OKHO 3a/aHus Talaull, MaTPULL U NATUTP
(puc. 1.5). Komannoit merecoobpazHo MONB30BaThCS B Cliydac GOIBIIAX Pa3MEpOB
Tabmmm w matpun. Komanna ¢akrudeckn xyGmupyer 3amanne TabiTHIl W MaTPHILL
METOJIaMH, OTTMCAHHBIMH B 21a6e J.

-
Create Table/Matrix/Palette

Make: . oK.

©) Matriy Cancel

() Palette 5

il

Mumber of rows: | 7

Mumber of columns: | 3

Diraw lines between rows
Draw lines between columng
Draw frame

O] Fillwithe | 0
[CIFill diagonal: | 1

Puc. 1.5. OxHo 3aaanus Ta0JIULL, MATPULL U NATUTP

O Komauzaa Create Button.

Komanna cmyxut A cozgaHus KHOMOK pa3aduHOro HasHauenus. Ilpu oGpaiue-
HUY K KOMaH/e NOSIBISIETCS] HOAMEHIO, COAEPIKALLEE TAKUE KHOIKHU.

O Kowmauza Edit Button.

Komanna cimysxut ayis peaakTUpOBaHMs KHOIMOK MOJMEHIO, CO3AaHHbIX KOMaH10i
Create Button. KomaHna BbIBOJUT OKHO pEeNakTUPOBAaHUS KHOMOK. B Hem co-
JEPIKUTCS. MEPEUeHb KHOMOK U HOBOE OKHO ¢ IPOIrpamMMoH, cozjatoleil Heo0xo-
JAMYIO KHOTIKY.

IIpoueaypbl CO31aHUsS U PeJaKTUPOBAHMS KHOMOK TPeOYIOT 3HAHMS MPOrpamMMu-
poBaHusl Ha si3blke cucTeMbl Mathematica.

O Komanna Create Hyperlink.

Komausa npeanasHayeHa sl CO3NAHMS THIICPCCHLIOK, KOTOPbIE PEeanu3yloTcs
CITCAYFOTITAM 00pa3oM.

B crpoke BBosa nuiiercs kopotkas ¢ppasza. Cnoro unu Bes Gppasa BbUIEAIIOTCS, U
ncnonusiercss komanga Create Hyperlink. Ilpn stom orkpeiBactes okHO OT-
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kpbiTHe (aiiaa. Mmsa daiina ycraHaBnupaercs B COOTBETCTBYIOLUEM I0JIE OKHA
WITH BEIOWpaeTCs M3 OKHa Tovcka (haitnos, BEIBOAMMOTO KHOITKO#H 0630pa haitnos.
ITocne naxxarus knonkn OK Oyner co3nana runepcchlka.

O Kowmanna Create Automatic Numbering Object.

KOMaHZ[a OTKPBIBACT OKHO CO3JdaHWs 00bekTa. OKHO TO3BOJISIET BBIBECTH epe-
HCHL HYMCPOBAHHBIX 06’[)CKTOB, KOTOPBIMH U MOXHO BOCITOJIE30BATHCA.

O Komauzna Create Value Display Object.

Komanma BBEIBOAWT OKHO CO3MaHus CBOMCTB 00BekTOoB. OHO Ma€T BO3MOXHOCTE
OCYIIECTBUTE BCTABKY OOBEKTOB C MCIIOJIL30BAHUEM OTIIIHH.

O Komauabl BCTABKM COAEPKUMOIO SUEEK.
B uerBeprom pazaene meuio Input uMeioTes crieayoiue Tpyu KOMaH/bl:
e Copy Input from Above;
e  Copy Output from Above;
e Start New Cell Below.

OTU KOMaH/bl MpPEJAHA3HAYEHBI /711 BCTABKU B TEKCT COACPKUMOIO MPEIIECT-
BYIOILMX S4€EK BBOJIA U BbIBOJIA WU IyCThIX SUECK.

O Komanna Complete Selection.

Komanaa npenna3HaueHa A7s BbIBOJA CIIMCKA UMeH BceX (PyHKIMH sapa cucre-
Mbl. J1J151 3TOro HeOOX0IMMO BBECTH K/IHOUESBOE C/IOBO MM €r0 4acTh W UCHOJHUTh
JNAaHHYIO KOMaHIy.

O Komanna Make Template.

Komanna BeimaeT crimcokx mapaMeTpoB (yHKIMH, B UIMEHH KOTOPO# HaXOAWTCS
TEKCTOBBIH Kypcop. Harprmep, ecitit BBeneHo ciioso Plot n kypcop HaxoIuTcs B
ero obmactw, To o komManne Make Template momyanm oTBeT: Plot[f, ({x,
Xmins Xmax}]. VI3 TIpIMEpa BHAHO, UTO 3TO MPEBOCXOIHAS CITPAaBOYHAs CHCTEMa
M0 CHHTAKCHCY (DYHKIIMI Sapa CHCTEMEL.

1.2.6. MeHto Kernel

Menio Kernel npennaznaueno mis yrpasneHus ssapoM cucteMsl Mathematica w, kak
CIISJICTBHE, TIPOIIECCOM perIeHNs 3a1ad. OHO yMpaBiseT ISHCTBUSIMI STeeK, BEPHEE,
HX COJCPIKUMBIM. PaccMOTpUM KOMaH/Ibl 3TOI0 MEHIO.

O Iloamenio Evaluation.

Ilonmento Evaluation ympagisier npoiieccoM BbluucIeHUd. OHO COASPKUT clie-
JYIOLME KOMaH/bI:

e Evaluate Cells (Shift+Enter) — BeIIucicHIE BBIIEICHHBIX SUECK;

e Evaluate in Place (Shift+Ctrl+Enter) — BbluncicHUe BbIICICHHBIX BbIpa-
JKEHUH B CTPOKE BBOJA;



Untepgperic cuctemel Mathematica 29

¢ Evaluate Next Input (Shift+Enter+ —) — BeUuCIcHHE ClEayIomEil CTPOKH
BBOJIA, PACTIONIOKEHHOM TI0JT BBIICIICHHON sMEHKOH;

¢ [Evaluate Subsection — BEIUHCIICHHE BCEX BBIICICHHBIX SUEEK;
e Evaluate Notebook — BbluncaeHHe BCEX BbIIEIEHHbIX AUEEK CBEPXY BHU3;

e Evaluate Initialization — BbluKCcIeHHe UHUIIMATU3UPOBAHHBIX f4eeK 0e3 UX
BBEIZCIICHAS;

e Enter Subsection — 3anyck nuasnora paboTsl C SIpoM;
e Exit Subsection — 3aBepiueHue padoThI € AIPOM.

M3 kparkoro ommcanus komann nmoameHro Evaluation BunHO, 9TO OHU CyIecT-
BEHHO pacIIUpPSIIOT TPOLEIYPHl BBIYUCICHHWH, BBITOJHAEMBIX MYTEM HAXKATHUS
koMOMHauuy KiaBum <Shift>+<Enter>.

O Kowmanna Interrupt (Alt+,).

Komanna npennasHaueHa s npepblBaHUsl TeKylUX BeluuciaeHuid. [lpu ee uc-
MOJHEHUM 33/a€TCA BONPOC: KAaK MPEpBaTh BbIUMCICHUS U CKOJILKO LIAroB Bbl-
YHUCIICHUS €lle HYXKHO caeaTh. KoMaHIy MOXHO OTMEHUTE.

O Komaunzna Abort (Alt+.).

Komanna mpekpamenus BeMucieHnit. Ee menecooOpaszHo HCMoNB30BaTh MPH 3a-
1MKTMBaHuH. OHa BBIBOJMT TIPOIIECC BBIYMCICHHN M3 3TOTO PEXHMMa ¢ COXpaHe-
HHMEM JIAHHBIX M TEKYIIEH MPOTPaMMEL.

O Komanms BBIOOpA S]Ipa CUCTEMBI.

Komanap! BeIGOpa siapa cucTeMbl HaxoAsTcsi BO BropoM IyHkTe Menio Kernel.
TlpuBeneM MX Ha3BaHWS U CONCPKAHUE:

e Start Kernel — 3amyck BeIOpaHHOTO s171pa;

¢ Quit Kernel — 3aBepimeHue paboTs spa;

e Default Kernel — Bbi60p s1pa, UCNONB3YEMOT0 MO YMOTYAHHUIO;

e Notebook Kernel Notebook — BriG0p sinpa niist 1TaHHOTO JOKYMEHTA;

o Kernel Configuration Options — BEIBOJ OKHA YCTaHOBKH CBOMCTB saEp.

OTn KOMaHABI TTO3BOJISIIOT pa60TaTB HC TOJIBKO € YCTAHOBJICHHBIM AAPOM CUCTC-
MbI, HO TAKKE € APYTUMMU siApaMU, B TOM HYUCJIC U NOJAK/IIOUATHCA Y€PE3 CETh.

KomManap! o4eBUIHBI TTO WX HA3BAHWIO W BPSA U TPeOYIOT MOAPOOHBIX 0OBSIC-
HEHUM.

O Kowmanza Show/In/Out Names.

Ota KoMaH/ja NpeAHa3HaueHa A/l 10Ka3a HOMEPOB CTPOK BBOJA U BbIBOJA TEKCTA
JokymeHTa. Ecau Bo3jie koMaHAbl CTOUT rajouka, TO HOMEpa CTPOK OyayT moka-
3aHBl, B IPOTUBHOM CIyyae — HET.
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Homepa cTpok ObIBAIOT MOJE3HBIMU IPU BLIYMCISHUSIX: CUCTEMA JOIYCKAeT Ma-
TEMATUIECKHE OTIEPALIH C BEIPAKECHUIMH YEPE3 HOMEPA CTPOK.

O Komauzna All Output.

Komanja npeaHazHaueHa asl ylaleHus TEKCTa BeX sUeeK JaHHOTO JOKYMEHTA.

1.2.7. MeHto Find

B menro Find naxongarcs koMaHabl IOMCKA W 3aMeHbl TeKCTOB. OHU OTHOCATCS K OIle-
palMsiM pelakTUPOBAHUSL.

Menio Find coaepxuT Tpu rpynmsl komanj]. PaccMOTpuM MX HazHaueHUE U conaep-
HKAHUE.

O Ilepsas rpynna KOMau,

B nepByio rpynmy BXOAST claeAyloOlIMe KOMaH/bl IOUCKA U 3aMeHbl (PparMeHToB
TeKCTa:

¢ Find (Ctrl+F) — nouck ctpok 0e3 UX 3aMeHbl;

e Enter Selection (Ctrl+E) — BBOJ cTpOKHU B OKHO MOMCKA;

e Find Next (F3) — moucK 110 TEKCTY BIIEpE;

e Find Previous (Shift+F3) — nouck no Texcry Hazan:

¢ Find in Cell Tags — nouck sueiiku ¢ 3ajaHHol 3tuketkoii (Tag);
¢ Replace (Ctrl+R) — 3amena cTpok;

¢ Replace fnd Find Again (Shift+Ctrl+R) — 3ameHa cTpok ¢ TIpoI0IHKEHIEM
TIOVCKa;

o Replace All — 3ameHa 110 BCeMy TEKCTY.

Bcee NEPEUUCIEHHBIC ONEPpAlMU BBINOJHAKOTCA € NOMOIUBK CICIMANBHOI'0 OKHA.
TexHomorus mMovcka v 3aMECHBI JOCTATOYHO TTPOCTa U OYCBHUIHA.

O Bropas rpymnna koMau,
Bo Bropyro rpyniy mento Find BXxoasT cieayronimie KoMaHIbl:
¢ Open Selected — oTKpBITHE OOBEKTOB, COAEPHKALINX BBIICIICHHBIE CTPOKH;
e Scroll to Selection — npokpyTka TekCcTa 10 BHIICIEHHON CTPOKH;
e GoBack — Bo3Bpar Ha3za/ NOCIE UCHONL30BAHUS TUIIEPCCHLIKH.
JleficTBUS 3TUX KOMAH], OUEBUAHBL.

O Tperss rpymma komans.
B tpetbio rpynny meHto Find BXoasT cieayoiue KOMaHabL:
e Add/Remove Cell Tags (Ctrl+J);
e Cell Tags:
e Show Cell Tags;
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o Cell Tags from Names;
e Mace Index.
DTH KOMaHIBI 00€CTICUMBAIOT pabOTy C ITHKETKAMH,

C nomompto komanasl Cell Tags Bbl3biBaeTca cnucok 3TUKeTOK. llpu BbiOOpe
WUMEHU 3TUKETKU BBIICISIOTCS BCE A4EHKU, KOTOPbIE IOMEUEHb! ITON ITUKETKOI.
Ilpy HEOOXOAMMOCTU BCTABUTH 3TUKETKY B CTPOKY BBOJA CIEJYET BOCIO/b30-
Barhcst komaHaol Add/Remove Cell Tags.

C noMOUIBIO 3TOM KOMAaH/bl MOXKHO TAKKE yAANUThb STUKETKY, €CIU OHA UMEETCs
B cTpoke. KoMaH1a BbI3bIBAET OKHO pelakTUpoBaHus sTukeTok. Knonka Add n0-
0aByAET STUKETKY, a KHOIka Remove — ynanser.

Komanga Cell Tags from Names no3BossieT co3naBaTh 3TUKETKY 110 HOMEPY
SUCHKH.

Komanna Mace Index coxpaHsieT Bce STUKETKHU TeKcTa B Oydepe.

1.2.8. MeHto Window

Cuctema Mathematica noszposser padoTaTh OJHOBPEMEHHO ¢ HECKOJIbKUMH OKHAMH.
Or1o OblBaeT ya00HO, eciu 00palaThbIBAIOTCS WM CO3JAIOTCA OJHOBPEMEHHO He-
CKOJIBKO TEKCTOB.

Menio Window uMmeer ciaeayrolide KoMaHbl s pa0oThl ¢ MHOMOOKOHHOM CUCTe-
MO¥:

O Stacks Windows — kackaIHO€E pacTojioKeHHE OKOH;

O The Windows Wide — MO3au4HO€ PACIIONIOKEHUE OKOH 10 BLICOTE;
O The Windows Tall — M03au4HO€ PACIIONOKEHUE OKOH 10 LIMPUHE;
(] Messages — BBIBOJ OKHA COOOIIEHMH 00 OTIMOKAX.

C IIOMOUIBIO 3TUX KOMAaHJ MOKHO YOPaBJ/ITH OKHAMU: MECTOM PACIIOIOKEHUA, pa3-
MCpPOM, COXPAHATHL UX COACPIKUMOC.

1.2.9. MeHwo Help

O6pailienue co CrpaBouHOM CUCTEMOI JOCTATOYHO [IPOCTO U OUEBUAHO. Y IpaBIEHUE
CUCTEMOH ocyulecTBasercs komanjaamu MeHio Help. bpaysep copaBku BbI3blBaeTcst
komanaoii Help Browser (Shift+F1).

CrpaBouHas CUCTEMA MO3BOMSIET:
O nonyuuts cBeeHUs 000 BCEX KOMAH/AX IMIABHOTO MEHIO;
(O wusyuuts npaBuna 3anucy U HAGOPA MATEMATUYECKUX BHIPAKEHUH;

O yrounurs HazHayeuue OGOH GyHKLUK UM ONEPATOPA;
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(O o3makoMuUTLCS ¢ MPUMEpaMKM M MPUCHIOCOOMTL UX K MHTEPECAM MOIbL3OBATENS
(npuMepbl UMEIOTCSA N0 KaKA0# PyHKIUK);

O no/yyuTh AOCTYI K NAKETAM PACLIMPEHUSL;
O nosyuauts cripasky o crucreme Mathematica n upme ee paspaboTapiueit;

3 BocnoTE30BaTECS 3NEKTPOHHON KHWTOH pazpaboTunka cucTeMsl CTHBeHa Bonbg-
pama (pasnen cnipaBki The Mathematica Book).

CrpaBKy MOXXHO HOIY4UTb JOCTATOUHO MPOCTO 10 UMEHU (PYHKUUU Ui andaBUTHO-
My YKa3aTelo.

PaboTa ¢ 3aNeKTPOHHOW KHUTOH

DIEeKTPOHHAd KHUIA — MPEBOCXOJHOE YueOHOE MOCOOME MO U3YYEHHID CUCTEMbI
Mathematica, ocobeHHO M0 €€ TPUMEHEHNIO B MAaTEMaTHIECKHX pacierax. OHa sBis-
€TCsl PyKOBOJCTBOM JIJTSt HAYHHAFOIIIHX.

Kuura coaepxutr muHoro ¢opmyn, rpadukoB, ucnonszyer aHumauuio. [lo3poaser
paboTaTh ¢ TpUMEpaMH: PETAKTHPOBATE M Cpasy TOMydaTh HOBBIC PE3YIIBTATEI, Mepe-
HOCUTb NpUMeEpLI B Oydep oOMeHa, BHEAPATH pe3yabTaThl U3 Oydepa oOMeHa B TEKCT
[I0/1b30BaTES.

OCcOOCHHOCTSIMU KHUIY SBJISIHOTCS: MOJIHOTA, HArIAIHOCTh, IIPOCTOTA NOUCKA.

OnHaKo HE ClelyeT JyMaTb, YTO 3J1EKTPOHHAS KHUIA SIBJSETCS CJMHCTBEHHbIM KBa-
AUPUUUPOBAHHBIM Y4eOHBIM NOCOOMEM MO U3YyUeHUIO cucTeMbl Mathematica.

JIro6as 3aeKTpOHHAS KHUra UMEET PsA HeloCcTaTKOB. OCHOBHBIMU U3 HUX SIBISIOTCS:
O xns usyueHns cucTeMBl TPEOYETCA KOMITEIOTED;
O spenua 1 310pOBbs IPU €€ AIUTENLHOM UCIIONL30BAHUY;

O conmepxuT GONBINOE YHCIO CTPAHMIL, TIOITOMY HEOOXOIMMYIO CTIPABKY TPYIHO
OTbICKATh;

O Meroauuecku, KaKk NpaBuio, OTPadOTaHA XyKe, 4eM OOBbIUHbIHA YUeOHUK.

ITo >TiM ¥ psIy ApyTHUX TPUYWH BIICKTPOHHAST KHHTA HE MOYXKET 3aMCHUTH OOBITHBIIN
YUEOHUK W OBITE CTUHCTBCHHOM 00yJaromieit cHcTeMofii.

OCHOBHOE HA3HAYCHUE DICKTPOHHON KHMIM — MHOJIy4YCeHHE CIIPABKM B MpOLIECCEe pe-
IICHWS 3a7add. 37IECh OHA MMEET TIPHOPHUTET 110 CPABHEHUIO ¢ OOBITHOM KHUTOM, KO-
TJIa B TIPOTIECCE PELIEHNS 3a1ady KpaiftHe HeymoOHO o0panaTecs kK KHUTE.

B nenom xe oObluHas KHUra U COpaBoyHAs cuUcTeMa (B TOM YHUCIE U DIEKTPOHHAS
KHUIa) B COBOKYITHOCTH SIBJISLIOTCS] UACAIBHON CUCTEMOM 00yueHus.

W3 n3105keHHOr0 BUAHO, YTO M3yueHue cucTeMbl Mathematica He cnenyeT HauMHATH
¢ MoapoOHOTO W3YUEHHS] CIPAaBOYHON CUCTEMBI W, B YAaCTHOCTH, C IIEKTPOHHOMH
KHHUTH.

He caeayer Taxxke noapoOHO uzydarh uHTepeiic cucTemMbl, B YACTHOCTH, OTPOMHbIH
00beM MEHIO ¥ ero kKoMaHA. HyxHo nnme Gerio MpounTaTs HAIly MEpBYIO TITaBy W
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TIPUCTYTIATH K PEIICHHIO 3a1ad. B mporiecce pemenHus OyayT, Mo Mepe HeoOXOANMO-
CTU, U3YYATLCSl DJIEMEHTbI AMAN0ra, YTOYHATbCS (DYHKIUMM MU KOMAH[bl, M3y4aThCs
KOMITbIOTEPHbIC TEXHOIOTHH PEIICHUS 3a/1a4.

Toneko Tak MOKHO M3yUWTH cricTeMy Mathematica B morHOM ee oOseme. [lpu sTom
CIIeIyeT MMETE B BUJTY, ITO JJISI 3TOTO TTOTPeOyeTCcss MHOTO BPEMEHH.

Ha npakruke unxeHepy, Aa 4 HE TOJIbKO €My, IPUXOJAUTCS PEIIATh JNUIIbL ONpeeIcH-
HBII Kilace 3afad. B Takmx ciydasx OCBOCHHE KOMITBIOTEPHBIX TEXHOJOTHI 3aiiMer
HEMHOT'O0 BPEMEHH W OKYIIUTCS CTOKPAT MOTYYEHHBIMH B KOPOTKOE BPEMsl PE3yJIbTa-
TaMH.
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OcHoOBbI paboThI
¢ cuctemoun Mathematica
B peXXumMme BbIYUCIIEHUN

Jl1s1 notydeHus PELeHusl C BLICOKOM 10CTOBEPHOCTbIO HEOOX0IUMO 3HATH:
) npasuna MpeACTARNEHNS W BEOJIA JIAHHEIX;

O Pynximm MaTeMaTHIECKIX OTIEPAIIHHA;

O BcrpocHHBIE QYHKIMN BEMACIICHUI;

(J KOMIBIOTEPHEIE TEXHOJIOTHH PENIEHAS MATEMATHIECKAX 3a/1a4.

IIpu pelieHUM MpakTUUECKUX 33]a4 HEO0O0XOJUMO COOMI0AAThH CACAYIOIHME OCHOBHBIE
[paBuia:

O we Hy®HO pemaTh 3a1ady 10 PHHIIAITY yralbIBAHAS, HAXAMas 0€3 pa3bopa Kiia-
BUIIN WJIX MIEJIKAs M0 KHOITKaM ITaHEeJId MHCTPYMEHTOB. Pemast MmaremMaTHaeckyro
3a1ady, HEoOXOIMMO TIEpBOHAYABHO IyMaTh, 3aTeM MMPUHAMATEL pEIICHUE W
TOJIbLKO [IOTOM HaKMMATh KJIABUILIY;

HCO6XOZ[I/IMO TIPOBECPATE JOCTOBCPHOCTE TOJIYICHHBIX OTKIIMKOB B TIPOLCCCEC pe-
MICHUSA 3a1a4U;

a

(3 cTpeMuUTLCS NOHATH METO/IBL U ATOPUTMbI PELIEHUS. 341,
(J Bcerna aHanM3MpOBATH Oy YEHHbIH PE3YILTAT;
a

€CJIM OTU IpaBujIa HE COGJ’I}OZL&T]), TO PEUICHUE MOXKET U HE M0CJI€10BATD, Oouee
TOT0, OHO MOXKCT CYIICCTBOBATH, HO OBITH A0COJTIOTHO HCBCPHLBIM.

CJTCI[yCT TAKXKEC TIOMHUTB, UTO, pellas 3aga1y MCTOAOM yraJlbIBaHHWsl, MBI TCPACM BPC-
M3 Ha IOJTYYE€HUE HECHYKHBIX BApHUAHTOB.

2.1. ApucmeTnyeckmne onepaTtopsbl,
(PYHKLIMN, KOHCTaAHTbI

Cuncrema Mathematica nMeer ToNHEIH Habop aprdMeTHUECKHNX OTepaTopoB, (yHK-
M ¥ KOHCTAHT. PaccMOTpUM WX ¥ TIpHBENEM TIPHUMEPEI.
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2.1.1. ApucdbmeTnyeckume onepartopbl

Apudmernaeckne oneparopsl cucteMsl Mathematica npreeneHs B Tadm. 2.1.

Ta6auua 2.1. Apudmeruueckue oneparopsl
cucrembl Mathematica

CumBsoa/
Copepixanue IIpumepsl

onepauust

+ Croxxenue 3+5, a+b, Sinx+Cosx

- Bbluuranue 5-3, a-b, Sinx-Cosx

* YMHOXKEHHE 3*5, a*b, Sinx*Cosx

/ Jeneunue 3/5, a/b, Sinx/Cosx

» Boseenenue B cTemneHs 572, a3, a”k, (Sinx) "2

Sqrt[x] H3eneuenne kBagpaTHoro | sqrt (21, Sqrtla+bl,
KOpHSI Sqrt[e”x]

ApudmMernueckre onepanvi B cucreMe Mathematica ocyIeCTBISIOTCS Hal BEIIECT-
BCHHBIMH M KOMIUICKCHBIMH YHCITaMH, HaJl CIIMCKAMU THTTA BEKTOD WIIM MaTPHILA, HAJl
BBIPAKEHUAMU U PYHKLIMAMU.

2.1.2. ApucbmeTtnyeckme pyHKUUN

K apudmeTuyeckum 0ObIYHO OTHOCAT Cleayouue (PyHKIMHU:
O Beimonnenue apudGMETUIECKUX ONEPALIMIE HAJl YUCTAMMY;
OTIPEETICHAE ACTUTENCH IETBIX THCET,

ompe/ieleHue HauMEHbLIero 001ero KpaTHoro;
BblUMC/ICHUE (PAKTOPUATIOB;

MPUBCACHUC BCUICCTBCHHBIX YHUCCIT K [ze iz TCJIBIM;

gaaaaq

[OJYYCHUEC NPOCThIX YUCEIL.

PaCCMOTpI/IM OCHOBHBIC U3 HHUX.

®YHKUMM BbINOJTHEHUA apudMETUYECKUX onepaLuii

Cucrema Mathematica uMeer ciemyromue (GYHKIMH BEITOTHEHUS apUPMETHIECKNX
OrepaLmii:

O pPlus(x, y, ...] — BbIIOJHAET CyMMUPOBAHUE YHUCEN X, ¥, ...}

O Times[x, y, ...] — BBMHUCISET NPOU3BEAECHHIE THCEN X, v, ...}
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O pividelx, y] — OCYIIECTBISAET AEJEHHE X HA v

O Mod[x, y] — BO3BpALLAET OCTATOK OT ACIEHUS X HA .

TTpuMepsl BBITIOTHEHHS apuMETHIECKNX ONepalivii MpUBEIEHBI Ha puc. 2.1.

OnpegeneHune genutenen wenbix Yucen

Plus[1l, 2, 3, 4, 5, 6,
Zi+a

S+a+b+E+m+ 3in(8]
Times[1, 2, 3, 4, 5, 6,
5040 a

Time=s[z, Exp[2], 3]
de's

Divide[2., 3]
0.6GEGET
Divide[a+h, a -b]
a+h

a-hb

Mod [327, 20]

72

Mod [327, -20]

-13

Mod [-327, 20]
13

Mod[-327, -20]
-7

1, al

Plus[a, b, E, Pi, 3, 5, Sin[x]]

T, al

Puc. 2.1. [Tpumeps! BeInOMHEHUsT apU(PMETUUECKUX OnepaLuii

M HauMeHbLlero o6uero KpaTHOoro

OYHKUMIMHU OTIPEACTICHHS ACTUTENEH LIETBIX YUCEN W HAUMEHBIIET0 00IIEero KpaTHO-

TO ABJIAIOTCA:

O pivisors [n] — BO3BpallacT LUCI0UYMCICHHbIC ACIUTE/IM YUCiia n;

a

a

DivisorSigmalk,

ExtendedGCD[n,

n] — BO3BpAIIacT CYMMY BO3BCIACHHBIX B CTCIICHB k TIOJIO-
SKUTENbHbIX JSAUTENCH yucaa n;

m] — BO3BpAINacT HAMOONBIINI OOIIMH NETUTENs THCET n

n2, ...] — BO3BpaulaeT HauOOJbLIMKA OOLIUN AeNuTedb LEIbIX

yucena nl, n2, ...;
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O rcMinl , n2, ...] — BO3BpAlllaeT HaUMEHblliee 00IIEee KPATHOE LIENbIX YHCen
nl, n2, ...

Tlprmeps! onpeeneHus TenuTeneit HENbIX 9UceN W 00MIEero KpaTHOTO MPHUBEICHE! Ha
puc. 2.2.

Divisor=s[112102]

{1, 2, 23, 46, 2437, 4574, 56051, 112102}
DivisorSigmal[6 ,3]

730

ExtendedGCD[125, 50]

{25, {1, -2}1

GCD[1200, 125, 75, 50]

25

LCM[24, 36, 12, 8]

7

Puc. 2.2. OnpeneneHue nenuteneii HENbIX YHceT U 00IIEro KpaTHOTo

I'IpMBe,quue BeleCTBEHHbIX Yucen K OnnkKanmm Lesbim

TlpuBeaeHue BEIIECTBEHHbIX 4MCel K OMWKAMIIMM UEIbIM OCYLIECTBISETCS C I10-
MOIIBIO CIEAYIOMNX (YHKIIHH:

O Round[x] — OKPYTIISET x 0 ONMKAMIIETO TIeNToT0;

O rloorix] — BO3BpaLIaeT HAUOObILEE UEN0E YUCIO, HE MIPEBBLLAIOIIEE X;

a Ceiling[x] — BO3BpallAcT HAMMEHbIIEE LEI0C YUCIO, OoubllIEE WU paBHOE x:
O ouotient[n, m] — BO3BpaIlacT OKPYTJICHHOE [EJIoe YHCIIO n/m, HE TMPEBEI-

MIAOIIEE 3HAUCHUS n/m.

3HayeHue ¥ B OTUX (byHKLll/lﬂX MOKET ObITh HE TOJILKO YUCJIOM, HO U BEKTOPOM YHUCEI1
" JaXKC BCKTOPOM BBIMUCITIACMBIX (1)yHKLH/H7L

TIpumepbl NpUBEACHUS BEIECTBEHHbIX YUCEd K ONMKANIIAM LebIM [PeICTaB/IeHb!
Ha pHc. 2.3.

Bbluncnenue dakropuanoB

@axropuainsl yncia n B cucreMe Mathematica BBIYHCISFOTCS ¢ TMOMOLIBIO CIEIYFO-
myx GyHKIHH: Factorial W Factorial?2, KOTOPbIE IMEIOT BAM:

O ractorial [n] — BO3BpamiacT 3HaYcHUE (aKTOPHATA THCITA n;
(O Factorial2[n] — BO3BPAIIAET 3HAYEHHUE JBOMHOTO (PAKTOPHUANA UMCTA n.

TlprBenennbie QyHKIMH BEMHCISIOT (JaKTOPHAIBI YHCEN: BEIIECCTBEHHBIX, IENBIX W
OPOOHBIX, MONOKUTENbHBIX U OTpULATENbHbIX. OHU MO3BONIAIOT ONPEAEnaTh (PaKro-
puanbl 04eHb GOIBLIMX YUCE.
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£=15.4
Round [£]

15.4

185

Floor[£]

185

Ceiling[£]

16

Juotient[7, 3]

2

£1={3.5, 5, 7.8, -6.4, -7.6}
Round [£1]

{3.5,5,7.8,-6.4,-7.6}

{4,5,8,-6,-5}

Floor[£1]

{3,5,7,-7,-8}

Ceiling[£1]

{4,5,8,-6,-7

£2={8in[1.], Cos[1.], Exp[-1.2], 2 Log[3.1}
Round [£2]

{0.541471,0,.540302,0.301194,2,19722}

{1,1,0,2}

Floor[£2]

{0,0,0,2}

Ceiling[£2]

{1,1,1,3;

Quotient[Sin[1] ,Cos[1]]

1

Puc. 2.3. [IpuBeieHNE BEIIECTBEHHBIX YHUCEJ K OJIMDKANIINAM LIEJIbIM

B cayuae uenbix 3HaueHuil n Pakropuaibl COOTBETCTBYIOT CIEIYIOIIMM BbIpaXKe-
HUSM:
n=1x2x3x..xn,

ml=nx(n=2)x(n—4)x...
Ilpustom 0! =1, O!! = 1.

TIprmeps! BeMUCTEHNS (akTOPUATOB TPUBEACHE! Ha pHC. 2.4.

nOﬂy‘-leHVle NPOCTbIX Ynucen

TTosrydenue MPOCTHIX YMCEN OCYMIECTBIACTCS C TOMOIIBIO CACAYIOINX (hyHKIIHIA:

O pPrime[n] — BO3BPAWAET n-€ MPOCTOE TUCIIO;

O pPrimePi[x] — BO3BPAIIAET KOJMYECTBO ITPOCTHIX YUCE], HE TTPEBBIIAIONMINX X.

TIprMeps! osTydeHust MPOCTHIX YUCENT NPUBEICHEI Ha pHc. 2.5.
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Factorial[e6]

720

6!

720

Factorial[100]
93326215443944152681699238856266700490715968264381621
468502963895217590993229015608941463976156518286253697
920827223758251165210916864000000000000000000000000
Factorial[h.6]

344,702

-3.5!

-11.6317

Factorial?[{3,5,7, 9, 11}]

{13,15,105,945,10395}

8.311

511.0485

Puc. 2.4. TIpumeps! Beruucienus (Hakropuaion

Prime[11]
31
PrimePi[11]
5
Prime[123456789]
2543568463
PrimePi[123456789]
7027260

Puc. 2.5. [IpuMepsl nOMydeHUs NPOCTHIX YUCENT

2.1.3. IMeHOBaHHbIe KOHCTaHTbI

Hmenoeannas koncmanma SBISETCS 00BEKTOM, UMEIOIIMM YHHKAIBHOE MMS, HAYH-
Haroleecs ¢ nponucHoi OykBbl. KoHcTaHTa UMeeT 3apaHee ONPee/IeHHOe 3HaUYeHue,
HE U3MEHSIIOILIEECs 110 XO/1y BbIUMCICHUM.

B crcreme Mathematica IMErOTCS CIICIYIOIME WIMECHOBAHHBIC KOHCTAHTHI:
O E — ocHOBaHMe HATYPAILHOIO Jorapudhma;

(3 Pi — OTHOUIEHHUE JIMHbI OKPYKHOCTH K JAUAMETDY;
O 1 — Muumas eaunuua (V—1);

O Infinity — NONOKMTEIbHAS OECKOHEUHOCTb; IIPM OTPULATENbHON GeCKOHEU-
HOCTH CTaBHUTCS 3HaK "—" (MUHYC);
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(O pegree — umcno pamuan B rpanyce, numerouiee suadenue /180

O EulerGamma — TocrosHHas Diiiepa, nmeromas sHadenue 0,577216;

1+4/5
J GoldenRatio — KOHCTAHTA, MMEIOMIAS 3HAUECHWE — (meneHue oTpesKa o

[IPABUILY 30JI0TOTO CEUeHUs);
O catalan — xoncranta Karanana, nmeromas 3aagenne 0,915966.

ﬂﬂﬂ YUCJICHHOI'0 3HA4YC€HHs KOHCTaHTbI HCOGXOZLI/IMO nepea €€ UMEHEM IIOCTaBUTh
CUMBOJI N € L€JIbIO IIOJIYUE€HHMA pE3YyJibTaTa B BUAC BEUICCTBCHHOIO YUCIa.

Han nMeHOBaHHBIMI KOHCTAHTAMW MOKHO BBHITIOJHATE JFOOBIE MAaTEMaTHIECKIE OTIe-
pauuu. Ilpy 3TOM TOJBLKO HEOOXOAUMO yKa3aTb, YTO BBIYUCICHUS OCYLIECTBISIOTCS
HaJ] BEIIECTBEHHLIMU 4ucaaMu. sl 3TOro CylecTByeT MHOIO CIOCOOOB, HAIIpUMeEp,
CTABUTCSl TOUYKA B KOHIIE LIEJIOr0 YMCNA, UCIIOIb3YeTCsl PyHKLMS N[ %], KOTOpas BBO-
JIUTCS] B KOHLIE MOJIyYEHHOI'0 B CUMBOJILHOM BUJE OTBETA.

Oro0 60Jee nOAPOOHO U3IAraeTcs Janee B riase.

TIprmeps! TToTyHIeHNsT KOHCTAHT W MaTeMaTHIeckie ASHCTBUS Hall HUIMH TTOKa3aHbl Ha
puc. 2.6.

{H[E] ,H[Pi] ,H[Deyree] }
{2.718258,3.14159,0.0174533}
{H[EulerGamma] ,H[GoldenRatio] ;H[Catalan]}
{0.577216,1.61803,0.915966}
2*H[Pi]+H[E]"2-Syrt [N[Catalan]]
12.7152
2.%*Catalan
1.83193
3.*Pi*EulerGamma-GoldenRatiofCatalan
3.67365
Catalan/EulerGamma

Catalan

EulerGamma

H[%]

1.58687

Pi+E*Catalan-EulerGammafGoldenRatio
EulerGamma

Catalang - ————————— + 1
zoldenRatio

H[%]

5.27471

Puc. 2.6. HpHMepLI TIOTYYC€HHA KOHCTAHT U MAaTEMAaTHYECKUE Onepali ¢ HUMH
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2.1.4. YkopoyeHHas chopma npeacraBneHus
apudmeTnyeckux onepauuu
B cucreme Mathematica umeercs cneuuduueckas GpopMa 3anucu MaTeMaTHUECKUX

orepaunii, HaszeIBacMasi ykopouenHou. Kaxaol Takol 3ammcy (oreparopy) cOOTBET-
CTBYET CBOS BCTpoeHHas QyHKIMS. TakiMu QyHKIASIMHA SIBIISTIOTCST:

O addTolx, dx] — mpubaBnseT dx K x U BO3BPALIAET HOBOE 3HAYEHHE x; ONEPa-
TOpPOM (DYHKIIMH SBISETCS: x+=dx;

O SubtractFrom[x, dx] — BBIMATAET dx W3 ¥ W BO3BPAIIAET HOBOE 3HAYCHHUE X,
paBHOE x-dx; ONEPaTopoM (PyHKLMU SBISETCS BbIPAKEHUE X—=dx;

O TimesBy[x, k] — YMHOXA€T x Ha k W BO3BPAINAET HOBOE 3HAYEHUE x, PABHOE

kx; OTIepaTopoM (PyHKIIMHM SBISETCS BEIpaXKEHNE: x *=k;

x=3

AddTo[x,5]
3
g
TimesBy[x,10]
a0
Dirvide [x,2]
40

f=5in[z]
AddTo[£ ,Cos[=z]]
Sinf=z]
cos[z] +53inl=z]
TimesBy [£,£]
(Cos[z] +Sinfz])®
TimesBy [£,{a+h)}]
fa+b) [(Cos[z] +Sin[z])°
Divide [f,(a-b)]
(a+h) (Cos[z] +3in[z])?
a-b

x=3

X+= 1

xx= 10

20

xf=2

40

x-=23

15

f=5in[z]

f +=Co=s[z]

Sinfz]

Cos[z] + 3in[z]

fr=f

(Cos[z] +Sin[z])®

fr= {a+h)

{2+b) (Cos[z] +Sin[z])?

f£/=(a-h)

(2 +b) (Cos[z] +8in[=z]3?
a-b

Puc. 2.7. YkopouenHas (opma 3anucu
apupMETHUECKUX onepauit
¢ moMompio GyHKImit

Puc. 2.8. Ykopouennas (opma 3anucu
apu(pMETUYECKUX OnepaLmii
C MOMOIIbIO ONIEPaTOPOB
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O bpividelx, k] — AENWT x Ha k W BO3BPAIIACT HOBOE 3HAYCHHUE X, PABHOE x/k;
oneparopoM (QyHKIMY ABIAETCS: x /=K.

Ilone3HocTs 3T0# (opMbI 3amucu MaTeMAaTHUUYECKUX ONEpalUii He TOJbKO B Oosee

KOPOTKOH (popMe MpenCTaBIeHuUs], HO TaK)Ke B TOM, UTO OJHOBPEMEHHO C BBIIOJHE-

HUEM OTIEpaliii OCYIIECTBISIETCS IPHCBOCHUE x HOBOTO 3HAUCHUSI.

YKOPO‘ICHHHC (])OpMLI 3artmcu apH(])MCTI/I‘{CCKI/IX onepaunﬁ MOXKHO HCIIOJIB30BATH Kak
[pU YUCJICHHBIX, TAK U NPHU CUMBOJIbHbIX BbIYUCICHUSIX.

IIpuMepbl BLIYMCICHUH B Cllydyae YKOPOUEHHOM (opMbl 3a0UCH onepaluii A1sl cayyas
YUCIICHHBIX U CHMBOJIBHBIX BBIUHCIICHUH NIPUBENICHBI HA pHC. 2.7 1 2.8.

Ha pwuc. 2.7 mpencrarieHbl BBEUUCICHHS ¢ WCMONB30BaHWEM (YHKIAN, a Ha
puc. 2.8 — ¢ UCMOIL30BAHUEM COOTBETCTBYIOIIMUX ONEPaTOPOB.

2.2. Tunbl fgaHHbLIX

JlaHuble, ¢ KOTOpbIMHU paboTaeT cucrema Mathematica, BecbMa 001IMPHBL DTO UKca,
MEPEMCHHBIC, BRIpaXCHUS, (yHKIUW., THMBI YHUCICHHBIX JAHHBIX TPHUBCACHBI B
tabda. 2.2.

Ta6auna 2.2. TANE! YUCTCHHBIX JaHHBIX

O0o3Hauenus Tunb! uncen Ipumepni
Integer Lenouucnenusie 364, -35
Rational Parmonansaeie 24/37,-15/87
Real BeuiecrBenunie 364.6,-25.16,

16.8 107°
Complex KoMmruiekcHble 2+3*1

CUMBO/ILHBIE NEPEMEHHbIE MOI'YT 00pa30BbIBATH CKOJb YLOJHO CIOXKHbIC BhIpaNe-
HUS, KOTOPBIE CHCTEMa CMocoOHa ympomars. OTHA CHMBOJIBHBIE TIEPEMEHHBIE MOTYT
ObITh 3aMEHEHbI IPYTUMHU, 00pasysl HOBbIE BIPAKEHUS U Jaske POpMYyJbl.

CucremMa uMeeT OOJTBIIOE KOJIMIECTBO beHKLIHﬁ, C KOTOPBIMH TI0JIE30BATCIIE MOXKCT
pa6OTaTb Kak ¢ 00LIYHbIMU JaHHbIMU, BbIIIOJJIHSAA H00bIC MATEMATUYSCKUE onepanuu.

B stom pasaciie NpyuBOASATCA BCE OCHOBHbLIC THUIIbL JAHHBIX, 4 TAKKE PA3/IMUHbIC TEX-
HOJIOTHUH WX MAaTCMAaTHYCCKUX Hp606pa3OBaHI/H71 ¥ BBIYHUCIICHUIA.

2.2.1. ApudmeTnyeckue onepauum
C uenbIMU U pauuoHanbHbIMU Yucnamm
Cucrema Mathematica BEITIOTHSET BREIYUCICHUS C YHUCTAMM: OCJIBIMHU U palluOHAJIb-

HbIMH 0e¢3 norpemHocrei. [Ipu 3ToM He MMeeTcs orpaHWUYEHM HA pa3psiHOCTD YH-
cen. IlpuBeneM npumepsl N0JOOHBIX BLIUUCACHUIA.
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Mpumep 2.1

Heo0x011uMO0 BBIIONHUTL CIEAYIOUIUE BHIYACISHUS:
100!, 1/242/3+1/6,2/174+5/22+1/121.

Peuenune npuseseHo Ha puc. 2.9.

10011
34243224702511976248246432895208185975118
675053719198827915654463485000000000000
1/2+2/3+1/6
4
3
2/171+3/1+5/22+1f121
22513

28798

Puc. 2.9. Pemenue npumepa 2.1

W3 puc. 2.9 BuaHo, 9TO CUCTEMa BRIMHCITHNA IBOMHOIM (akTopuanr uncia 100 ¢ abco-
TOTHOM TOYHOCTEIO, MTPUYEM 3a JIOJH CeKyHIsl. CyMMHPOBaHWE palMoOHANBHEIX TH-
cell BbIMOMHEHO BechMa 3((exkTHO. Pe3yabTaToM B 000UX ClyyasiX TAKOKE SBIAETCS
4MCI0 pauuoHaibHoe. [lpu 3TOM mIporpaMma OCYILECTBU/IA COKpalleHue ApoOu B
KOHEYHOM PE3yJIbTaTe.

Cﬂeﬂ,yCT HUMEThL B BUAY, YTO M00bIC BLIYUCICHUS B cliydyac LEJIbIX U pallUOHATBHBIX
HUCE1 UMEKOT PE3YJbTAT JIUIIb NPU YCI0BUU HAIAYKA TOYHOI'O PEIUICHUA. Ecnu tou-
HOC PCHICHUC HE CYHICCTBYCT, TO IMporpaMMa HpI/IGHH)KCHHOT‘O PpCIICHUA HC BBLIACT.
Ona mumis TIOBTOPACT UCXOAHOC BRIPAKCHHC. TToxaxem 310 Ha mpumepe.

Mpumep 2.2

Heo0x011uMO0 BBIIONHUTL BBIYUCACHUE CASAYIOUIUX (PYHKIIMHA:

x X

gsing, e, In3, In, 8, Ine?, sin®1+cos’l, e™-e*.
Pemenne npuseneHo Ha puc. 2.10.

L, . T
W3 puc. 2.10 BuAHO, 9TO MporpamMMa BBIJANa TOYHOE 3HadcHWE (yHKImMit smE,

In, 8, In e?, ¢ ¥ -e" ¥ He BBMMCIATA BBIpOKECHUH ¢!, In5, T. x. TouHOE WX 3Ha-

yeHUe He cylectByeT. K coxanenuto, cuctema "He 3Haet", 4TO sin?1+cos?1=1.
DTO CBUICTEIBCTBYET O €¢ HEMOCTaTOYHON UHTEIICKTYATRHOCTH. [IpaBya, 3ToT oTBET
MO’KHO TIOJTYYHTh, €CITH OOPATUTHCS K KOMaHIaM YITPOIIICHUS BEIPAsKCHUIH,
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Pif2*5in[Pif2]

Log[5]

Log[5]

Log[2,8]

3

Log[E"2]

z
Zin[1]"2+Cos[1]"Z
Cos[1]% +8in(1]®
E*({-H)*E"x

1

Puc. 2.10. Pemenue 3anau npumepa 2.2

2.2.2. ApudmeTnyeckue onepauum
C BelLeCTBEHHbIMU Yucnamm

Bemecrsennsle uncna B cucreme Mathematica TIPENCTaBISIIOTCS B ecmecmeeHHol
WU HOPMALLHOU (hopme.

Ilpu npencraBnenuu uuciaa B €CTECTBEHHOM (OopMe Lienas 4acTb OTAENSETCsSl OT
JNpoOHON TOYKOM, Hampumep: 1.35, -16.264, 0.25. [Ipu 3TOM 0 1EeABIX MOXHO
OITYCTHTE W BMECTO 0.25 BBOXUTE .25. Takve uncia B WHPOpPMATHKE TacTO Ha3bIBa-
10T YUCIAMU € (PUKCUPOBAHHON TOUKOM (3a04TOIA).

Touka B KOHIIE YMCIa SBASETCS NPU3HAKOM TOrO, YTO YMUCIO BellecTBeHHoe. Hampu-
Mep, YMCIO0 321 sBAETCS LEJOYUCICHHbIM, @ 321 . — BELIECTBEHHbIM, YUCIO 2/7
SIBJIIETCS PALIMOHAIBHBIM, @ 2 . /7 — BEUIECTBEHHBIM.

Ilpu mpeacraBnenuu uuciaa B HOpMaAbHON (POpPME UUCIIO 3AMUCHLIBACTCS B BUJE MaH-
THUCCHL C 11eN0oK U ApoOHOH 4acTaMU U NOpSAKa B BUJAE CTEHEHH 4ucaa 10, OTAense-
MBIC 3HAKOM YMHOXEHHUS, HalpuMep: 2*10%, -5*10°% 0.231%107°, .32 107". Bmecro
3HAKAa YMHOXECHHSI MOYKHO HCTIONB30BATh Mpodelt. Takue ducia Ha3bIBAIOT YUCIAMHU C
MJTaBAKOIIEH TouKOH (3asTOH), T. K. UX NIPEACTaBICHAE HE OJHO3HAYHO!

5.25 10? = 52.5 10* = 52500 107 = .525 10°

ApudmeTnteckre orepari Hax BEIICCTBEHHBIMM UHCIAMHM JAIOT TIPHOIKEHHBIH
pesynprar. Cucrema Mathematica omepupyer TpHOMMKESHHBIMA YHCTAMH BEChMa
MIFPOKOTO AWana3zoHa. MakcHManbHbIE ¥ MHHWMANBHBIE YHCTA WMEIOT 3HATCHMS:
1.79769%10°%, 2.22507*107°%.
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OTH 4uCla MOKHO BBIBECTMU HA D3KpaH C MOMOILUBI CUCTEMHBIX IEPEMEHHBIX
$MaxMachineNumber U $MinMachineNumber.

Bemecreennrie uncna B cucreme Mathematica MOTYT TIPEICTABISTECS C TTOMOIIBIO
CIEIYIOIMX BCTPOSHHbBIX (PyHKIMIA:

O N[k], TIe k — uwcio MoBOTo THMA, HATIPUMED, MEJOUUCIEHHOE WA PAIHOHAITE-
HOE;

O wik, nl,rae k — 44ciao Juodoro TMNa, n — Yucio uudp pesyabrara.

Ha puc. 2.11 mpuBeaeHB! pe3yIbTaThl MPEACTABICHUS YMCEN 5 M 2/7 B BHAC BEIIECT-

BEHHBIX C MOMOINEIO BCTPOSHHBIX (yHKIM. OOpaTiTe BHUMaHWE Ha TO, UTO TIPH

[IPEACTABIEHUY BEIIECTBEHHOIO YMCIa 2. /7 ¢ HOMOILbIO PyHKUMU N[k, n] pe3yib-
TATOM SIBIISIETCS. YUCJIO JIMLIDb C HIECTHIO 3HAKaMU, B TO BPEMS Kak n=27.

H[5]
5.
H[5,20]
5.0000000000000000000
H[2/7]
0.285714
H[2/7.27]
0.2857142685714265714285714286
H[2./7,27]
0.z85714

Puc. 2.11. O6pa3zoBaHue BEIECTBEHHBIX YHCEI € MOMOIIBIO BCTPOSHHBIX (DYHKLIMI

2.2.3. ApucbmeTnyeckume onepauum
C KOMMJIEKCHbIMU YUcnamm
Kommiekcroe umcio MpCACTABIIACTCA B CICAYIOIICM BUIC!

z=Re[z] + I*Im[z] WIU z=Re[z] + Im[z]*I,

rie:
O Re[z] — BellEeCTBEHHAS YACTh KOMILIEKCHOIO YUCIIA Z;
O 1Im[z] — MHAMAas 9aCTh KOMIUIEKCHOTO 9HCIA z;

O 1 — wmuwvas eqmAvma: T = +/—1, pejCTaBISETCS TIPONMCHOH OYKBOM TATHH-
cKoro angapura.

B BBIPAXKCHUHN KOMINICKCHOTO YHCJIa 3HAK YMHOXKCHUSA MOKHO 3aMCHATH ﬂpO6CHOM.

BCU.ICCTBCHH&H U MHHUMaAd 9aCTu KOMITJICKCHOTO HUucia MOT'yT 6BITB YUcCJIIaMu JTFO60T‘O
BHUJIa, a TaKXKC CUMBOJIBHBIMHA HCpCMCHHLIMI/I, BBIpa)KCHI/IHMI/I " (byHKHI/IHMI/I, Hanpn-
Mep: 2+3*%I,0.5-6.3 I,a+I*b,Logl[6.7] + I*Sin[x].
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Cuctema Mathematica umeer cienyrouive (YHKUMM BbIIOJHEHUS ONEpalldi Haja
KOMIUIEKCHBIMA YUCITaMH:

O abs[z] — BbLMUCIIET MOAYJIb KOMILIEKCHOIO YUCIA Z;

O Arglz] — BO3BpAIIAET MOIYJIb KOMILIEKCHOTO YACHA Z;

O conjugate[z] — BO3BPAMAET KOMIUIEKCHOE YHCIIO COTPSIKEHHOE Z;
O Relz] — Bo3BpaIAET ASHCTBUTENEHYIO HaCTh KOMIUTEKCHOTO HCIA Z;
O 1Im[z] — BO3BPAIAET MHUMYIO YACTh KOMILIEKCHOIO UMC/IA Z.

Ha pwic. 2.12 mpuBeAeHBI TPUMEPHT UCTOTB30BaHNS 3THX (PYHKIIHIL.

z1=2+3 T
2o5-3 T z2=3-2*T
-5 1 z1+z2
Abs[z] 243 1
3-2 1
A 34
S+1
Arg[z]
5 zl z2
—ArcTan[El 1245 o
Conjugate[z] z-1fz2
543 1 *
Sgqrif[zl-=z2
Re[z] gqrt[ 1
5 W -1+ 51
Im[z] H[%]
-3 1.67415 —-0.895977 1
Puc. 2.12. Onepauun Puc. 2.13. Matemaruueckue onepauiu
HAaJl KOMITIEKCHBIMU YHCIIAMU HAaJl KOMITIEKCHBIMU YHCIIAMU

CucremMa MO3BOJISCT BBLINOIHATL JIOOLIE MATEMAaTUUYECKUE BLIUMCICHUS HaJg KOM-
I[JIEKCHBIMU YHMCJIaMU, KOTOPBIC JOCTYIIHbLL JJ1 Cl1y4asd BEUICCTBEHHbIX YHUCEII.

Mpumep 2.3

JlaH®l 1TBA KOMITJIEKCHBIX HHCHa: z1=2+3 I, z2=3-2 I. HeoOXoaWMO BEITIOJHUTH
HaJ YUCNAMU ONEPALUU CIOKEHUS, YMHOKEHHUS, JENCHUs, U3BICUEHUE KBAIPATHOIO
KOPHS U3 Pa3HOCTHU YHUCeL.

Pemenne npuseneHo Ha puc. 2.13.
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2.2.4. [lepeMeHHbIe

Ilepemennvie — 0OBEKTHI, MPUHAMAIOIINE PA3IIMIHBIE 3HAYEHNS KaK YHCICHHBIC, TaK
¥ CUMBOJIBHBIE. [Ipr 3TOM nepeMeHHOH MOXKET OBITE JTI000H 00BEKT, JaXe TaKoH, Kak
rpaduueckuii UM 3ByKoBoi. MiMs mepeMeHHON Ha3bIBACTCS UOCHMUDUKAMOPOM, OHO
BCEr/la HauMHaeTcs ¢ OyKBbL U MOXET COAEPHKATH TIOObIE CUMBOJIBL.

Ilepemennbie B cucreme Mathematica sIBISIOTCA r100aibHBIMY, T. €. TAKUMH, KOTO-
pBie MOXHO M3MEHSTH B MPOIICCCE BRIMUCITCHAHA. HamprMep, MPHUCBOMM TICpEMEHHOM
x 3HAYCHWE x=1.5 W BBUUCIMM Sin[x], 3aTE€M MPHUCBOUM x=0.35 W BHOBH BHIUWC-
M Sin[x]. [Toayaum aBa pasHbIX oTBeTa. CHCTEMa JOTYCKACT MEPEPHUCBANBAHNC
nepeMeHHoON. PelleHue umeer BUL:

x=1.5

Sin[x]
1.5
0.997495
x=0.35

Sin[x]
0.35
0.342898

IIpucBauBanue B cucreme Mathematica peanusyercs AByMsl cnoco0aMu: ¢ MOMOILBIO
(pyHKLMI U onepaTopoB.

OcHoBHbIe (D)YHKUMU OPUCBAUBAHUS UMEIOT BU:

O set [y, f] — BBIYACIACT 3HAUCHHWE (PYHKIMH f W TIPUCBAWBACT PE3yJbTaT 3Ha-
YCHHUIO y; TPUCBOCHUE ABISICTCS TTOOATHHEIM;

O set [{yl, vy2, ...}, {fl, £f2, ...}]— BBEMUCIACT 3HAUCHUS d)yHKuHﬁ
£1, £2, ... ¥ IPUCBAUBACT WX, COOTBETCTBCHHO, 3HAYCHUAM y1, y2, ...; TIPUCBOEC-
HUE I100aIbHOE;

a SetDelayed|[y, f] — MmpuUcCBauBaeT MNEPEMEHHOM y HeBblUMCACHHOE f ((yHK-
IAST 3aJICPKAHHOTO TIPUCBAUBAHN);

a SetDelayed[{yl, y2, ...},{ f1, £2, ...}]— TIpUCBaWBacT MCPEMECH-
HBIM y1, y2, ... HCBEIUUCIICHHBIC 3HAUCHNS f1, £2, ... (3aIepKaHHOC TIPHCBaNBa-
Hue).

PaccmoTpuM 3T hyHKTIIN GoJiee TTOAPOOHO W IPUBEAEM TIPAMEPEL.
Awnanorom QyHKINH Set [y, f£] SBISIETCS orieparop y=f.

Ha pwc. 2.14 npuBeaieHE! BEIYUCICHUS C TIOMOIIBIO (PYHKIMK Set [y, f] W omepaTo-
pa y=tf.

W3 puc. 2.14 BuaHO, YTO MMPUCBOCHHUE TIEPEMEHHOH y 3HAYEHHUS £ C TTOMOIIEIO (DyHK-
LUH U OTIepaTopa MIACHTHYHBIL.

Ha puc. 2.15 moka3zan npuMep TIPUCBOCHUS 3HAYCHUIT TpeX (PyHKINH, COOTBETCTRCH-
HO, TIEPEMEHHBIM y1, y2, y3.
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Set[y¥,5in[1.]]
0.541471

¥

0.541471

Set [y.5in[1.5]]
0.997455

¥

0.997455
x=1.

Sin[x]

1.

0.541471
x=1.5

5in[x]

1.5

0.997495

Puc. 2.14. [IpucBoeHune nmepeMeHHOI ¢ TOMOIIBIO (DYHKLIHU
U orepaTopa NpHCBaNBaHUs

Set[{vl,v2,¥3},{E*2.,Cos[1.].2.73+774}]
{7.368906,0.540302,2.491667}
¥l
7.382068
¥2
0.540302
¥3
2.41667

Puc. 2.15. [TpucBoenue 3naueHuii GyHKIMit GOIBLIIOMY YHCITY EPEMEHHBIX

W3 puc. 2.15 BumHO, UTO (YyHKIHS Set BBIIANA pemicHue 0€3 3aJCPKKH, cpa3y Ke
nocyie Haxkarus koMOwHarmy kinasunt <Shift>+<Enter>. Tlogyunts oTaensHO 3HAYE-
HUSI IEPEMEHHbIX y1, y2, y3 MOXHO BCEr/a B MPoLecce MHOObIX BLIUUCICHUM.

PaCCMOTpI/IM TCTICPb (1)yHKLII/H/I 3aJICPXKAHHOTO TIPUCBAUBAHUS.

AmnanoroM (yHKUMM 3a1€pKAHHOTO MpPUCBaUBaHUd SetDelayed[y, £] sBIseTcCs
onepaTtop y:=f.

O1u QyHKUMS U ONEPATOP BbIYUCISIIOT 3HAYCHUE £, IPUCBAUBAIOT €ro y, HO PEICHUE
(npu HaxkaTuu KoMOMHalMK KaaBull <Shift>+<Enter>) Ha 3kpaH He BblnatoOT. TonbKO
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npu o0pallleHUy K y [0J1y4aeM pe3y/bTaT NpucBauBaHusl (3a]1epKaHHOE NPUCBAU-
BaHUE).

OTH npoueaypbl XOpOLIO BUJHbI HA puc. 2.16.

SetDelayed[y,5in[1.]1]
¥

0.541471

{y-1} f{¥+1)
-0.05860853
¥:=5in[1.]

¥

0.541471

¥"3

0.595823

Puc. 2.16. [Tpoueaypsl 3aaep>KaHHOTO IPUCBAUBAHUS

OTnnuus oneparopoB npucBaubanus "=" u ": =" nokaxem Ha mpumepe.

Ha puc. 2.17 npuBeIcHBI BRIYUCIICHAS 3HAYCHUM Sinx MPH x=1 U x=2 ¢ 00OUMH BH-
JlaMU NPUCBAMBAHMUSL.

H=5in[1.]:
y=x
0.541471
H=5in[2]
¥
gin[2]
0.541471
z:=8in[1.]
W=z
0.541471
z:=8in[2.]
W=z
0.909z297

Puc. 2.17. Boluucnenus ¢ 1ByMs BUAaMH NpUCBAUBaHUS

W3 puc. 2.17 BUAHO, YTO NPH HCIOIB30BAHUN Oleparopa "=", KOraa BBIYUCICHHBIC
3HaUeHAsT (YHKIMW MPUCBAMBAIOTCS TIEPEMEHHON HEMENEHHO, (YHKUIMS Sin2 He
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BBIYMCIICHA. Pe3ynbTaToM BBIYUCICHUS ABISETCS 3HAUeHHe (PYHKUMU Sinl, KOTOpoOe
ObLIO MPUCBOEHO NEPEMEHHOM y paHee.

"

Tlpn mcnons30BanvM oMepaTopa 3aAepKaHHOTO TpUcBanBanns ":=" GyHKIMS Sin2
BBIYHCIICHA, T. K. IEPEMEHHOI z paHee He ObIIO IIPUCBOCHO 3HAYEHUE Sinl.

TlepeMeHHbIEe ¢ OJJHUM U TEM K& UMEHEM MOI'YT ObITh B Pa3HbIX MECTaX MNPOIrPaMMbL.
OT0 OpUBOJIUT K KOH(MKTaM. PeleHue MoxeT okazaTbcd oliMO0O4YHbIM. [loaToMy B
cucreme Mathematica mpexycMoTpeHa BO3MOXKHOCTH CHSITHS TIPHCBOCHHBIX 3HAUE-

1

HUM. DTO OCYIIECTRBIACTCS C MTOMOMIBIO (PYHKINHN Clear [y] WM CUMBOJA "=.",

Ha puc. 2.18 npuBejeHsl npoueaypbl BBIUUCACHUA Sinx MNPU x=1 U x=2 C UCHOJb30-
BaHUeM (yHKLUUHU Clear [x].

¥ =5in[1.]:
¥=x
0.541471
Clear [x]
Xx=5in[2]
¥
Zin[Z]
0.909z2397

Puc. 2.18. Beruucnenus GpyHkuuu Sinx ¢ ucnonb3oBaHueM GpyHKiun Clear [x]

2.3. BblpaxeHus, ux npeobpasoBaHus
M BblYUCIIEHUA

2.3.1. ®dyHKUuMKN, onepaTopbl U CUMBOJIbI

BbIYMCIIEHUS1 BblpaXKeHUn

an/I BBOJAC MATCMATHUUCCKUX BLIpa)KCHI/Iﬁ W BBITIOJTHCHAW BBIYUCICHUT HYXHO CO-
6JTIOZ[aTL CIICAYIOIINC ITpaBUJia CHHTAKCHUCA:

O 3uaK YMHOKEHUS MOKHO 3AMEHSTH NPOGEIOM;

O mo6as BerpoenHas (pyHKUMS HAYMHACTCS € 3ar1aBHOM OYKBBL, @ apryMEHTb [O-
MELIAIOTCS B KBaJPaTHbIX CKOOKAX;

O xpyrasle ckoOku " ( )" NPUMEHSIOTCS A8 ONPEAENEHUsS OPUOPUTETA BLIUMCIIE-

HWI1 U BBIIEIICHHS CAMOCTOSITEIIBHBIX YacTeH BBIPAXKEHMUS
O xeamparHEIe CKOOKH "[ 1" HCTIONB3YIOTCS JUTS TTAPAMETPOB (DYHKITHIA;

O Qurypusie ckoOkm "{ }" cTyKaT I 3aIMCH BEKTOPOB, MATPHIl W IPYTHX JaH-
HBIX B BUJIE CITUCKOB.
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Ilpyu BbluMCIEHUM BLIPAXKEHUM HCHONB3YIOTCA CIEAyIOUME (QYHKUUH, ONEpPaTopbl,
CUMBOJIBL:

a
a

a

N[f] — BBIYMCIIACT B BUJC BCIICCTBCHHOTO PC3YJILTATa 3HAYCHNAC (])yHKLH/H/I £;

N[f, n] — BbIYMC/ISET B BUJIE BELIECTBEHHOIO Pe3yibTara 3HadeHue PpyHkuuu £
C 9MCITOM (P, PaBHBIM n;

£//N — BbIMUCIISIET BbIpaKeHUue £ B UMCIEHHOM BUJE;

N[%] — BBIYMCICHWE B YHCICHHOM BHIC (YHKIHH, TPEAIICCTBYOIICH oOre-
pauuy;

% — BO3BpaImacT pe3yJibTar TMOCJICTHEH Oorepannn;

%% — BO3BpAIacT pe3yjbTar HpCZ[HOCHCI[HCﬁ orcpaluu,

oe

.% — BO3BpALIAET pe3yIbTaT ONepalliy, BHUIONHEHHOM B CTPOKE, OTCTOSILEH
OT KOHIIA HA YKCIIO CHMBOJIOB %;

$n — BO3BPAIIACT PE3yJILTAT OTIEPAIMH B CTPOKE n.

TTpumep wcTonp30BaHNS TIEPEUUCTICHHBIX (PYHKITHI, OTICpaTOPOB W CHMBOJIOB TIPUBE-
IieH Ha puc. 2.19 mpu BEMUCICHUN QYHKIIMN z=3 Log[5]+3/7.

z=3*Log[5]1+3/7
%

3
Z +3Logl5]
S o

: 3L [5]
— + [w]
7 q

H[%]
5.256889

H[z]

5.256889

H[z,20]
5.2568851655873 7296952
zf/H

5.256889

L]

5.2568851655873 7296952

Puc. 2.19. Boruncnenne GpyHKIUHE ¢ MOMOLIBIO PA3IMYHBIX (DYHKLIMIA,
0IepaTopoB U CHMBOJIOB

Ecnmn pesynbTaToM BBIMHCIIEHUI SIBJISIFOTCS BEMIECTBEHHBIC YHCHA, TO TporpaMma
MOXET BBLIATH CITMCOK, COAEPIKALINI MAaHTHUCCY U MOPSIOK Kaxaoro uucna. s oro-
ro TpexHa3HaueHa (QYHKIMS MantissaExponent [x]. Tak, HampuMep, BEIIECTBEH-
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Hple uMcIa 23.325, 125.1075, 0.0234 10~ (-3) C IOMOILLIO 3TOH QyHKLMM npe-
00pa3yloTcs B BEKTOP, 00Pa30BaHHbIM U3 MAHTUCC U BEKTOPOB YUCEL:

MantissaExponent[{23.325,125.10"5, 0.0234 10" (-3)}]
{{0.23325,2},1{0.125,8},{0.234,-4}}

2.3.2. MoacTtaHOBKU

TloacTraHoBKU SIBISIOTCS MAaTeMaTUUECKUM AaMapaToM BBIYMCICHUS (QYHKUUM Opu
YUCIEHHBIX 3HAYEHMAX MepeMeHHbIX. OHU MO3BOJSIOT TalyaupoBaTh (PYHKLUUU [IpU
LIMPOKOM U3MEHEHUU apryMeHTa. B ciiyuyae CUMBOJILHBIX MEPEMEHHBIX MOJCTAHOBKU
TO3BOJISIIOT CO3/IaBaTh HOBBIE MaTEMATHIECKHE BEIPAKEHHUS, TIOTyTaTh (POPMYJIBL.

B cucreme Mathematica noacTaHOBKM OCYIECTBASIOTCS ¢ NOMOUIBbIO cMMBona "/ .".
KomOuHaluu 3Tux cuMBOIOB, PYHKUUN U IEPEMEHHBIX UMEIOT BUJ:

f(x) /. x —>a

f(x, y, ...) /. {x=>a, y->b, ...}

{f1(x), f2(x), ...} /. x->a

{f1(x, v,e..)y B2(x, v, «vd)y oo} /o {x=>a, y=->b,...}
f(x) /. x=>{Xo, X1, ...}

BbIpaxkeHus OACTAHOBOK UMEIOT CIEAYIOIIUNA CMbICI:

O f(x) /. x ->a— OCYLIECTBIAET NOJCTAHOBKY B BbIPAKEHME f (k) 3HAYECHMS
x=a. [Ipu 2TOM €cnu a SBJISIETCS YUCICHHBIM 3HAUEHUEM TIEPEMEHHOM, TO OCyIIe-
CTBJISIETCS HE TOJBKO TIOACTAHOBKA, HO TAKXKE BBIYMUCIICHHE BBIPAKEHUS f(x).
APTYMEHT x MOXKET OBITH YHCIIOM BEIICCTBEHHBIM W KOMTLUICKCHEIM;

O f(x, y, -..) /. {x->a, y->b, ...} — OCYWIECTBISET MOJCTAHOBKYU B
BEIpAXKECHME £ (x, y, ...) NEPEMEHHBIX &, b, ... OTKINKOM SIBISICTCS YUCIICH-
HOE 3HaueHue QyHKUMU, eCIU BCE MEPEMEHHBIE — YUCa, U (PYHKLUS, €CIIU XOTS
OBl OIHA U3 NIEPEMEHHBIX SBIISIETCS CUMBOJIBHOIA;

O (fi(x), f.(x), ...} /. x->a— OCYyIIECTB/SAET [OACTAHOBKH BO BCE BLIPa-
JKEHMS 3HAYeHMs x=a. OTKIMKOM SIBISETCS BEKTOP UYMCEN, €cAd a — YUCIO, U
BEKTOP MAaTEMaTWYECKUX BBIPAXKECHWH, €CIIM a — CHUMBOJIBHOE 3HAUYCHWE ITEpe-
MEHHOIA;

O {f.(x, v, ...), f2(2, v, -..), ...} /. {x->a, y->b, ...} —noi-
CTAaHOBKU MEPEMEHHBIX a, b, ... BO BCC (DYHKLIUU U BbIUMCIACHUE UX 3HAYEHUH, ec-
Jh HCpeMeHHblC — 4ucliia,

O £(x) /. 2=>{x0, X1, ...} — TtabynupoBaHue PpyHKUUHU £ (x).

IlpuBenemM nprUMeEpHI MOJCTAHOBOK.
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Mpumep 2.4

Heo06xonumo ocyliecTBUTL MOACTAHOBKU apryMEHTOB x=1, y=2: x=a, y=b B BbIpa-
SKEHUSL:

z,=x E*+Lnx-1, z,=x’+y?+8in® (x) +Cos? (x) +1. 5.

Ol'[pCI[CJTI/ITB TAKXKC 3HAYCHUC z, TIPU x=y=a.

B JAaHHOM CJTyYac BBIPpAXXCHUSA MOACTAHOBOK 6y£[yT UMCTHL BUA:

z1 /.
Z /.

x=>1;
{x->1, y->2}

Peanmzanust aTux BeIpaskeHM pHBeacHA HA puc. 2.20.

zl=x E"x+Log[x]-1.:
z1/.x+1.

1.715828

z2=x" 24y 245in[x] * 2+Cos [x] " 2+1.5;
z2f . {x-1,v-=2}

7.5

z2f.v=2.

5.5+ %% +Cos([x]% +8in(x] "
z1/.x+a

—l.+aea+LDg[m

z2f . {x+a,v-=h}

1.5+a" +b% +Co=[a]® +Sin[a]®
z2f . {x+a,y-a}

1.5+2& +Co=lal’ +5in(al”

Puc. 2.20. Pe3ynbrats! pemenus npumepa 2.4

W3 puc. 2.20 BunHO, 4TO CUCTEMA HE TOJBKO OCYIIECTBHIIA MOJACTAHOBKY JAHHBIX B
BRIpAKCHHS, HO TaKKE OTIPEIC/INIIA WX YHCIICHHBIC 3HaueHnus. K coxaneHuro, oHa He
CMOTrJIa YIPOCTUTh BbIPaKEHUE Sin’ (x) +Cos” (x), KOTOPOE NPU MOOO0M 3HAYCHUM X
PaBHO 1, YTO U3BECTHO JAKE LIKOIbHUKY.

Mpumep 2.5

Heobxommmo 1oICTaBATE 3HAYEHUS x=1 W y=2, a TaKXke x=1, y=a OJHOBPEMCHHO B
CIeAYOITHE (DYHKITH;

z3=Sinx+Cosx, e ¥, (x-1)/ (x+1), Lnx;

z,=8in (x+y)+Cos (x/y), E-™Y (xy-1)/ (xy+1), Ln (x*+y?).
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B naHHOM ciiyuae BbIpaXeHUs [0JCTAaHOBKU OYYT UMETh BU:

z3 /. x=>1.
zy /. {x->1, y->2}

Peuenue npuseneHo Ha puc. 2.21.

z3={5in[x]+Cos[x] ,E"{-x) ,(x-1) f(x+1) ,Log[x]}
z3f .11,

{Cos[x] +Sin[x], ¥, Ziex , Log[x]}

1+

11.358177,0.367879,0.,0.}

zd={5in[x+¥]+Cos[xf¥] ,E"{ —-x-¥) ,(H ¥-1)f(x ¥v+1) ,Log[=x"24+y"2]}:
zdf . {x-1. ,¥-2.}

11.01587,0.04597871,0.333353,1.60944}

zdf . {x=+1. ,y—-a}

1. - -14+1.
{CDS’— +Sin[l.+a],cel'_a, +—a,LDg[l.+a2]}
a l+l.a
Puc. 2.21. Peumienue 3anauu npumepa 2.5
Mpumep 2.6

Boinonuuts  TabynupoBanue  QyHKuuMi  xE,  x°,  Sinx, 2/(x°-1) 1pu
x=0.3,0.6,0.9,1.2,1.5,1.8. Pemienue npencraButh B (popme Tabnuubl ¢ MO-
MOLIBIO BCTPOCHHOMN yHKUMU TableForm[$].

Peuenue npumepa npuseaeHo Ha puc. 2.22.

{x,% E*({-x) ,%*2,Sin[x],2/(x"2-1)}/.%+{0.3,0.6,0.9,1.2,1.5,1.8}

{{0.3,0.6,0.9,1.2,1.5,1.8},{0.222245,0.3292687,0.365913,0.5361433,0.334A95,0.297538)
,{0.09,0.36,0.51,1.44,2.25,3.24},{0.29552,0.564642,0.753327,0.932039,0.997495, 0,97
3848}, {-2.1978,-3.125,-10.5263,4.54545, 1. 6,0.892857} }

TabhleForm[%]

0.3 0.6 0.9 1.2 1.5 1.8
0.3222245 0.329287 0.365913 0.361433 0.334605 0.297538
0.08 0.36 0.81 1.44 2.5 3.24
0.39552 0.564642 0.783327 0.932030 0.997405 0.973848
-2.1978 -3.1:25 -10.5263 4.54545 1.8 0.892857

Puc. 2.22. Pemienue npumepa 2.6
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2.3.3. lNpeobpasoBaHue BbipaXeHNN

Ilpu BbiBOAE (opMys, MONydeHMM MaTEMAaTUUECKUX MOJeNel, B Mpoliecce JoObIX
CUMBOJIbHBIX BbIYMCICHUI MCCICAOBATEMO MPUXOAUTCA MPeoOpa3oBbIBATL MaTeMa-
THUYECKUE BLIPAKEHUS C LENbI0 UX YOPOLIEHUS, NOHUMAHUS (PU3UUECKOH CyLIHOCTU
NIOJIyY€HHbIX BBIPAKEHUH, BbICOKOH HAIIAJHOCTHU.

OTH mpoleaypbl, Kak MOpaBuio, He ¢opmManu3oBaHbl. MX BbloJHEHUE — OnHA U3
HauboJiee MHTEIUTEKTYIbHBIX 3a]1aH.

Crncrema Mathematica UMeET HECKOJIBKO NECITKOB BCTPOCHHBIX (ZDYHKITHI Tpeodpa-
30BaHWS W YIPOIICHUS BEIPAKCHAMN, TIPUBCICHNS WX K KEITACMOMY BHIY. DTH (DYHK-
IIAW TIO3BOJISTIOT BHITTOHSTE CIICAYIONINAC OTEPAIlH: PACKPBITHE CKOOOK, TIPHUBEIICHHC
K 00leMy 3HAMEHATENIO, MPUBEISHUE NOJ0OHBIX UYICHOB, COKPAIICHUE AHAIUTUYE-
CKWX BBIPQXCHUM, YIIPOIIICHUE TPUTOHOMETPHUYUCCKIX BRIPAXKCHHH 1 MHOTOE JPYTOE.

HHTENIEKTYaTbHOCTE CHCTEMBI KOMITEIOTEPHOI anreOpsl BO MHOTOM 3aBHUCHT OT YHC-
7la TakuX (YHKIWH W KauecTBa MPOTPaMM WX WCHOJB3YIOMIX. B 3TOM CMEICTE CHC-
Tema Mathematica — oxHa W3 HanboJiee MHTEITEKTYANBEHEIX CHCTEM KOMITBIOTEPHOM
anredpsl.

PaccmoTpum crienyrorie 0CHOBHEBIC (DYHKITHH CHMBOJBHEBIX TIPEOOPa3OBaHWUH CHCTE-
Mbl Mathematica:

Simplify[f] — YNpOIIAET BRIPAKEHUE £

FullSimplify[£f] — YNPOIAET BEIpAXKEHNE £, IMEIOMICE B CBOEM COCTABE CIIC-
MansHbIe GYyHKINN;

Expand [ f] — pacKpbIBaeT U paclIUPseT BhIpaKeHuUe £;
Collect[f, x] — MPE]CTABIAET BhIpaKeHUE £ MO CTENEHAM x;

TrigExpand[f] — mpeoOpa30BbIBAET TPUrOHOMETPUUECKUE BbIPAKEHUS;

auaa aaq

Factor [f] — packaaJblBacT MAaTEMaTUYECKUE BHIPAKEHM HA MHOXKUTEINH.
Kaxnas w3 a1ux GyHknmit iMeeT HeCKOMBKO GOPM W BUIOB TIPEICTABICHUSI,

PaccmoTtpum noapoOHO 3TU QyHKLIUK U NPUBEAEM IPUMEPDL.

®dyHkuma Simplify
OcHOBHOC Ha3HAUCHWE (YHKIMHA Simplify[f] — YHOPOICHAE MaTEMaTHUCCKUX

BEIpakeHHH. [Ipr 3TOM OrpaHW{EHHMS Ha CIOXHOCTH BBIpaXKCHWI, THN (yHKIWI W
[EPEMEHHDBIX B HUX OTCYTCTBYIOT.

OyHKIMS yOPOLIAET BbIPAXKEHUS [IyTeM IPUBEAEHUS YICHOB K 00lieMy 3HaMeHare-
JI0, YHOPOLIEHUS TOXIECTB, IPHUBEACHUS MOJOOHBIX, PA3NI0KEHUs MOJMHOMOB HA
MHOXHWTENN ¥ TIOHIDKEHUS WX CTSTICHH TyTeM COKpaIleHUs, MpeobpazoBanus (yHK-
LN, B TOM 4UCIIE U TPUTOHOMETPUUECKUX.

Texnonorns npeo6pa3013aHI/m JJICMCHTApHA U COCTOUT B CIICAYIOIICM:

1. BBox ¢yuxumm, Tpebyromei ipeobpa3oBanns, ¢ MPUCBOCHHEM €l YHUKATLHOTO
MMEHH, HATIPUMED, £.
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2. Bpoa ¢yHKUMHU Simplify[£f].
3. IonyueHue pelieHUs MyTeM HaxaTus kiaaBuil pewenus <Shift>+<Enter>.

OYHKIMIO £ MOKHO OTAE/AbHO HE BBOJAUTb, €CJAM OHA HE HY)KHA s AajdbHEHIIMX
BbIUMCIICHUHA.

IlpuBenem npumepsl ynpolleHUs BLIPAKEHUH ¢ IOMOLIBIO PYHKIMU Simplify[£].

Mpumep 2.7

Heo06xonuMo ynpocTUTh CIeNyIOIUE BLIPAXKEHUS:

957828/3831312,
(315+297x-62x*-42x°+3x"+x>) / (105-41x-%°+x°),
(Sinx+Cosx)2—1,
a‘+a’x+axi+ax’+xi+a (-1+a’) / (—a+x),
2+a+b-c ) b+ab+c+ac +a

a+b-c b+c
7.59375+25.3125x+33.75x%+22.5x° +7.5x" +x°,
(2 x+a”~Log(a,x)+3)/3

VipolueHue BbIPVKEHUH € NOMOIBLIO (yHKUMM Simplify[f] NpUBENCHO Ha
puc. 2.23.

Pesynbrars! ynpolueHus BblpaxeHu Breyarsuor. CokpalueHue 1poOei, moHmwkeHue
CTENEHU MOJMHOMOB, NPeoOpa3OBaHUE CUMBOJIbHBIX BbIPKEHUM, Mpeodpa3zoBaHue
($yHKIMIt — TakoB HETMONHBI TIEPEUYEHb OTEpallif, BBITIONHEHHBIX (QYHKIMCH
Simplify[£]. OTBETH Aaneko HEe TPUBHWAIBHBL BpsSa M CTYIEHT, 1a W HE TOJNHKO
OH, CMOT OBl YIIPOCTHTH BCE BEIPAXKEHHS TMTPAMEPA JI0 TAKo#H CTEMEHH, Kak TO TOIy-
4eHO Ha puc. 2.23.

®dyHkuma FullSimplify

Ota QyHKOWS, Kak W TPEAbIAyIIas, MpeIHa3HaucHa IS YIPOIISHWS BBIPAKCHWIL.
Tonbko ympollleHUs OHa BbIMOMHSET Oosee "KBanupuuupoBaHHO", yeM (yHKUUS
Simplify[£], a KpOME TOr0, OHA MOKET ONEPUPOBATh CHELUANLHBIMU (PYHKIMSIMU.
Ilokaxem 3T0 Ha NpUmepax.

Mpumep 2.8

Heo6xommMo yrpoCTHTE CISIYIONINAC BEIPAKCHUS:
% Sinx Cosy+(x”2+1)/x Siny Cosx,
(Sinx+Cosx) "2,

(1-Cos2x) /2+Cosx”™2+a.
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Simplify[957828/3831312]
1

4
315 +297Tx-62x° -a2x +3xt+ ¥

105 - 41 x - x2 + x5

]

Simpli fy [

I+dx et
Simplify[{Sin[x]+Cos[x]}"2-1]

Fin[2 =]
a{-1+a*
S:i.rrl[:-lif}'[a'i+a3:|:+a2:|:2 +ax +x 4 —]
—a+X
a-x*
a-x

2+a+b-o¢ b+absc+ac
- +a

a+ b-c b+o
Z+a+b-co b+ab+c+ac

a+ -
a+h-c b+o

Simplify[%]
z
a+h-c

Simplify]7.59375+ 25. 125x+ 33.75% + 225 + 7.5 %' + ¥

1. (1.5+x)°
Simplify[(2 »+a*Log[a,x]+3) /3]
1+x

Puc. 2.23. Ynpouenue BeipakeHuii ¢ TOMOIIBIO QyHKIMK Simplify [£]

Simplify[x *Sin[x]* Cos[y¥]+{(x"2+1) fx*Sin[y] Cos[x]]
(1+x%) Cos[x] Sinly]

¥ Cos[y] 3in[x] +
X

FullSimplify [x*Sin[x] *Cos[¥]+(x"2+1) fx*Sin[¥] *Cos[x]]
[ i
—DS [x] Sinly] +x 3in[x + ¥v]

X

Simplify[{Sin[x]+Cos[x])"2]

(Co=[x] +Sin[x])°

FullSimplify[{Sin[x]+Cos[x]})"2]
1+5in[2 x]

FullSimplify[({1-Cos[2 =]} /2+Cos [x]"2+a]

1+a

Puc. 2.24. YpolueHue BrIpaXeHHii ¢ TOMOIIBIO ABYX (pyHKIMiA
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Tokaszath npeumyiiecTBa (GyHKUMM FullSimplify, BbIIOJHMB YOPOLUEHUE BbIpa-
JKEHUH IByMS cioco0amu.

Peuienue 3a1aun npuseneHo Ha puc. 2.24.

W3 puc. 2.24 BuaHbl npeumylecTBa (PyHKUMM FullSimplify mneped (QyHKUUeH
Simplify. Ilocneamsis He cmMorna yIOpOCTUTh Jaxe TAKOe BBIPAKEHUE, Kak
(Sinx+Cosx) 2.

OyHKIMU Simplify[f] W FullSimplify[£f] YNPOINAIOT BEIPAXKECHHS C BEIIECT-
BEHHBIMH U KOMIUIEKCHBIMH TIepeMEHHBIMU. Ha puc. 2.25 npuBeneHs! TPUMEPEI YII-
POLIEHUS TAKUX BBIPAXKECHUIH.

FullSimplify[{a+th I} f{a-b I)+{a-b I)f{ath I)]
45"
af 4+ b?

FullSimplify[1/{2 I} (E*(I x}-E*(-I x)}]

-2+

Sin[x]
FullSimplify[Cos[x]+I Sin[x]-E*{I x)+{a-I b)}f (a+I h)]
a-1ih

a+ih

Puc. 2.25. YnpoleHue BbIpaKeHUIT ¢ KOMITIEKCHBIMU EPEMEHHBIMU

®dyHkumumn Expand
OyHKIMN Expand [£] BHITOIHIIOT NPE0OPa30BaHNs BUIA PACKPBITUS U PACIIAPEHUS

BLIpa)KCHI/Iﬁ. (DyHKLII/If/T 3TUX MHOTO. PaCCMOTpI/IM OCHOBHBIC U3 HUX:

D Expand[f] — pacKpeIBACT CKOOKH l'[pOH?,BCI[CHI/Iﬁ W BO3BOIWUT BBIPAKCHUSA B
OCITYTO TTOJIOKUTCIIBHYIO CTCIICHD,

O ExpandAll[f] — pacKpbIBAET CKOOKW MPOW3BEACHWH W BO3BOIWUT BBIPAKECHHUS
B LIE/YIO NI0JOXXUTEbHYIO CTEIEHb B IIOOOM MECTE BbIPaKEHUS f;

D ExpandNumerator[f] — pacKpbIBacT CKOOKH l'lpOI/I3BCZ[CHI/H7[ U BO3BOIOWT BBI-
PaxKCHUs B LECIYIO MOJOKUTEIbHYIO CTCIICHDb B UUCIUTE/IC BhIpaKeHUs £

a ExpandDenominator[f] — pacKpblBacT CKOOKU HpOl/BBeﬂ,eHl/ll‘/'l U BO3BOAUT
BRIPQXKCHUS B TICITYIO TTOJIOKUTEITEHYIO CTETICHL B 3HAMCHATEJIC BRIPAKCHUS £

O powerExpand[f] — PacKpPLIBAET CKOOKM M BO3BOJUT B LELYIO OJIOKUTEIbHYIO
CTETICHD BIOKCHHBIC BRIPAXCHUSA PYHKIINK f;

O complexExpand[f] — PacKpbIBAET CKOOKY IIPOM3BEACHMH W BO3BOJUT BLIPa-
KEHUS B LIETYIO MOJIOKHUTENBHYIO CTETIEH, CUUTAs!, YTO MEPEMEHHBIC BHIPAKCHUS
f SBISIFOTCS BEMECTBEHHBIMHY;
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a ComplexExpand[f, {x1, x2,...}]— pacKpblBacT CKOOKU HpOI/ISBeﬂeHI/IH u
BO3BOJNT BBIPAXCHUSA B LICTYIO TTOJIOXKUATEITBHYIO CTCIICHB, CUUTAS, UTO BCE TIEpe-
MEHHbIC BbIpaKeHUS £ SABIAIOTCI KOMIICKCHbIMU,

O FunctionExpand|[f] — TpPEICTABIAET YIPOIIEHHBIE BBIPAKEHAS (PYHKIMH f,
coepaKalleil cnequanbHble GpyHKIMU.

Ha puc. 2.26 w 2.27 npuBeacHBI TPUMEPET PACITHPEHUS Pa3HOOOPa3HBIX BRIPAKEHIH
¢ NOMOILIBIO PYHKIMH Expand.

Expand[{a+tbh) (a-b) (atc)fiat+tl)"3]
a? ak? ac e
1+a)% (leat?  (leat® (lea)?

Expand&ll[{a+b) {(a-b) (a+c)/f({a+1)"3]

a° ak® & o béc

l+3a+3af +a° h 1+3a+Ia+a ¥ l+3a+3 alsa? h l+3a+3al+a’
ExpandAll [Sgrt[x+2°3]1f({at+th) {a-b)}) {a-b)+{c+2 I)}"2]
VB

a+h
Expandiumerator [{x"2-1}"5f (x+1)"3]

~1+5xF-10x% s 10x%- 5%, 10

(1+x13

ExpandDenominator [(x"2-1)"5f{x+1) 3]
&

-4 +"l:|ic+cz+

i-1+ x5

1+3 x+3 x% 453

Puc. 2.26. PackpbiTie BEIpOKEHHUIT ¢ MOMOIIBIO MEPBHIX YeThipeX GyHKuuii Expand

AHanu3 pe3yabTaToB Mpeodpa3oBaHuid, MpUBEACHHbIX Ha pUc. 2.26 u 2.27, no3BoaseT
PAcKpbITh UX CYIIHOCTb, YBUETb BO3MOXKHOCTU (PYHKUMI Expand.

@yHKIMU Expand 103BOJSIIOT:

O ocymecTBIsTh PACKPHITHE M PACIIMPEHUE BHIPAKEHUH MPU MOOBIX BUIAX NEpe-
MEHHBIX (BEILECTBEHHBIX U KOMILIEKCHBIX, YUCIEHHBIX U CUMBOJILHBIX);

O ynpomars BEIpaskEHWS B IPOIECCE PACKPHITHS W PACTTHPEHHUS;

O ocymecTBISTE packphITHE W PACIIMPEHNE B TOOOM JKETAEMOM MECTE BBIPAKEHUS
(YUCTHUTEITB, 3HAMEHATEIT, APTYMEHT JJICMCHTAPHOMW WM CIICIHATBHON (DYHKIINH
AT 1),

O ocymecTBasTh AEHCTBUSA CO CIIEUMATBLHBIMA (Y HKIMSAMH;

D OCYIICCTBJIATE PACKPLITHC W PACIIUPCHUC beHKLIHﬁ, npeacrasligd NICPCMCHHBIC
B BUJIC BCUICCTBCHHLIX UJIM KOMITIICKCHBIX TICPCMCHHBIX.
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PowerExpand[Sqrt [{(x+2)*4 a h] f{x-1)"3]
Va b 2.l
T lem?
PowerExpand[Log[{x+3)"3]f(ath)"2]
3Logl3 +x]
ComplexExpand[{at+h)"2+{a-h I)"2]
2a°+(Z2-24) ah
ComplexExpand[{a+th})"2+{a-h I)*2 a]
ZhIm[a]l -2 Im[a]2+2bRe[a] +2Re[a]2+:ﬂ. (ZbIm[a]l —ZhbRe[a] + 4 Im[a] Re[a])
FunctionExpand[ {EulerE[5 %] ,BernoulliB[5,x] ,Fibonacci[7,x]}]
{ 1){5}:{2 5t 5 e 5% 5k

- +H, —— + - +x5,1+6x2+5xq+x5}
2 2 2 3 3 2

TableForm[Out [27]]

1 E5x gyt [
22X 2R x

Z Z z
iz, 52 s s

& 3 2

1+ 6xZ+5xt 4 x5

FunctionExpand[({x-2)"2/EulerE[5 ,x]+(a-b}f{a-h)"2]
1 (-2 +x:)°

a-b _1_‘_5)-(2_51(q
Z Z 2

'S

FunctionExpand[EulerE[5 ,x]+BernoulliB [5,x] -x"2-x"3-1/x]
11 x 3x2 2%t

_— - — - —+ +

2 X 3 2 3

—s5xtez iy’

f={x+1l) (H+2) (H+5){F+¥)

[14=) (24x=) (5+x) (3+v)

Expand [ ,x]

0 +y) +17x(F+y) +8x° By +x° (34 v)
Expand[f,¥]

3 (14x) (24x) (S+x)+ (14D (24x) (54w v

Puc. 2.27. PackpbiTue BRIpOKEHUIT C MOMOIIBIO MOCIEIHUX YETBIPEX
B criicke (GyHKImit Expand

®yHkuusa Collect
OyHKLMS Collect MPEACTABISIETCS B CISAYIONIMX BHIAX:

O collect[f, x] — OCYLIECTBISET TPUBEICHNUE OOIIMX WIEHOB (YHKIMA £ 1O
NEPEMEHHOH Xx;
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a Collect[f, ({xl1l, =x2,...}] — OCYIECTBIACT TPUBCICHUC 00IMMX YJICHOB
(yHKITMH £ TT0 IEPEMEHHBIM x1, %2, ...

JIeHicTBHS (DYHKIIMH TIOKAKEM Ha CIICIYFOIIEM MTpAMEpeE.

Mpumep 2.9

Heo0x011uM0 0Cy11IeCTBUTH IPUBEACHUE MO00HBIX B CIEAYIOUIUX BHIPAKEHUAX:
(x+a)"3-(x-a) "2,

(x+1)~"5-EulerE(5,x) - (x+a) "3,

(x-y) (x+ty) *2 Sqrt((x+y)”"3),

(x+y) "2+ (x-1) "3-(y-1) "3,

1/ (x+y)+1/ (x-y)+x-y, {x, V}.

Pemenne npuseneHo Ha puc. 2.28.

Collect[{x+a)*3-{x-a)"2,x]
&t eat . (Ea+3a23 x+ (-1+3a) et
Collect [{x+1)"5-EulerE[5 x]-{x+a)"3 ,x]

15 x*

3 15
&, (5—3&2) ¥+ [——3&] w0y
z z
Collect [{x-¥){xt¥)"2 Sgrt[{x+y¥)"3],x]

o e oy e ® ox e ® o B
Collect [{x+¥) "2+ {x-1)"3-(¥v-1)3,{x, ¥}]

2 ext o3 y+4y2—y3+x (3+27)
Collect [1/{x+y}+1/(x-y)+x-¥,{x, ¥}]
1 1

-V
i-v T+ ¥

Puc. 2.28. [IpuBenenue noJo0HEIX ¢ moMombio GpyHkuuu Collect

W3 puc. 2.26 BuaHO, 4TO mporpaMMa He MpuBena Noj00HbIX B MOCIAEAHEM BbIpaXe-
HWH, OHA JIWIIE €70 TIOBTOPHITA.

®dyHKuuKn Factor

OcHoBHOE Ha3HauyeHue PYHKIMH Factor [£] — pa3nokeHue PYHKUUU £ HA MHOXKHU-
Tend. DT QYHKIUM TAKKe MO3BOJAIOT OCYIICCTBISTh ONEPAUUU BbIHOCA 32 CKOOKH,
MIPUBEICHNS K 00IEMy 3HaMEHATEII0 M HEKOTOPBIE APYTHE NSHCTBHS, KOTOPHIC YBH-
JIUM [PU PeLIEHUU IPUMEPOB.

Kectkux TpeboBanwmit Ha GyHKIMIO £ W ee apTyMEHTHI He HakIagsBacTcs. OHa Mo-
JKEeT ObITh MOJMHOMOM HEOTPAHUUYEHHOM CTeneHW, TPUIOHOMETPUUYECKOM (yHKLMei,
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MOXET WMETh B CBOEM COCTaBE 3JIEMEHTapHBIC W crielnansHele pyHkunn. Ee apry-
MEHTaMU MOTYT ObITb BEIECTBEHHbIE U KOMIIIEKCHBIE UUC/A, @ TAKXKe CUMBOJbHbIC
[epeMEHHbIE.

Cuctema Mathematica umeer 00.bllIOE YUCAO BCTPOCHHBIX (PYHKUUMN Factor[f] U
ommii k HUM. Jlanee TIpiBeACHBI OCHOBHEIE M3 HUX:

O ractor[f] — pasnoskenue QyHKUMHU £ HA IPOCTHIE MHOKUTEH;

O ractorList[f] — BO3BpAWIAET TIEPEUEHE MHOXKHUTEINEH U TUCIO CTETIEHEH KaK-
JIOTO W3 HUX, HanmpuMmep, {{1, 1}, {x-3, 1},{x+2, 2},{x+a, 1}},4T0 03-
Havaer: f=(x-3) (x+2)%(x+a);

O ractorTerms[f] — BBIHOCHT 32 CKOOKH OOIIMI MHOMHTENb, COAEPIKALTHICS
B f;
O ractorTermsList[f] — BbLIEIAET OOWMI MHOXHUTEND, COAEpXKAIMNCA B £,

MpEICTaRIsAS QYHKIIMIO B WTHOM BHJIE TI0 CPABHCHMIO C TTPEIBITYTIICH;

a FactorInteger[n] — BO3BpallacT OPOCTHIC MHOMKUTEC/IM LIEJIOr0 YUC/Ia n;

Factor[18 x“3+45 x"2+ x-14]

(=1+2 =) (243 x) (743 %)
Factor[x*3+x"2 (3+a-b)+x (3 a-3 b-a h)-3 a b]

—(h=-®1 [(3+x] [(a+x)

Factor[a*2+a-1]

“lsam+at

Factor[6 x"3+x"2 {13 I-6)-6 x {(1+13f6 I)+6]

f=1+x) (3 2+2 x) (2 1+3 =)
Factor[Sin[4 ] ,Trig-True]

4 Cos[x] (Cos[x]-3in[x]) 3in[x] (Cos[x]+8in[x=])
Factor[1f16 {Cos[5 x]+5 Cos[3 =x]+10 Cos[x]}), Trig-True]
Cos[x]5
FactorList [x"5+x*4-6 H"3-x"2-H+6]

{41, 13, =2+, 13, {-1+x, 13, {3 4x, 13, {1 +x+x’, 133
FactorTerms[3 x"3-3 x*2-51 x-45 ]

3 (-15-17x-x" + %D

FactorTermsList[3 x*3-3 x*2-51 x-45]

3, 15 17x - x5 + x5
FactorInteger[1235]

45,13 ,413,1},{19,1}

Puc. 2.29. [Tpumeps! npumenenust pyHkuuii Factor [ £]
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O ractor[f, Trig -> True] — pasnioskeHue TPUTOHOMETPUUECKOU (PyHKUUU
Ha TIPOCTBIC MHOXKHUTEITH.

Ha pwuc. 2.29 npuBeneHs! MpUMeps! TPUMEHEHNS TIEpEYNCICHHBIX (yHKmit. U3 pu-
CyHKa BUIHO, UTO HE BCE TNMpPENTOKECHHBIE (QYHKUWHM ynaercs ¢akropusosars. Tak,
HalpuMep, TpoTpaMMa HE CMOTJIA Pa3lioKHTh GYHKIHIO f=a’+a-1 Ha MHOXHTEIH,
XOTsl pEIICHHE TOCTATOYHO MTPOCTOE U UMEET BUIL

Js o1 N

=lat—+—=||la——+—=
! 2 2 2 2

O0parnM Takke BHUIMaHWE Ha TO, 9TO (PYHKINS Factor [£] BHITOJTHSIET Pa3lokKCHIC
Ha MHOYKUTENIA TPUTOHOMETPUUIECKUX BBHIpAXKEHHUH. 1)1 3TOTO TOMBKO HYXHO TTpUMeE-
HWTH OTIINIO Trig > True.

®YHKUUU Npeobpa3oBaHUs TPUTOHOMETPUYECKUX BbIpaXKeHUin

IlpeoGpasoBanue TPUrOHOMETPUUECKUX BLIPAKEHUH (YHNpPOLIECHUE, PACKPBITUE, Pac-
LIMPEHHUE) MOKET OCYLIECTBIATLCA € MOMOLILIO (YHKIMH Simplify M Expand.
OnHaKko UMEIOT MECTO Cllyyau, KOrAa 3TU (yHKUMU HEe MOTYT BbIIOIHUTL MPeodpaso-
BaHMs ¥ BO3BPAILAIOT MCXOIHOE BBIpAXKEHHE. B Takmx Cilydasx TIOJE3HO HCIOIB30-
BaTh ClieNMaIbHBIE (PYHKIHH IPE0OPa30BaHNUs TPUTOHOMETPIIECKIX BEIPAXKEHUHA.

Cuctema Mathematica umeer Oouibllloe YMCIO (PYHKUUM YHPOIUEGHUS BBIPAKEHUH,
COZEpKAIINX TPUTOHOMETpIUeckie GyHKIWH. [IpiBenemM 0CHOBHEIE W3 HUX:

O TrigReduce[f] — yNPOWIAET BBLIPAKEHHUE, COAEPIKALIEE TPUTOHOMETPUIECKUE
(pyHKITHH,

O TrigExpand[f] — OCYIIECTBIAET PaCIIWPEHHE TPUTOHOMETPHUECKUX (yHEK-
LM

O TrigFactor[f] — pacKIaubBAET HA MHOXWTEITH TPUTOHOMETPHYECKOE BHIpa-
KEHUE;

O TrigToExp[f] — OPEACTABNSET TPUTOHOMETPUUECKOE BHIPAKEHUE B IKCIIOHEH-

HaTHOM (hopme;

O ExpToTrig[f] — NOPEACTABISET DKCIOHEHUMANLHOE BBIPAKEHUE B TPUIOHO-
METPUIECKOU opme.

Tlprmepsr TipeoGpazoBanvss TPUTOHOMETPUYECKHMX BBIPAKEHMH C TTOMOMIBIO ITHX
¢yHkumit npuseneHs! Ha puc. 2.30.

Hamwu ommicansl OCHOBHEBIC (DYHKITUH YTIPOIICHHMS, PACIIUPEHUS, pa3ioKCHUs BBIpa-
weHWit Ha MHOXuTenw. Cucrema Mathematica ¥MEET OKONO TSTHACCATH JPYTHX
(pyHKIHIT pabOTEI ¢ BBEIPAKCHUSIMH, DTH (PYHKITUH TIPYW TPAKTHICCKUX WHKCHCPHBIX
pacderax OOJBINIOTO 3HAYCHWS HE WUMEIOT. WX W3ydeHWe MOHAmOOWTCS TOTBKO OT-
JeNbHBIM PEJKUM MoJb30oBarensiM. [l UpOKOro Kpyra nojp3oBaresei, Tem Gonee
JUISL CTYJICHTOB, OHU BPS/I JIM HY)KHbI, [IO3TOMY HAMHM OHU HE M3Y4alOTCS — HEJb3sl
00bATL HEOOBSATHOE.
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TrigReduce [{5in[x]+Cos[x])"2]

143in[Z x]

TrigReduce[2 Sin[1/2 (x+y)}] Sin[1f2 {(v-x)]]
Cos[x]-Cos[¥y]

TrigExpand[S5in[4 x]]

4 cos(x]® Sin[x] - 4 Cos[x] Sin(x]"

TrigExpand[Cosh[Cos[x ¥]1]

+

1 1 1 1
CDSh[z— Cos[®v] _E 1 Sin([x y]] CDSh[E Cos[xvy] + E 1 3in[xy]

S'h[lc (xy] - = 4 Sinl ]]S'h[lc [x7] + — i Sinl 1]
inh|— Coslx - — 1 3inlx inh|— Coslx +— 1L 3in(x
Z 7 Z 7 2z ¥ 2z 7
TrigFactor [Cos[x]-Cos[¥]]

X

_z S:i.n[ - - g] Sin[§+ ;]

TrigToExp[Cos[x]+=sin[x]]

—fix hiES

+zin[x]
2
TrigToExp[1/I Sin[I =11

X H
E B

- .=
2 Z
ExpToTrig[E“x+E"{-x)]
2 Coshlx]

Puc. 2.30. [Tpumepsl npeoOpa3oBaHus BHIpaKEHUIT
€ MOMOIIBIO TPUTOHOMETPUUECKUX (PyHKLIMI

2.3.4. Npumepbl Ha NpeobpasoBaHMe BbipaXKeHUN

B Tabu. 2.3 npusenenHs! BeIpaxeHus, TpeOytomue npeodpasosanust. OHM HE CHCTEMA-
TU3UPOBAHbl N0 MPU3HAKY YNPOLUEHUs, paciuupeHus, pasnoxenus. Ilonpzosatens
JIOJKEH CaMOCTOATENBHO BbIOpaTh QyHKUUIO mpeolGpazoBanus. Ero ocHoBHas 3ana-
Y4a — MOJyYUTh OTBET, COBNAJAIOIINH ¢ IIPUBEICHHBIM.

He cnenyer oropuarscs, €ciiM OTBETHI HE COBITANAIOT. MOXET OKa3aThCs, HTO He-
CKOJIbKO BCTPOCHHbIX (PYHKIMI cHOCOOHBI Mpeodpa3oBaTh BbIPAKEHUE, HO OTBEThL
nonyyatoress pasHble. OTBEThl TAKKe MOIYT HE COBHIATh C I[OJIYYSHHBIMH C I10-
MOIIBIO WHBIX CHCTEM KOMITBIOTEPHO anreOphl.

Bee 310 0OBsICHSIETCS TEM, UTO MHOTHE MPOUETYPHl YNPOIIECHHS B MaTeMaTHKE HE
(opmanu3oBaHbl. ITOT NPOLECC HACTOJILKO MHTENIEKTYaIeH, YTO JOIMYCKAeT MHOXe-
CTBO OTBEeTOB. HyXHO TONBKO MOKa3aThb, UTO pe3yibTaT NpeoOpa3soBaHUs SBISETCS
BEPHBIM.

VYcenexa BaM, yuTareln!
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2.3.5. MNoBbllLeHUue TOYHOCTU BbIYUCIIEHUN

OZ[HI/IM W3 CMOCOOOB TIOBBIMICHUS! TOUHOCTH BBIYUCICHUH SBIISICTCS TPCACTABIICHUC C
BBICOKOUW TOYHOCTBIO BEMIECTBEHHBIX YUCEN B BUJIE PallMOHAIBHBIX € TTOCJICAYIOIINUMHA
apmbMeTuqecngu JNEHCTBUSIMU TOJILKO Ha/l palMOHAaJbHBIMU YHACTAMHU.

IIpeoOpasoBaHue uucen B PalMOHAIbHbIE YUCIA OCYILESCTBISECTCH € HOMOIUBIO Clle-
JIYIOUIUX (PYHKIMIN:

O Rrationalize[z] — YHCIO z PEOOPAZYETCA B PALIHOHAILHOE;

(O Rrationalizel[z, dz] — 4HCNO z TTPEOOPA3YETCs B PAIHOHANIEHOE C 3aTaHHON
TOYHOCTBIO dz.

TpuBeneM MpUMEPH! MPeoOPa30BaHNS BEIIECTBEHHBIX YHCE B PAIHOHATBHEIC.

Mpuwmep 2.10

Heo0xonumo mpeoOpaszoBarh ClAeAyIOLIME YUCHA, BbIpAXKEHUS W (PyHKIMU B pallko-
HallbHY1O0 popmy:

62.364,3/0.18,2.3 107°, 3.2", Ln0.625, (x+a) /5.63 Cosl., Tanl.

B naHHOM ciyyae cienyeT BOCIOJb30BarThes QyHKlMel Rationalize[z], KoTopas
Oy/eT UMETh BUL:

Rationalize[{62.364, 3/0.18, 2.3 10-5, 3.214,Log[0.625],
(x+a)/5.63*Cos[1.], Tan[1l]l}]

Pemenne npuseneHo Ha puc. 2.31.
W3 puc. 2.31 Buano, uto QyHKOMS Rationalize[x] HE TOJNBKO TIpeoOpaszoBaia
BEIIECTBEHHEIE THCTA B PAIIMOHATBHYIO (opMy, HO TakyKe BBITMCITHIA BEIPXKCHAST W

(yHKIMH, TIpEICTaBNB UX B (hopMe parmoHamBHEIX ncel. OHa HE CMOTJIa BEIMHCIUTE
TOJbKO Tanl, T. K. YMCJIO 1 He NPEICTABICHO B BEIIECTBEHHON (opMe.

C momotsro PyHKIMHN N [$] TIONYYeHO PEIICHHUE ¢ MTPEACTABICHUEM THCEN B BEIIECT-
BeHHOI hopme.

Rationalize[{62.364,3/0.18, 2.3 10%(-5),
Log[0.625], 3.2°14,(x+a)/5.63 * Cos[1.], Tan[1]}]

15501  2345624805922133 23 54735074
{ 250 ° 140737488355328 ° 1000000 116456705 °
234666196450 529505159 {a+ )
. . Tan[1] }
19977 55174927 31

H[ %]

{62.364° ,16.66h6666666666664  ,0.000023 ,-0.4700036292457356° ,
1.180591620717412 " **7, 0.0959684379872362 " (a+x) ,1.5574077246549023 "}

Puc. 2.31. [IpeoOpa3zoBaHue uucen, BEIpOKeHH, (HYHKIIHNI B paOHATBEHYIO (hopMy
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 Mpumep 2.11

Heo6x0nuM0 BBIMMCIUTL U OPEACTABUTH PE3Y/IbTATHL B PAllMOHANLHOR (popMe Bbipa-
_ 12 _
Kemust: 1n5 + 2/3 - cosl.2 ¢ tounocteio 107, 1072 1072 CpaBHUTb NOJy4eH-

HblE PEe3yJbTaThl.

Pemenne 3amaun nmpuseneHo Ha puc. 2.32.

Tog[5] + 253 -Cos[1. 2]

1.91375
Ratimalizel Togl 5] + 2/ 3-Cos[1.2]1, 10™-7]
17861

0333
Pationalize[Log[5] + 2/ 3-Cos[1.2], 10™-12]
1356791

708971
Ratimalize[Log[5]+ 2/ 3 -Cos[1.2], 10"-20]
178590203

03319680

Puc. 2.32. Pemenue 3anauu npumepa 2.8

Ratimalize[H[{Pi, E, FulerGamma, Catalan}], 10™-7]
75948 15062 2579 8709

{24175 " 5541 ° 4468 7 9508 }

Patimalize[ H[{Pi, E, FulerGamma, Catalan}], 10™-12]
4272043 1084483 612173 660555

{1360120 * 398959 " 1060562 ?2115?}

Patimalize[ H[{Pi, E, FulerGamma, Catalan}], 10"-20]

{245350922 325368125 349378999 105540241}

:

78256770 110606244~ £05283294 ~ 115332106
Hi%]
{3.14159, 2.71828, 0.577216, 0.9159663

Puc. 2.33. TIpeacraBieHue NOCTOSHHBIX B BUJE PALlMOHATBHBIX YUCEN

Mpumep 2.12

Heobxomnmo mpencTaBuTh B BUAC PaIMOHATBHEIX YUCET KOHCTAHTHI T, €, Difjepa,

Karanana. Penrenne moiayuuTs ¢ TOYHOCTHIO 1077 s 10712, 1072,
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B nanHoM ciyvae GyHk1Ms Rationalize OyAeT UMETh BUI:

Rationalize[N[{Pi, E, EulerGamma, Catalan}], 10"-n]

Pemenne npuseneHo Ha puc. 2.33.

Bomsme Bo3mokHOCTH crcTembl Mathematica mo mpeoOpa3oBaHHIO MaTeMaTHYe-
CKWX BBIPaXXEHWH — OJHO W3 CYIIECTBCHHBIX €€ MPEHUMYINECTB Tepel APYTHMH CHC-
TEeMaMH KOMTBIOTEPHOH anreOpel. DTH BO3MOXKHOCTH TIO3BOJISTIOT YIPOINATh BRIpaKe-
HUSI, BLIBOAUTH (POPMYJIbL, JOKA3BIBATH TEOPEMBbI.
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Busyanusauus BbIYUCIIeHUN

Bmyaﬂmaunﬂ BBIUUCJICHUH SIBJIICTCS OTHAM W3 3TAIlOB KOMTIBIOTCPHBIX TEXHOJIOTUH
pemicHrs MAaTEMaTUYICCKUX 3a1a4. OHa HE TONBKO TI0JIC3HA, HO KU HCO6XOI[I/IMEI BO
MHOTHX ClIyHdadax. Taxkuvm CITy4dasiMH ABJIATOTCA:

O onpenenenue 061aCTH H30NSIMM BENIECTBEHHBIX KODHEH TIPH PEIIEHWH anreo-
panueckuX ¥ TPAHCIICHICHTHBIX YPaBHEHHNA,

O onpenenenue Buna QyHKUMH MHTEPNONSIMU NPH CUHTE3E MATEMATMYECKONH MO-
Jenu 00bEKTa UK SBICHMUS;

(O mposepka a1eKBATHOCTU PEILEHMS. MATEMATUHMECKOM 33124H;

O wusyuenne ocoGeHHOCTEH (PYHKIMH: HAIMYME MUHAMYMOB M MaKCHMYMOB, TOYEK
nepernda, pa3pelBOB HEMTPEPHIBHOCTEH;

(O wusyuenue 0COOEHHOCTEN pElEHUs TPUKIANHBIX 38144 BUIA TOMy4eHHON (yHK-
LMY, JJIMTENbHOCTU IEPEXOJHBIX MPOLECCOB, YCTAHOBUBLIET0CS 3HAYEHUS U AP.;

(O cpaBHeHue pa3snUYHBIX BAPUAHTOB PELIEHUS 3a/aUH U BBIGOD ONTUMATLHOTO.

B ornomennn rpadukm cucrema Mathematica sIBRsIeTCS NMICPOM CpPEeAM CHCTEM
KOMITBIOTEpHOH anreOpsl. OHa MMeeT OoraThle BO3MOXKHOCTH W TTO3BOJISIET CTPOUTH
MPaKTHYecKn JoOble (YyHKOINH. TeXHONOTHS TMOCTPOEHHS TpaMKOB TOCTATOUHO
[POCTa U OCHOBAHA HA UCIO/1b30BaHUM BCTPOSHHBIX yHKIMIA.

Bonemoe gucno omuit mMo3BoiseT 0GOopMIIATE Tpauueckre 00pa3sl TPAKTHICCKH
B 1I000M 3KE/1aeMOM BUJC.

T'padmkn B cucreme Mathematica sBnsioTcs oObekTamu. MM MOXHO TpHCBamBaTh
KMMEHA, a 3aTeM ONEePUPOBATH Kak MOObIMU 00BEKTAMU.

Mel He Oyaem noApoOHO U3yuaTh rpauueckue BOSMOKHOCTH cucTeMbl Mathematica.
OHY 3HAYUTENLHO IIUPE, YEM BU3yanu3alusl BBIYUCICHUM, U MOTYT ObITh TEMOW OT-
JeIbHOro m3aaHus. Mel OyaeMm usyuars rpaduky auiis B 00JacTH €€ IPUMEHEHHS
JUISL BU3yalu3allMy BblYMCIeHUl. bosee moapoOHOe u3noxeHHe rpauueckux BO3-
MOXHOCTEH cucTeMbl nmeetcs B [10].
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3.1. iIBymepHas rpadumka
3.1.1. N'pacdhnyeckas cpyHkumusa Plot

I'padmaeckas ¢pyHxums Plot To3BONsET CTPOWTH rpadukn GyHKIMH y = f(x) B

JIByMEPHOM TIPOCTPAHCTBE B MPSIMOYTOJIEHO cricTeMe koopanHaT. Ha oxmnom rpadu-
K€ BO3MOXKHO M300paxkeHne HecKONbkUX (yHknmit. [To yMomaanmio Ha 3KpaH BEBIBO-
JIUTCS KOOPJAWHATHAS CETKA.

Berpoennast hyHKInsS Plot MPEACTABNSETCS B CIEAYIOMINX BHAAX:
Plot[£f, {X, Xmins ZHmax}]

Plot[{fl, £2, ...}, {X, ZHnin/ Xmax}]

re:

O £ — Qyuxuus, rpaduk KOTOPOH cTpouUTCS;

O £, — i-2 Gpyuxuus, rpaduk KOTOpPOii cTpoures, i = 1, 2, ...;

O x — apryment QyHkumu f;

O *uins %pex — UHTEPBAI M3MEHEHUS APTYMEHTA X.

IlpuBenem npumepsbl NOCTpOSHUs FPa(UKOB ¢ NOMOLIBIO (YHKIIMU Plot.

Mpumep 3.1

Heo6x0auM0 npeacraButh B Buae rpaduka GyHkumMio y = xe * B auanasone x ot 0
Io 5.

B nanHoM ciydae QpyHKIMS Plot MPEACTaBIAETCA B CACAYIOIIEM BUE:

Plot[x Exp[-x], {x, 0, 5}]

Peammzarns ¢pynknmm nprsenena Ha puc. 3.1.

Mpumep 3.2

Heobxommmo mocTpouTs Ha ofHOM Tpaduike B quamazone x oT 0 10 1.5 cnemyromme
(yHKIMM:

yo=xe ™, y, =1/(1+x*), 33206, y, =—1+e".

B nannom ciyuae GpyHkuusa Plot NpecTaBaseTCs B CIEAYIOIEM BUIE:
Plot[{x Exp[-x],1/(1+x"4),0.6,-1+Exp[x]}, {x,0,1.5}]
Ee peanuzauus npuseaesa Ha puc. 3.2.

JBymephas rpaguka ¢ mpuMeHeHueM (yHKUMU Plot Jake B TOM IPOCTOM BUIE,
B KAKOM OHa IPEJCTaBICHA MPUMEPAMM, MOXKET LIMPOKO UCIOIb30BATLCS [IPU KOM-
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NbIOTEPHBLIX TEXHOJIOMUAX PEUICHUS MAaTeMaTUYCCKUX 3ajad. Ilokasxxem 3TO Ha
KOHKPCTHBIX TMpHUMEpax.

Plot[x Exp[-x],{x,0,5}]

Puc. 3.1. I'paduueckoe npencrasieHne GyHKIHH xe

Plot[{x Exp[-x],1/(1+x*4),0.6,-1+Exp[x]}, {x,0,1.5}]

2

Puc. 3.2. [Toctpoenue cemeiictBa GyHkumii Ha oxHOM rpaduxe

OnpepeneHne o6nacTy U3ONSALMU KOPHS

BonblIMHCTBO HEAMHENHHBIX U TPAHCLEHJACHTHBIX YPAaBHEHUI PelIacTCsl TOAbKO MpU-
O/IKEHHBIMUM YUCICHHLIMU METOAaMU. J{1s 3TOoro HeoOX0AUMO 3HATH YUCIO KOPHEH
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ypaBHeHusi ¥ 06nacTi ux u3o/siuuu. HaunyuuinM crnocobom perieHust 3Toi 3a1a4u
ABIeTCS TpadoaHaTUTHUCCKUI, KOT/Ia TT0 BUIY rpadika HaXOASTCS YUCITO KOpHEH 1
0071acTH WX U30JIAIIH.

Mpumep 3.3

Heobx0ommuMo ONpeiesTuTh YUCII0 BEIECTBEHHBIX KOPHEH ypaBHEHHS
2
In(4-2x)+x"-2=0
7 00J1aCTH X U30JIALINH,

TMpencrasum dyrkrpmio  In(4—2x)+ x> —2=0 B Buxe rpadura. OyHkmms Plot
B JIAaHHOM clly4yae Oy/leT UMEThb BUJI:
Plot[Log[4-2 x]+x"2-2, {x, -2, 2}]

Ee peanuzauus nokasana Ha puc. 3.3.

f=-2+x*+Log[4-2 x]
Plotl[f, {x,-2,2}]

Puc. 3.3. T'padux dpynxumn In(4 — 2x) + x> -2

W3 rpaduka puc. 3.3 BUAHO, YTO ypaBHEHUE MMEET TPU BEILIECTBEHHLIX KOPHA (TpU
nepecedeHus: ¢ ocktlo abcuuce). [Ipu 3TOM 001acTAMU MX U30JSIIMM MOTYT ObITh:
—1—0; 1—1.5; 1.5—2. U3 rpaduka Takxke BUAHO, YTO QYHKLUSI UMEET TPU OCOObIC
TOYKH: MAHAMYM, MakCHMyM W TOUKY Tiepernda, KOOpaAHHATHl KOTOPEIX MOKHO TIPH-
OMmDKEHHO OTIpene/nTh. Teneps He TPYAHO PEUINTh YpaBHEHHE YHCICHHBIMH METO-
JaMH, TIOIPOOHO M3JI0KEHHBIMU B 2rase 8.
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MpoBepka AOCTOBEPHOCTU peLleHUsl 3aaauu

IlpoBepka 10CTOBEPHOCTU PELLEHUS 3a/a4y C HOMOILBIO rpaduueckux o0pazoB OcCy-
LIECTBISETCA MyTeM CpaBHEeHUS rpagukoB PYHKUUN UCTUHHOM U MOJAYYEHHOH B pe-
3yJIbTATE BbIMUCIACHUH. [IpuBeeM TUNMYHBIN N/ 9TOrO Clly4as IPUMeED.

Mpumep 3.4

Oynkuus pasioxenus e B pan Teitnopa Bokpyr x =0 WMeeT BHJ MOJHHOMA TPETH-
et cTenenn: y=1+x+x"2/2+x~3/6. HeoOX0MUMO YCTAHOBUTE AWANa30H 3HAUCHUHA X,
JUITSE KOTOPOTO TAKOE PA3JIOKEHUE TOMYyCTAMO.

Pemum 3anauy ¢ nomouipio BU3yanuzauuu BbluMcieHuid. IlpeacraBum QyHkuuu y u

e” Ha 07HOM rpaUKe v MyTeM UX CPABHEHUS YCTAHOBUM MCKOMBIM JMAMA3OH.

Tpaduxy QpyHKImH y=1+x+x2/2+x"3/6 U e, TIOJyHEHHBIE ¢ TTOMOMIBIO (DYHKITH
Plot, OpuBeeHbl Ha puc. 3.4.

z:=1+x+x"2/2+x*3/6
Plot[{z,E*x},{x,0,6}]

140
120
100
80
60
40

20

Puc. 3.4. lpaduxu GpyHKumii y=1+x+x"2/2+x"~3/6u e~

U3 rpadukoB BMAHO, 4TO pasiokeHue noxkasarenbHoil (ynxkuuu B psj Teiinopa
TpeTheil CTeneHu J0MmycTumMo B aAuana3oHe x oT 0 jgo 2. C pocToM X MOrpeliHOCTh
(yHkMKM y(x) CyIIECTBEHHO BO3PACTAaET, U TAKOE Pa3/IoxKeHUue HeaomycTumo. Heol-

XOAUMO YBCJIMYUTEL CTCTICHL TTOJTMHOMA.
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Onuuun dpyHkumnu Plot

Paccmorpennas Bblile BCTpoeHHas (yHKLUS Plot HCHONB3YET ONLMHU O yMOI4a-
uuto. Ilonp3oBarens uyacto Takue rpaukd HE YCTPAUBAIOT IO CHSAYIOLIUM IpU-
YHHAM:

O moxo BEIGPaHE! MacTITa0k;

O orcyrerByroT 0603HaUeHHs OCEi;

O & ciyuae psana QyHKIMIA KPUBEIE HE OTIIMYAFOTCS CTHIIEM;

O orcyrerByer ums rpaduxa.

Jlnst coznanws TpadiiKka jKeTacMoTo BHIA UCTIONB3YIOTCS OMNMINA (PYHKIMH Plot.

Bcee oniyy M0KHO MOJTyUYUTh, €CIU BLIBECTU UX CIIUCOK KOMaHJ0# Options [Plot].
Onmnn GyHKINA P1lot 3a/1al0TCS B CIEAYIOIEM BHIE:

VMS onmyyl —> 3BHaYeHre ONLNM

3HAUYCHUE OTLMU MOKET OBITH YACIICHHBIM WIIH CHMBOIIEHBIM.

PaccmoTpum ommwin, KOTOpBIE 9acTO HEOOXOIVMBI TTPH BHU3YAIA3AI[MH BEIUUCIICHHIH.
Takumu SIBJISIOTCS CIEIYIONINE OTIIMN:

O ycranoBneHre MacmTaba 1Mo 0CsM;

O onpeaeneuue umenu ocei;

O onpeaenenue umenu rpaduxa;

O swiGop cTuis rpaduka.

Jlns 5TUX Leed UCONb3YIOTCS CIEAYIOIIME OIILIHY:
PlotRange —> {Vmin, Ymax}

AxesLabel -> {"T.", "T,"}

PlotLabel -> "T"

Axes -> None

B npuBeIEHHEBIX ONLMSX IPHHATEI CIIELYIOMNE 0003HAUEHHAS:
O Vains Voex — MUHUMAILHOE U MAKCUMAILHOE 3HAYEHUS (PYHKLMU 110 OCH YV,
O T..T,— HaAIUCK IO OCAM X U ;

O 1 — Texcr umenu rpaduxa.

Onumy MMEIOT CIEAYIOIIMH CMBICIL:

a PlotRange -> {¥unin, VYmax} — YCTAQHABJIUBACT Macmrab 1Mo ocH Y OT Vnin
JIO Yiax © @BTOMATUUECKUM BHIOOPOM 1lIAra;

(O axesLabel -> {"T,", "T,"} — YCTaHABIWBAET HAIIHCH COJIEPKAHUS T, U T,
0 OCSIM X U ¥,
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(O plotLabel -> "T"— TeKCT Ha3BaHus rpaduka, B TOM UYMCIE M HA PYCCKOM
A3BIKE;

O axes -> None — yHHUTOKAeT OCU Ipauka.

q)yHKLH/IH Plot MOXET MMCTh OJHOBPECMCHHO HCCKOJIBKO OHHHﬁ, OTACIACMBIX IpYT
OT JIpyra 3ansToit. [lokaxem Ha npuMepax, Kak TMpcACTaBIIsACTC q)yHKLH/IH Plot
C OTIIUAMMU:

O pilot[f,{x, 1, 5}, PlotRange->{-1, 2}] — MOCTpOCHNE Tpaduka QyHK-
uuu f B 1Manaszone x ot 1 10 5 u macuirade no ocu y ot —1 10 2;

O piotif, {x, 0, 7}, PlotLabel->{-1, 2}, AxesLabel->{"x",
"y(x)}"] — nmoctpoenue rpaduka GpyHkuuu f B Auanasone x ot 0 10 7 u mac-
mrade y or —1 10 2 ¢ HAAOUCSAMU X U y (xX) 10 OCAM;

a Plot[f, {x, 0, 5}, PlotLabel -> "I'paduk oyHKUMUM y=sin(x)"] —
noctpoeHue rpapuka PyHKUUM ¥ = Sin X € ero Ha3BaHUEM.

IlpuBenem npumepbl UCIOAL30BAHUS (PYHKUMU Plot C OMLUSIMU.

Mpumep 3.5

Maciutab rpaguka no ocu y pyHkiuMu, U300pakeHHOHM Ha puc. 3.3, BbIOpaH Heyaau-
HO: Hy)XHas 9acTb Tpaduka 3aHMMaeT TONBKO HEOONBINYIO 9YacTh pHUcyHKa. J{is
OONBIIETO €€ BBIICICHUS YMEHBIINM JHMAMMA30H ¥ OT Ynin=—1 J0 Ynax=0.6 W CY3UM
nvanazoH x ot —1 1o 2. Jlaaum Takxke UMsl pUCYHKY: "TI'padux odynxumu Log (4 x-
2) +x~2-2". Ilpn Takom Buze rpaduka GpyHkms Plot OyneT UMETh BHA:

Plot[f, {x, -1, 2}, PlotRange ->{-1, 0.6}, PlotLabel ->
"Tpadux QyHKLVIM 1n (4x-2)+x%-2"]

Peammzarns ¢pyHKnmm nokaszana Ha puc. 3.5.

Mpumep 3.6

HeobxonnmMo mocTpouTs rpadwik GyHKIAH

e.\’

(I—e )2 -x)

B Auana3zoHe x oT 0 10 5 ¢ uMeHeM rpaduka u 0003HaYEHUEM OCeH KOOPIUHAT.

B nanHoM ciyuae GyHkuus Plot OyAeT UMETh BUJ:
Plot[f, {x, 0, 5}, AxesLabel->{"x", "y(x)"}, PlotLabel->
"Tpadux QyHKLVM C Pa3BPEIBOM HENPEPHBHOCTMI™]

Peunenue 3a1auun npuseseHo Ha puc. 3.6.

TlpuBeneM euie 0JMH OpUMep HOCTpoeHus cemelicTBa PyHKUMA Ha 0JHOM rpaduke.
Otu rpaduky HaMm OyayT HEOOXOAUMBI OPU BbIOOPE BUAA PYHKLUK UHTEPIOMALUU.
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f=Log[4-2 x]+x"2-2
-2 + ¥* + Log[4 - 2x]

Plot[f, {x,-1,2} ,PlotRange->{-1,0.6},PlotLabel->"T'padpmx dyrxapoc
Log (4 x-2)+x"2-2"]

I'paduk QyHkuMM LOg (4 x-2)+x"2-2

Puc. 3.5. I'paduk ¢pynkuuu npumepa 3.5

Mpumep 3.7

Heo0xonumo npencraButh B BUjE rpaMKoOB clieayoinue GyHKUUM:

O crenenmyio y = ax” ¢ mapamerpavu a =7, b=2, 0.5, —0.1;

O nokasarensuyio y = ab™ ¢ napamerpamu a=2, b=1, 3, 0.5;

O norapupmuueckyro y =a+blnx ¢ napamerpamu a=1, b=2, 4, 6;
O apodro-numeiinyo y = x/(a+hx) c napamerpavu a=1, h=2, 4, 6.

B nanHOM ciydae nenecoodpasHo MCTIONE30BaTh (PYHKLMIO Plot JUIS MIOCTPOSHHS Ha
0HOM rpad)uke MHOKECTBa 01HO00pa3HbIX (YHKIMH ¢ Pa3IUYHBIMUA DapaMeTpaMu.

OyHkiMy Plot B HalleM OpuMepe OyayT UMETb BUJ:

a Plot[{7 x~2, 7 x~0.5, 7 x~(-0.1)},{x, 0, 3}, AxesLabel ->
{"x","y(x)"}, PlotLabel->"Tpaduk creneHHOV QyHKUMM y=a Xb"];
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a Plot[{2 17x, 2 3"x, 2 0.5"x)},{x, 0, 1}, AxesLabel
->{"x","y(x)"}, PlotLabel->"T'pad¢uk noxkasaTeJbHOI

byHxuum y=a b*"];

O plot[{1+2 Loglx], 1+4 Log[x], 1+6 Log[xl}, {x, 1, 5},
AxesLabel->{"x","y(x)"}, PlotLabel->"T'padux snorapudpMmaecroir
byuxkuum y=a+b 1lnx];

a Plot[{x/(1+2 x), x/(1+4 x), x/(1+6 x)},{x, 0, 1}, AxesLabel
->{"x","y(x)"}, PlotLabel->"T'pad¢uk OPOBOHO-JIMHENIHON

byukunm y=x/(a+b x)].

Peuenus npumepa npuseaeHo Ha puc. 3.7—3.10.

f=E~-x /((1+E" (-2 x)) (2-x))

IE—‘K

(1+E—2%) (2 -x)

Plot[f, {x,0,5},AxesLabel->{"x", "y (x) "}, PlotLabel->"Tpapmx dymxpos c
[PABSPEBOM HEIIPEPLBHOCTM "

v (X) Tpadur GYHKUMM C pPa3PHBOM HEINPEPHBHOCTU

Puc. 3.6. I'paduk pyHKLMHU C pa3pbIBOM HEMPEPHIBHOCTH
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Plot[{7 x*2,7 %x*0.5,7 x ~(-0.1)}, {x,0,3}, AxesLabel

I'paduk creneHHOM OGyHKUUM y=ax"b

25
20
15

10

=>{"x","y(x) "}, PlotLabel-> "Ipapmx crenenuxom Qymxipm y=ax"b"]

Puc. 3.7. I'paduk creneHHoii GpyHKIUN

Plot[{2 1”x,2 3"x,2 0.5"x},{x,0,1} ,AxesLabel-> {"x","y(x)"},
PlotLabel->"T'papuk nokasaTenbHOM byHKIpML y=ab”x"]

v (%) I'paduk noxkaszsaTesibHONM GyHKUUM y=ab”"x

6

5

4

3

2

0.2 0.4 0.6 0.8 1

Puc. 3.8. I'paduk nokazarensHoii GpyHkuum
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Plot[{1+2 Loglx],1+4 Log[x],1+6 Log[x]},{x,1,5},AxesLabel->
{"x", "y (x) "} ,PlotLabel->"I'pa¢ux norapmpMmrieckon dyrxipo"]

vy (%) I'padurk JorapubMmueckom GyHKLNN
10
8
6
4
2
X
2 3 4 5
Puc. 3.9. I'paduk norapudmudeckoii GpyHKIUN
Plot[{x/ (1+2 x) ,x/(1+4 x) ,x/(1+6 x)},{x,0,1},AxesLabel->
{"x","y(x) "}, PlotLabel->"T'papmx OPoBHO-NMHENHON! byHKIIM
y=x/ (a+bx) "]
y(X) Tpaduk OpoBHO-JIMHEMHOM QyHKUMU y=x/ (a+bx)
0.3
0.25
0.2
0.15
0.1
0.05
X
0.2 0.4 0.6 0.8 1

Puc. 3.10. I'papuik apoOGHO-THHENHHOM QyHKINI
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3.1.2. NocTpoeHne ToyeyHoro rpadumka

Tlpencrasnenne rpaduka B BUAE TOUEK UMEST BAKHOE MPAKTHIECKOE 3HAYUCHUE TIPH
pelIeHUU 331241 UHTEPIIOALMM, PEATU3yEMOH € LIENbIO I0/1y4eHUs] MaTeMaTU4eCKON
MOJIENIM U3Y4aeMoro o0bekTa unu siBneHus. ['padux nosponser BolOpaTh BUja (PyHK-
UMY HHTEPIIOJISLUMU.

B cucreme Mathematica umerorcs cieayromue (QyHKIMM OOCTPOEHUS TOUYEUHOIO
rpaduka:

ListPlot[{yi, Vz,---1}1

ListPlot[{{xi, yi},{xe, y2},...}]

B (yHKUMIX NpUHATHL crenyoe 0003HaUYeHUs:

O vy — i-e sHauenue Qynkuuu y(x);

O x; — i-e 3Hauenue aprymenTa QyHkuuu y(x) .

Haszwavenve TOYeTHBIX QyHKIHIH:

O ristPlotl[{y:i, yz,...}] — BBIIAET TOUKHM PYHKLMH P(¥) NPH 3HAYEHUSX X
orOnmoncmarom 1, 1.¢.0, 1,2, ..., 1

O ristPlot[{{x:1, yi},{x2, y2},...}] — BBUIAET TOYKH (yskIM Y(x), 38-
TTAHHBIC KOOPIAWHATAMH X1, V1) X2, V25 ...

IlpuBenem npumep NOCTPOSHUS TOUSUHOrO rpaduka.

Mpumep 3.8

Pesynpraramu sxcnepuMeHTa ABISIOTCA AaHHbIE, MPUBEACHHbIE B Ta0. 3.1.

Tadauua 3.1. DxcnepuMeHTalbHbIC 1aHHbIE

X 1 23 3.7 52 7.3 9.8 12 14.5 18

¥ 23 4.8 7.3 12 15.6 11.8 6.8 5 2.1

HeobxommMo MOCTPOUTE TOYEUHBIH Tpaduk, TMONB3YACH BCTPOCHHOMN (QyHKIHEH
ListPlot.

B narnoM ciydae GyHKIIO y(Xx) MOXXHO MPEACTABHUTE B BHAE CICTYIOMICH MaTPHIIBL:

f={{1, 2.3}, {2.3, 4.8}, (3.7, 7.3}, {5.2, 12}, {7.3, 15.6}, {9.8,
11.8}, {12, 6.8}, {14.5, 5}, {18, 2.1}}

Torna pyakims ListPlot OyIET UMETE BUI:

ListPlot[f, AxesLabel->{"x", "y(x)"}, PlotStyle->PointSize[0.02]]
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OyHKIMA UMeeT JBe ONUMU: 0003HAYeHHWE oOceil AxesLabel U pasMep TOYEK
PlotStyle.

Peuienue 3a1aun npuseneHo Ha puc. 3.11.

f={{1,2.3},{2.3,4.8},{3.7,7.3},{5.2,12},{7.3,15.6},{9.8,11.8}, {1
2,6.8},{14.5,5},{18,2.1}}
{{1,2.3},{2.3,4.8},{3.7,7.3},{5.2,12},{7.3,15.6},{9.8,
11.8},{12,6.8},{14.5,5},{18,2.1}}
ListPlot[f,AxesLabel->{"x","y (x) "} ,PlotStyle-> PointSize[0.02]]
Y (%)
°
14 1
12 le °
10 ¢+
8 L
[}
[ ]
6L
° [ ]
4 [
[ ] Y X
2.5 7.5 10 12.5 15 17.5

Puc. 3.11. [Toctpoenne ToueuHOro rpaduka

Todeunas BU3yain3alus TO3BOJIICT OCYHICCTBIATE MPOBCPKY MPAaBUIIBHOCTU PCHIC-
HUA 3a1a491 UHTCPIIOJIATINA. CyH_IHOCTL 3TOTO Croco0a COCTOUT B CJICIYTOIICM.

Pesynprarom akcreprMeHTa, Kak TPaBWIO, SIBISETCS (YHKUIMS, TPENCTABICHHAS B
TabmmaHoit dopme. [lo 1aHABIM TaOIHIIET MyTEM WHTEPTIONSIINY OTIPEIETIETCS MaTe-
Marudeckas MOJIETb N3ydaeMoro o0beKTa, TIPEACTABISIONmAs co00H MaTeMaTHIeckoe
BBIp@OKEHHE TUNA (OPMYJIbL

npOBCpI/ITL AACKBATHOCTE MOICIIM MOKHO ITYTCM BU3YyaJIU3allMN JTAHHBIX 3KCIICPpH-
MEHTA W MaTeMaTU4eCKOW MOIEIH. Ecmu rpa(])m(n ITUX q)yHKLH/Iﬁ COBITAJTAKOT, TO
MO3KHO ObITh YBEPEHHBIM B IOCTOBEPHOCTHU MaTEeMaTU4ECKON MOACIIN.

Tak kax rpadmkn B ciicteme Mathematica SBISIOTCS 00BEKTAMH, TO HAT HAMH MOXHO
MPON3BOINTE MaTEMATHIECKIE ASHCTBHS, B TOM THCIIE W OOBEIVHSITE B OUH Tpadik,
T. €. P)YHKIMU OPECTABIATH HA OJJHOM rpaguke.
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O0benuHeHue rpa)MKOB MOKHO OCYIHISCTBISTH € MOMOUIbIO (DYHKUUM Show[r:,
r,], e r; — rpaduK TOYEUHbIH, MOMYUYEHHbIM MO AaHHbIM TaONUUbL, r, — rpaduk
(pyHKLIMM UHTEPIONAMY (MATEMATHUECKONW MOIEH).

an/IBCZ[CM TIPUMCD MPOBCPKHU AJICKBATHOCTU MOJICITH ITyTEM BU3yalTU3allli peme}mﬁ.

Mpumep 3.9

Ilycth B pesynbTare skcnepuMeHTa nonydyeHa ¢yHkius B Buae TalmL 3.2, a nyrem
UHTEPHOSILIMY — MareMaThdeckas MOJedb B BUae cieaylolei ¢opmynbl y=2.5
x~1.3.

Ta6auua 3.2. DKcriepUMeHTaIbHBIEC TaHHBIE 00BEKTA MOIEIMPOBAHNS

X 1 1.5 2 25 3 35 4 4.5 5

y 2.5 4.7 5.8 8.7 10 13 15 18 20

Heo0xonuMo mpoBepuTh J1OCTOBEPHOCTh MOJEIM, MOCTPOUB U 00beAUHUB rpaduku
JBYX QYHKUMI: UCXOJHYIO TOUEUHYIO U MATEMATHUECKYIO MOIE/1b.

Bocnonbzyemcs aas 370it 1ieau GpyHkuMsMU ListPlot, Plot U Show. OTU QyHKUUK
JULSL HALLIETO [IPUMEPa UMEIOT BUIIL:

f={{1, 2.5},{1.5, 4.7},{2, 5.8},{2.5, 8.7}, {3, 10},{3.5,13},{4,
15},{4.5,18},{5,20}}
rl:=ListPlot[f,AxesLabel->{"x","y(x)"},PlotStyle-> PointSize[0.02]]
r2:=Plot[2.5 x*1.3,{x,1,5}]

Show[rl, r2,PlotRange->{2,21}]

TlocTpoenne rpadukoB ¢ momMoIIsio 3THX GyHKIMif Tokazano Ha puc. 3.12.

W3 puc. 3.12 BuaHO, 4TO KpHBas MaTeMaTHMUYECKON MOJCIM XOPOIIO COMNACYeTCs
€ 3KCIICPUMEHTAIIBHEIMU TAHHBIMH U MOXKET OBITH MOJEIBIO H3YHAEMOTO SBJICHUSL.
KoM1broTepHbIE TEXHONIOTUH HHTEPIOIISIAN MOAPOOHO PacCMOTPEHBI B enase 12.

Cuctema Mathematica no3BoJisieT CTPOUThH TOUEUHbIE MPAPUKK MHOKECTBA OOBEKTOB.
Jas 5TOH Leau UMEIOTCs BCTPOEHHble (YHKLIMM Mojnakera MultipleListPlot,
BBI3bIBAEMOTO (PYHKUMEH: <<Graphics MultipleListPlot .

Tlonnaker MultipleListPlot COAEPMUT MHOIO Pa3iM4HbIX (YHKIMHA, O7HA M3
KOTOPBIX UMEET CIEAYIOIUNA BUL:
MultipleListPlot[yi, Va,---]

TI€ yi, Y2, ... — CIHCKH, KOTOPBIE MOTYT OBITH MPENCTABIICHEl B BUJE BEKTOPA, WIH
MAaTpPHIEL, WM B BAAE TaOyInpyemMoi GyHKIIM.
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£={{1, 2.5},{1.5, 4.7},{2, 5.8},{2.5, 8.7}, {3,
10},{3.5,13},{4, 15},{4.5,18},{5,20}}

{{1,2.5},{1.5,4.7},{2,5.8},{2.5,8.7},{3,10},{3.5,13}, {4,15}, {4.
5,18}, {5,20}}

rl:=ListPlot[f,AxesLabel->{"x", "y (x) "}, PlotStyle->
PointSize[0.02];

r2:=Plot[2.5 x*1.3,{x,1,5}];
Show[rl,r2,PlotRange->{2,21}]

v (%)
20
17.5
15
12.5

10 .

r////Q// 2 3 4 5
2.5 ¢

Puc. 3.12. O6bennneHne 1ByX rpadhukon

an/IBCZ[CM TpUMECP MOCTPOCHUA MHOXKCCTBA rpa(bmcos TpU pasiIuIHOM TpCACTaBJiC-
HWW TaHHBIX.

Mpumep 3.10

IIpencraButh Ha oHOM rpaduke ciaeayroure Tpu PyHKIMHU:

vi={1, 2, 3, 4, 5, 6, 7, 8}

v={{2, 4}, {3, 6}, {4, 8}, {5, 10}, {6, 12}, {7, 14}, {8, 16}, {9, 18}}
ys=Table[{x, Exp[x]}, {x, 0, 4, 0.5}]

B nanrom ciyuae GpyHKIMS MultipleListPlot 6yAeT NIMETH BUI:

MultipleListPlot[y:, Vi, Vsl

Peuienue npumepa npuseaeHo Ha puc. 3.13.
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<<Graphics MultiplelListPlot’
y1={1,2,3,4,5,6,7,8}
y2={{2,4},{3,6},14,8},{5,10},1{6,12},{7,14},{8,16},{9,18}}
y3=Table[{x,Explx]},{x,0,4,0.5}]
MultipleListPlot[yl,y2,y3]
]
30
25
20 ]
x
15 *
*
u E
10 *
| * ¢4 ¢
5 * .
[ I . M
] . 4
L B ) ‘ ‘ ‘
1
2 4 6 8

Puc. 3.13. I'paduk MHOKECTBA (TPeX) 0OBEKTOB

W3 puc. 3.13 Buano, 4TO TpadwKky BBEIBEACHBI B BHAE MAlBIX Pa3iMIHBIX (GHUTYPOK,
TIO3BOJISIFOIIHX PA3JINIaTh HCXOAHEIE 00BEKTH ((YHKIINN).

OyHKIMsS MultipleListPlot UMEET OMIMIO PlotJoined, KOTOpas MO3BOJISIET CO-
CIUHSATE TOYKH Tpaduka JTUHUSMH, OTIHs UMEET BUI:

PlotJoined -> A

rje A— True WM False. True 03HAYACT, YTO TOUKHU HYKHO COCIAMHSATL JIMHUSIMM,
False — HE HYXHO.

Mpumep 3.11

Heobxonumo u300pa3uth Toueusble rpaduku npumepa 3.10, cCOeAMHUB JTHHUAMH
OOBEKTHI y1, y2. QYHKUMIO y3 OCTABUTH B [IPEKHEM BUIIE.

B nanHoM cnyuae gyHkims MultipleListPlot OyJeT UMETh BUA:
MultipleListPlot[yl, y2, y3, PlotJoined->{True, True, False}]

Peuenue npumepa npeacrapneHo Ha puc. 3.14.
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MultipleListPlot[yl,y2,y3,PlotJoined>{True, True, False}]

30
25
20 ]
15

10 ) e 7

Puc. 3.14. I'paduku GyHKIHIA, MOCTPOSHHBIE C MOMOIIBIO OMIMH PlotJoined->A

3.1.3. Bbi6op cTtunsa rpadumka

Heobxomumetii cTHIIE Tpadrika MOXKHO 00pa30BaTh C MTOMOTIELIO OTIIHI W IUPCKTHB.

Onuusa PlotStyle

Onuus PlotStyle MO3BOJAET BhIOPATh LIBET AMHUMA U UX TOMIUMHY. OHa UMeeT crie-
JyIOLIME BAPUAHTBI:

PlotStyle —-> {Huelc:], Huelc:], ...}

PlotStyle -> {GrayLevel[k;], GrauLevellk:], ...}

TIe:

O c., ca, ... — KOABI LIBETA TMHUNI COOTBETCTBYIOILMX (PYHKIUA;

O «xi, ks, ... — KOJBI TOJIIHHBI JIMHAN COOTBETCTBYIOIMX (hYHKIIHM,

Koapl c; 4 k; BeiOUparoTes u3 Auanasona 0—1.

Mpumep 3.12

- 2
Heo6x0uM0 npeacTaButh GyHKUMU y;=xe ©, y, =x" B Buje rpaduka B auana-

30HE x OT O 110 5. Jlunuu rpad¥ika TOMKHEI OTJIMYATECS TOJIIAHOM.
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B nanHoM ciyvae QyHKIMS Plot UMEET BU:

Plot[{ x e, x*},{x, 0, 5}, PlotStyle -> {GrayLevel[0.2],
GrayLevel[0.8]}]

Peuenue npuBeneHo Ha puc. 3.15.

Plot[{x Exp[x],x*2},{x,0,5},PlotStyle->

{GraylLevel[0.2] ,GrayLevel [0.8]}]

100 | /

80 L

60 |

40

20

Puc. 3.15. Pemenue npumepa 3.12

Tomuuba nuuuid GyHKuMd xe ™ u x% ma puc. 3.15 nnoxo pazauuumMa. Ha skpane
MOHHUTOpa OHa XOPOIIO BHIHA.

Ctunb rpaduka MOXKHO YCTAHOBUTH € HOMOLIBK) JUPEKTHB, KOTOPbIE MO3BOJSIOT
(opMUpOBATH TMHUU Pa3HBIX GOpM.

CuctemMa UMeeT CleayIOlIMe TUPEKTUBbI OMIMK PlotStyle:

Dashing[{ri, rz, ...}]
AbsoluteDashing[{d;, dz, ...}]
PointSize[d]
AbsolutePointSize[d]
Thickness[k]
AbsoluteThickness [k]
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JIMpeKTHUBbI O3BOAIOT BLIOPATH CIEAYIOLIUE CTUIM rpaduKa:

O pashing[{r;, rz, ...}] — yCTAHABIMBAET BEAMYMUHY IOCJIEAYIOLINX, LUKIU-
YECKU MOBTOPAEMbIX, IIYHKTUPOB MyHKTUPHOU JMHUM; 3HAYEHUE JIIMHbI r; 3a]a-
€TC4 B JI0JISIX LIMPUHBI IMHUU rpaduKa;

a AbsoluteDashing[{d:, dz, ...}]— yCTaHaB/IMUBACT BCIUYUHY MOCICAYIO-
[MX, UKJINYECKHA TTOBTOPSEMBIX, INTTPAXOB ITYHKTUPHOH JIMHUW, 3HAYCHUE JUTUHBI
d; 32J1a€TCs B [IMKCEIax:

O pointsize[d] — 3aMaeT Tpad¥K B BUIE KPYXKKOB THAMETPOM d, M3MEPIEMBIX
B J10J151X OOLIei UPUHBL rpaduka;

O absolutePointSize[d] — 3amaeT Tpaduk B BHIE KPYKKOB IMAMETPOM d,
W3MEPSEMBIX B TTHKCEITAX;

(O Thickness[r] — yCTAHABAMBAET TONIMHY r NMHMH rpaduka, KaKk OO €ro
TTOJTHOH LITUPHHBI

O absoluteThickness[r] — YCTaHABIMBAET TOJILIMHY r JUHUI rpaduka B MUK-
celax.

TlprBeneM mpuMepbl  TOCTpPOCHWS TpaUKOB € UCTIONB30BAHWEM  (YHKIIMW
PlotStyle C AUPEKTUBAMHU.

Mpumep 3.13

Heo0x011uM0 nOCTPOUTD B pa3iMYHbIX CTUISAX Ipaduku PyHKUMA:
yi=In@d-2x+x2-2), y, =1/(1+x*),

WCTIONE3YS TUPEKTUBEl (PYHKIMH PlotStyle. CNEMyeT peamn3oBarh IBa BUIA CTH-
Jieli: NyHKTUPHbIE TMHUK U Ipa(UKy C TMHUSIMU PA3IMYHON TOJUIMHBL

B ciydae rpadgikoB B BUIC MyHKTHPHBIX JIMHUH (YHKIINIO P1ot MPEACTABHUTE B BUAC:
Plot[{Log[4-2 x]+x"2-2, 1/(1+x*4)}, {x, -2, 2}, PlotStyle ->
{AbsoluteDashing[1l,3], AbsoluteDashing[l,10]}]

Jlns ciyvas mpenctaBiaeHus rpaUKoB ¢ pasHOU TOMUMHON NHHMM (yHKIMIO Plot
[IPEJCTaBUTh B BUJE:

Plot[{Log[4-2 x]+x"2-2, 1/(1+x"4)}, {x, -2, 2}, PlotStyle ->
{Thickness[0.007], Thickness[0.001]}]

I'paduxu pyHKUMiA A5 3TUX clyyaeB MpuBeAeHbl HA puc. 3.16 u 3.17.

Onnnu ¥ AUPEKTUBBI TIO3BOJISIIOT CO3MaBaTh JIMHUM PA3JIMYHOrO BUA, YTO JAaeT BO3-
MOXHOCTh € TIOMOINBIO OAHOH (hyHKIMH mMONywaTs TpadWku ¢ GONBIIUM YHCIOM
(yHKIMIt pa3IMIHOTO CTHIIS.
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Plot[{Log[4-2 x]+x"2-2,1/(1+x"4)},{x,-2,2} ,PlotStyle->

{AbsoluteDashing[{1,3}],AbsoluteDashing[{1,10}]1}]
., 4
,
-1
-2
-3

Puc. 3.16. IIpencrasnenue ¢yHKLMii B BUAE MyHKTUPHBIX JTUHUIT

Plot[{Log[4-2 x]+x"2-2,1/(1+4x"4)},{x,-2,2}, PlotStyle-
>{Thickness[0.007] ,Thickness[0.001] }]

2

Puc. 3.17. [IpencraBnenue GyHKIMIA B BUIE TUHUI Pa3HO TOMIIMHBI
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 Mpuwep 3.14

Heobxonumo noctpouth Ha oaHOM rpauxe B auanasoHe x ot 1 g0 10 rpaduku
¢QyHkImit y, =sinx, y, =lnx, y; = (x—1)/(x+1) co crumsiMu pa3HOTO BHAA.

Ha puc. 3.18 npeacraBnensl rpadukud (pyHKUMI CO CTUASIMU: MYHKTUPHbIC JUHUU
(sinx ), 6e3 cruneit ( In x ), uHun pasHoit TommmHe ((x—1)/(x+1)).

Plot[{Sin[x], Log[x], (x-1)/(x+1)},{x,1,10},PlotStyle->
{AbsoluteDashing[{1,5}] ,None,Thickness[0.01]}]

Puc. 3.18. I'paduku ¢ pa3HbIMU CTHIISIMU

3.1.4. O603HayYeHMe KpUBLIX Ha rpaduke

MHOXecTBa (pyHKLMN

Obo03HaueHNE KPUBBIX B TTOJIe Tpaiika CYIIECTBEHHO TMOBBIMIACT HATTSIAHOCTH Tpa-
(pudeckoro mpencrapnenus QyHkmid. [Insg storo cucrema Mathematica Meer psan

ormuit. OHW HAXOJATCS B TIOATAKETE Legend MakeTa Graphics, K KOTOpOMY 00pa-
LIAFOTCS TaK:

<< Graphics Legend"”

B nonnakere umeercs caeaytoias onus 0003HAYECHUS KPUBbIX:
PlotLegend -> {"T:", "T.",...}

rae "T.", "T,", ... — CTPOKH, 0003HAYAOMNE PYHKINH y1, Vo, ...

JInst TpUMEHEHUST ITO O HeoOX01MMO, YTOOBI KpUBEIE QYHKIHH v, v2, ... OTIH-
YAJIUCh MEXKIY COO0H. DTO MOYKHO OCYIIECTBUTE C TOMOIIBIO ONIKUH CTHIEH.

IlpuBenem npumep.
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Mpumep 3.15

IlycTh HEOOXOAMMO HA OJHOM PHUCYHKE IPEACTaBUTh B BUAE rpadukoB cieayrolue
¢$yukuun: y, =sinx, y, =Inx B auanazone x or x=1 g0 x=10. Obo3HaueHUs
KPUBBIX BBITIOJIHUTE B BHIE MaTEMAaTHUECKUX BBIPAKCHMH. KpHBBIE TOIKHBI OTIIU-
YaThCs CTHISIMM.

B namem cirydae yHKIMs Plot OyIeT UMETh BUL:

Plot[{Sin[x], Log[x]}, {x, 1, 10}, AxesLabel -> {"x", "y(x)"},
PlotStyle -> {AbsoluteDashing[{l, 5}], Thickness[0.01]}, PlotLegend ->
{"Sin(x)", "LI’I(X)"}]

Pesynerare! pemenus npuseneHs! Ha prc. 3.19.

<<Graphics Legend’

Plot[{Sin[x] ,Log[x]},{x,1,10} ,AxesLabel->
{"x","y(x) "} ,PlotStyle-> {AbsoluteDashing[{1,5}],
Thickness[0.01]},PlotLegend-> {"Sin(x)","Ln(x)"}]

Puc. 3.19. O603Ha4eHNEe KPUBBIX MATEMAaTHUECKUMHU (DYHKLIUSIMU

W3 puc. 3.19 BuaHo, uTo (yHKUMS Plot YCTaHOBUIA UMS OCei, mpeacTaBuia (PyHK-
UMY B BUJIE PA3JIMYHBIX CTUICH U 0003HAYMIIA KPUBbIE MATEMATUYECKUMK (yHKLUS-
mu. Tenepp scHO, Kakod (PYHKUMU NPUHAICKUT JaHHASL KPUBASL.

B noanakere Legend HMMEETCSs MHOIO JPYruX OHUMMA 0003HaueHus KpupbiX. OHU
[O3BOJISIIOT 33/1aBaTh UBET U (POPMY JIETeH/IbL, YCTAHABIMBATH €€ B HYXKHOM MecCTe.
D10 yKpallaeT PUCYHOK, HO HE MEHsET ero cojepxkaHus. C HUMU MOXHO [O3HAKO-
mutbes B [10] unu B cipaBouHoii cucteme (mexto Help).
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3.1.5. N'padhmkm cneymanbHbIX TUNOB

B j1arHOM pasJieNie paccMaTPUBAIOTCS MPa)UKH CIIEYFOINX THTIOB:
O s sorapudMuueckom MaclITaGe;

O B noApHOIL cUCTEME KOOPAUHAT;

O & Buzge THCTOrPAMM.

OyHKIIMHY, MO3BOJSIOLIME CTPOUTh IPa(UKU CElUANbHbIX TUIOB, HAXOJATCS B MOJ-
MakeTe Graphics, 00palIeHUE K KOTOPOMY UMEET BT

<< Graphics Graphics”

MocTpoeHue rpacdhukoB B norapupMmuyeckom macwtade
Tloctpoenue rpadgukoB B norapupmMuyeckoM MaciuTade OCyLIECTBISETCS C MOMOILBIO
cneayux GpyHKuIMi:

LogPlot[f, {X, Xmin, maxl}]

LogLinearPlot [f, {X, Xmn, Xmax}]

LogLogPlot[f, {X, Humin, Xuax}]

LogListPlot[f, {{xi, yi},{xe, y2}, ...}]
LogLinearListPlot[f, {{xi, vi},{Xz, Vv2}, ...}]
LogLogListPlot[f, {{xi, vi},{%X2, V2}, -.-}]

B ¢yHxumsx mpuHATE chnexytomye 0003HAUCHIS:
O £ — Qyunxuus, rpaduk KOTOPOii co3aaeTcs;
O Xuin, Kuex — AMANA30H H3MEHEHUS APIYMEHTA X (DYHKLMY f:

O x, y; — KOOpJIMHATHI TOUKW | PYHKIMH f, 3aaHHOM B BUJIE MATPHIIHI (TAOITHIEI),
i=12, ..

Haznauenme beHKL[HﬁZ
a (])yHKLH/IH LogPlot [ £, {x, xmin, xmax}] — CO3MacT JHHEHHO-JIora-

pudmudeckuii rpaduk QpyHKIMU f B 1MANAZ0HE X OT Xpin A0 Xpax (HOIydOrapud-
MHUYECKUI MaciuTad ¢ norapuMUIecKUM MacIuTaboOM Mo OCH ));

a (])yHKLH/IH LogLinearPlot[f, {X, Xmin, Xmax}] — CO30ACT JTOl“apI/I(bMI/I‘IeCKI/I
JUHeNHbIH rpaduK QyHKIUU f B NMANA30HE X OT Xpin A0 Xpax (JTOTapUPMUUECKUN
macutad no ocu x);

O ¢yuxums LogLogPlot[f, (X, Xumn, Xmax}] — CTPOMT rpadux QyHKumu f
B JIOTapU(MHYECKOM MacmTabe Mo 00eHM 0CAM;

O ¢ysaxumm  LogListPlot[f, {{x4, vit, {x2, ar L,
LogLinearListPlot[f, {{x1, vily, {x2, valty S
LogLogListPlot[f, {{x:, vi}, {xz, vy}, ...}] aHajJOru4Hbl TPEM IHEp-

BbIM. Pa3sHuLa NUIIL B TOM, YTO OHU CTPOST TOUCUHBIE rpaduKy.
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IIpuBeaem npumMepsl MocTpoeHus rpaduKoB B norapupMUIECcKOM MaciuTade.

Mpumep 3.16

HeobxoxnmMo moctpouts B momyorapudmiraeckom Macmrabe rpaduk gyrnkmmm
y = x%" +sinhx

B nuana3oHe x oT x=1 10 x=5.

B sToM cayuae pyHkuus LogPlot OyAeT UMETh BU:

LogPlot[x"8 Expl[x]+Sinh[x], {x, 1, 5}]

I'padux Qynkuuu npuseaeH Ha puc. 3.20.

<<Graphics Graphics"’
LogPlot[x"8 Exp[x]+ Sinh[x],{x,1,5},AxesLabel-> {"x","Log(x)"}]

Log (x)

1.510°

10000

100

Puc. 3.20. I'papuk Ppynkmm npumepa 3.16

W3 puc. 3.20 Buano, uTo NorapudmMudecknit Mactab BEIOpaH 110 OCH .

Mpumep 3.17

OyHKUMS 3a7]aHa B BUJE CIEIYIONICH MaTPUIILL:
{{1,1},{2,8},1{3,27}, {4,64}, {5,125}, {6,216}, {7,343}, {8,512},
{9,729}, {10,1000}}

HeobxomnMo coznats ToueuHslf rpadwk GyHKmH B JorapudmMmueckoM macmTabe
10 OCH .
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B nanHoM ciydae QpyHkiMS LogPlot OyAeT UMETh BUI:
LogListPlot[f, AxesLabel->{"x", "Log(x)"}]

Pemenne npuseneHo Ha puc. 3.21.

£={{1,1},{2,8},{3,27},{4,64},{5,125},{6,216}, {7,343}, {8,512} ,{9,
729},{10,1000}};

LogListPlot[f ,AxesLabel-> {"x","Log(x)"},PlotStyle->
PointSize[0.02]]

Log (x)
1000t o
500¢ .

100¢ ¢
50

10
5t

1lte x
2 4 6 8 10

Puc. 3.21. Toueunsiii jorapupmudeckuii rpaduk pyHkumu npumepa 3.17

B nensix Gonblueil HarnsaHocTH rpaduk To4edHOH (yHkuuu puc. 3.21 moctpoeH B
CTUIIE PointSize.

I'IochoeHMe rpadmxoa B HOHHpHOI?I CUcTtemMme KoopguHart

CucremMa wMeeT ciemyromue (GYHKOHMM JUTS TIPEACTABICHUS TPadMKOB B TMONSIpPHON
CUCTEME KOOPAUHAT:

PolarPlot[f, {t, twn, tms!]

PolarPlot[{f:, f2,... }, {t, twn, Tmaxl}]

PolarPlot[{ri, rz, ...}, {t, twn, Tmaxl}]

B 31ux QyHKUMAX OPUHATHL Cleayolue 0003HAUEHUS:

O £ — Qyuxuus, rpaduk KOTOPOH cTpouUTCS;

O £, — i-2 Gyukuus MHOroQYHKIMOHANLHOIO rpaduKa;

3 tuin, tmex — 3HAYEHWE YTIIA t TIONSIPHON CHCTEMBI KOOPIHHAT OT toin JO toax;

O r, — i-if panryc crTECKka paaHyCOB TONIPHON CHCTEMBI KOOP/IHHAT.
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IlpuBenennbie QyHKLUM CTPOST CleAyIOLME I'PaMKU B MOJSIPHOM cUCTEME KOOp-
JIMHAT:

O polarPlot[f, {t, tmn, tme:}] — CTPOUT rpad MK IOJIOKEHUS KOHLA BEKTO-
Pa £ NpU UBMEHEHUH YA t OT tuin A0 traxs

O polarPlot[{fl, £2,...}, {t, tmn, tm}] — CTPOUT IrPa)UKN MHONKECT-
Ba QYHKLWI TIPH M3MEHEHUH YTIIA € OT toin 0 toay

O polarplot [{r:, r2, ...}, {t, tain, Tmax}] — CTPOUT Fpa(])m( CMIACKa r,
PaBHOMCPHO U3MCHSAS YTTIOBYIO KOOPpAWHATY.

IlpuBenem npumepsl NOCTpoeHuUs rpaduKoB B MOAAPHOH cucTeMe KOOpIUHAT.

Mpumep 3.18

Heobxoaumo npeacrasuts Qynxumio (1+2sinx)/1+2cosx B Buge rpaduka B no-

JSIPHOU cUCTEeME KOOPAMHAT NPU U3MEHEHUU X B Auana3oHe ot 0 1o 2.

B nanrom cryuae GyHKINS PolarPlot O6yAeT NMETH BUI:
PolarPlot[ (1+Sin[x])/(1+Cos([x]), {x, 0, 2 Pi}]

Peuenue npuseneHo Ha puc. 3.22.

PolarPlot[ (142 Sin[x])/(1+2 Cos[x]),{x,0,2 Pi}]

-1.5 -1 0.5 0.5 1 1.5 2

Puc. 3.22. I'papuk ¢pynkmu npumepa 3.18
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Mpumep 3.19

Heob6xonuMo mocTpouTh B HOMSPHON CUCTEME KOOPAMHAT CEMEUCTBO CIIEAYIOLIMX

byHKIHit:
-3 I;C” .3 };”3 07 sin(5x+1),
-Xx -x

Peuenue npuBeneHo Ha puc. 3.23.

€CITN Xpin=-3, Xmaz=3.

PolarPlot[{-3Sqrt[ (x+3)/(3-x)1,3 Sqrtl[(x+3)/(3-x)1,3 Exp[-2 x]
Sin[5 x+1]1},{x,-3,3}]
15}
1
-10 -5 5 10 15
-10¢
_15,

Puc. 3.23. I'pauk cemeiicta GpyHkumii npumepa 3.19

MocTpoeHue rpachmkoB B BUAE ructorpamm

Cron6uoBbie AaMarpaMmmbl
TlocTpoeHue cTOAOLOBBIX JUarpaMM OCYILECTBISIETCS € MOMOIIBIO CAEAYIOIUX
byHKIHit:
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BarChart[{ci, cz, -..-.}]
StackedBarChart[{ci, cz, ...}]
PercentileBarChart([{ci, ¢cz, ...}]
GeneralizedBarChart[{ci, cz, ...}]

an/IBCZ[CHHLIC beHKI_H/H/I TIO3BOJIAIOT CTPOUTE CIICAYTIONINEC CTOJT6LIOBBIC JvarpaMMmBel.

O BarChart{{ci, cs, ...}]— CTPOWT CTONOTOBYIO AHATPAMMY TIO JAHHEIM
CIIUCKAM Ci, Cs, ... CTONOLIBL PACIONAraoTCs PSAAOM U OTIMUaAOTCA LBeToM. Cru-
CKM JIaHHBIX MOIYT UMETb Pa3HYIO JJMHY. B 3TOM Cilyyae OTCYTCTBYIOLIME JaH-
HbI€ CUUTAIOTCS HyJeBbIMU (Mpoben Ha rpaduke). Eciu B cnucke UMEIOTCS OTpU-
LaTesbHble JaHHbIE, TO OHM CTPOSTCA Kak crondupl, o0pailieHHble BHU3. [lnuHa
€T0/1011a COOTBETCTBYET BEIMYUHE JAHHOTO.

O stackedBarChart[{c,, cz, ...}] — CTPOUT CTONOLIOBYIO JMArpammy, pac-
rojarasi OJHW CTONOIEI Hax ApyrwMH. CTONONBI OTIAWYAIOTCS IBeTOM. JlnnHa
CTONIOTIOB TIPOTIOPIIMOHAJIEHA CYMME 1-X DJIEMEHTOB CITHCKOB.

a PercentileBarChart([{ci, ¢cz, ...}]— CTPOUT CTOJT6LIOByIO auarpammy
TaK ke, Kak U PpyHKIMS StackedBarChart[{ci, c2, ...}], HO JIJIWHA CTOJO-
OB ucuucasercs B mpoiueHTax. 3a 100% npuHuMaercs AAMHA MaKCUMAaJlbHOIO
€T0J1011a, PACIONOKEHHOTO BbIIIE FOPU3OHTAIBLHOM ocH, 3a —100% — Huxke ropu-
30HTA/ILHOM OCH.

O GeneralizedBarChart [{c1, ¢z, ...}]— cTpout CTOJlGLLOByIO Jdarpammy
C 3a/IaHAOY TIMPWHOM W BEICOTOI CTONOTIOR.

PaccmoTpenHbie yHKIMM MIMEIOT OIMIMH, KOTOPBIE CYIIECTBEHHO MEHSIOT BHX JIHa-
rpamMM. OHHF UMEIOT IIBETOBBIE 3P (HEKTHI, MEHSIOT PACTIONOKEHNE THarpaMMEl (TOpH-
30HTANLHOE, BEPTHUKANEHOE), OCYMIECTRISIOT 00BOX CTOJIOOB M T. 1.

IlpuBenem npumepsbl NOCTPOSHUS CTONOLOBBIX AUATPAMM.

Mpumep 3.20

Ilycth HEOOXOAUMO MOCTPOUTH CTONOIIOBbIE JUArpaMMbl Pe3yAbTATOB PacueTa, Npe-
CTaBIICHHBIX B BHJIE cleayromei marpunsl; {{-2, 6, 3, 10, -1},{4, 6, -8,
10} }. llpencTaBuTh CTONOIOBEIC AUATPAMMEI B BUIEC PACTIONIOKECHHUS CTOIOIOB PIIOM
¥ JIpYT HaJ IPyTroM ¢ aOCOMFOTHBIM W MTPOTICHTHRIM OTCYCTaMH.

B nanHoM ciyvae 10mKHBI ObITH IOCTPOEHB] TPU CTOIOLOBLIE AUarpamMMbl. QyHKIUK
MOCTPOEHUS AuarpamMmm OyayT UMETh BUJ!

O cayuaii pacnonoxenus croabUoB paaOM:
BarChart[{-2, 6, 3, 10, -1},{4, 6, -8, 10}]

O cnyuait pacriookeHus CTONOIOR APYT HAT IPYTOM C AGCOMIOTHEIM OTCUETOM:
StackedBarChart[{2, 6, 3, 10, -1},{4, 6, -8, 10 }1]
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a ciydait pacroJioKeHUs CTOJIONOB APYT HaJl IPYTOM C TIPOLICHTHBIM OTCUETOM:
Percentile BarChart[{2, 6, 3, 10, -1},{4, 6, -8, 10 } 1

Pesynbrarhl peanuzanuu 3tux PyHKIMHA OpuBeAeHbl Ha puc. 3.24—3.26.

BarChart[{-2,6,3,10,-1},{4,6,-8, 10}]

10

-2.5
-5

-7.5

Puc. 3.24. Cron0uoBas quarpaMma pactosioxeHHs CTOJI0LOB PsiaoM

StackedBarChart[{-2,6,3,10,-1},{4,6,-8,10}]

20t

15¢

10t

Puc. 3.25. CtonbuoBas quarpaMmma ¢ pacrojoKeHHeM CTONOLOB APYT HAll IPYroM
1 a0COIOTHBIM OTCUETOM
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PercentileBarChart[{-2,6,3,10,-1},{4,6,-8,10}]

100
80%
60%

£03
RO

Puc. 3.26. CronbuoBas auarpaMma ¢ pacroOKeHHEM CTOJIOLOB APYr Haj APYroM
U HPOLIEHTHBIM OTCUETOM

Kpyroeble agnarpammbi

Jl1s1 mocTpoeHus KPYroBbIX JUarpaMm cucTeMma npeaocTasiseT ps Gyukuuid. Oanoit
W3 OCHOBHBIX SIBIISIETCA CAEAyIOLas pyHKIUSA:

PieChart[D]
rae D — JAHHBIE B BUJIE CIIMCKA, XaPAKTEPU3YIOIIUE JOIO KPYTOBOH AUarpaMMbl.

Bun muarpammer 3agaercs onmmsMiA. Bech CIIMCOK OMIIMIM MOXKHO TIOMYYUTH KOMAaH-
0# Options[PieChart]. le/lBeﬂeM TOJbKO JABE U3 HUX:

a PieStyle->{GrayLevel([s;], GrayLevel[s;], ...} — HOCTPOCHUE Kpy-
rOBOH JUarpaMMBbl ¢ packpackoi Yepenylommxcs cekTopoB. CekTopa 1o pasmMepy
COOTBETCTBYIOT ()YHKUMU PieChart[D];

O pieLabels->{"I,", "I,"},[J€ I — UM i-T0 CEKTOpA.

IlpuBenem npumepbl MOCTPOSHUS KPYTOBBIX AUATPAMM.

Mpumep 3.21

Ilycts kpyrosasi nmuarpaMma COCTOWUT M3 5 CEKTOPOB, CIUCOK JAHHBIX O KOTOPBIX
wMmeer BUI: {1, 3, 7, 9, 18}.

Heo0Oxonumo npeacraBUTh AaHHbIE B BUAE KPYTOBOM JUarpaMMbl ¢ PacKpackol cex-
TOPOB.
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B nanHoMm npumepe QpyHKuMs PieChart OyaeT UMETb BUJ:

PieChart[{1l, 3, 7, 9, 18}, PieStyle->{GrayLevel[0.7], GrayLevel[0.9]}]

Peammzarns sroit gpyrkim npreenena Ha puc. 3.27.

PieChart[{1,3,7,9,18},PieStyle-> {Graylevel[0.7],
Graylevel[0.91}]

Puc. 3.27. Kpyrosas quarpamma ¢ packpackoii 4epeaytommxcs CEKTOpoB

 Mpuwep 3.22

Tlyctb KpyroBas Auarpamma COCTOMT M3 UEThIPEX CEKTOPOB, KKJbLA M3 KOTOPBIX
siBisieTcsl pedtuHrom apromoouns: "Mockeuu", "Kuryau", "Bonra", "Mepceaec".

HeobOxonumo pesynpTaTbl pedTUHra MPEACTaBUTh B BUJAE KPYTOBOH Auarpammbl C
HA/IMUCSIMU AaBTOMOOUIICH B €€ CEKTOpax.

B nanHoM ciyuae QpyHkiMS PieChart OyAeT UMETh BU:

PieChart[{3, 7, 9, 15}, PieLabels -> {"MockBuu", "Xurymm", "Bonra",
"Mepcegmec"}, PlotLabel -> "PesymbTaThl peiTuHTA"]

Peanuzanus ¢yHkuuu npuseneHa Ha puc. 3.28.
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PieChart[{3,7,9,15},PieLabels—>
{"Mockeuu" , "uryym" , "Bonra" , "Mepcenec"}, PlotLabel->
"PesyJsTaTH perTyHTa' ]

PesynbTaTH peMTUHTA

Puc. 3.28. Pe3ynpTathl peiiTiHra aBToMoOUei

3.2. TpexmepHas rpacpuka

TpexmepHas rpaduka — 370 rpaduka (PyHKUMI ABYX NEpeMeHHbIX. TpexmepHbie
rpa)MKu MOIYT ObITh CJIEIYIOLUMX BUJIOB: KOHTYpPHbIE, rpaduky nOBEpXHOCTEH, rpa-
(uxu Guryp.

Cuctema Mathematica umeer Gorarble BO3MOXHOCTU CO3/aHUS OOBEKTOB TpEeXMep-
Hol rpaduku. Cpeu yHUBEPCalbHbIX NPOrPAMMHBIX CPEICTB CUMBOJBHON MareMa-
TUKU OHA SIBJISETCS JIUJepoM B obnactu rpaduku. Bosblioe 4ucno BCTPOSHHbIX Ipa-
(puyeckux PyHKUMHA, ONLMA U TUPEKTUB K HUM I03BOJISLIOT CO3/1aBaTh IPaUMKU [Ipak-
THYECKU MO00ro BUAA.

Fpa(l)uqecxne BO3MOKHOCTH CUCTEMbI TAKOBBI, YTO OHU BBIXOJAT AAJICKO 3a IPEACibl
BU3yaJiIn3alilnn BBIUUCIICHUHA.

I'paduxa cucrembl Mathematica uMeeT caMOCTOATENLHOE 3HAYCHHUE.

Haia knura nocpsiieHa KOMIBIOTEPHBIM TEXHOIOIMSIM PEIISHUS MaTeMaTH4eCKUX
3aga4. Jlas Hac rpaduka siBAsSeTCs CPeACTBOM BU3yalu3alMy BelUMCIeHUR. Jlns aTux
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ueneil B OOJBLIMHCTBE CIydaeB JOCTATOUHO AByMepHO# rpaduku. B cBsizu ¢ stum
METOJIBI CO3MaHNsI 0OBEKTOB TPEXMEPHOH TpadMKkM 31ech He m3jararorcs. [lokakem
TOJIBKO HA HECKOJBKHMX INPHMEPAX BO3MOXKHOCTH CHUCTEMBI TI0 CO3IAHUIO OOBEKTOB
TpexmepHoi Tpadukw. [Ipy HEOOXOIMMOCTH TUTATENh MOXKET CAMOCTOSTEIRHO H3Y-
YUTH TEXHOJIOTHIO MOCTPOSHMS rpadudeckwx oOBEKTOB. DTa 3amava BO MHOTO pa3s
[POLLE, YeM, HAIPUMEDP, U3YUUTb KOMIIbIOTEPHbIE TEXHOJIOTUMU PELICHUS yPABHEHUH.
371ech He HyXKHO 3HaTh alrOPUTMOB pelleHud 3anaduu. JIocTaTouHo MOMHUTHL rpadu-
4ECKUE BCTPOCHHLIE (PYHKLIUM, ONLMU U AUPEKTUBBL K HUM, 4T00bI O3 Tpyaa co31aTh
JKenaeMblid TpeXMepHbIi rpaduk.

3.2.1. Co3zpaHune KOHTYpPHbIX rpacdmkoB

KonrypHusie Tpadmky MO3BOSIOT TPEACTABISTE MOBEPXHOCTH Ha TIIOCKOCTH. CHCTe-
Ma Mathematica mmeeT okomno 20 ¢yHKIHI 1 OTMIHT TTOCTPOCHWS KOHTYPHBIX rpadu-
KOB. BoT oxtHa 13 HUX:

ContourPlot[f, {X, Xmns ZFmax}s {Yr Yains Yaex))
Tac:

O f— QysKuus nepemMeHHbIX , y;
O %uin Xpex — AMANA30H U3MEHEHUS IEPEMEHHOM x;
O YVuins Yix — AMANA30H U3MEHEHUS IEPEMEHHOM v

OyHKTIMSA ContourPlot ¢O3MaeT KOHTYPHBIN rpad ik GPyHKINH £ (x, v).

Mpumep 3.23

Heobxomnmo npencTaBuTh (PyHKITHFO

x+y

y=xsin(x+y)+e " cos(x+ y)

B BUJIC KOHTYPHOTO Tpaduka B JWAMa30HC U3MEHEHHS X OT Xpin=-3 M0 Xpax=1 U} OT
Ynin==3 J0 Ynaz=3.

B nanHoM ciyvae GpyHk1Ms ContourPlot OyAeT UMETh BUI:

ContourPlot [x Sin[x+y]+Exp[x+y] Cos[x+yl,{x, -3, 1},{y, -3,3}]
Peammzarns ¢pyHxnmm nokaszana Ha puc. 3.29.

3.2.2. NocTpoeHue rpachmkoB NnoBepxHoOCTEN

Jlnst moctpoeHus TpadukoB MOBEPXHOCTEH cHucTeMa mMeeT rpadudeckyro QyHkmmio
P1lot3D, KOTOpast UMEET BUIL:

Plot3D[f, {X, Xmin, Zmax}, (Y, Ymins Ymex}]

0O003HaueHUS. UMEIOT TOT € CMbICH, YTO U B (PyHKIIMU ContourPlot.



Busyanusauyuns seruucreHui 103

ContourPlot[x Sin[x+y]+Exp[x+y] Cos[x+y] ,{x,-3,1},{y,-3,3}]

30

]

=

()

-3 -2 -1 0

=

Puc. 3.29. Kontypusiii rpaduk ¢pynkuuu npumepa 3.23

QyHkiMsa Plot3D CTPOUT MPOCTPAHCTBEHHbINH rpaduk (QyHKLMU ABYX NMEPEMEHHBIX
z = f(x, y) . Ans npuaanus BUANMOCTH o0beMa GHTypBI TIPIMEHSIETCS CITOCOO aKkco-

HOMCTpI/IqCCKOﬁ TIOBCPXHOCTH.

Tlokaxxem aefictBue QyHKkUUU Plot 3D HA MpUMEpE.

Mpumep 3.24

Heob6xomnMo mocTpouTs rpadyik TOBEPXHOCTH, OTIHCHIBAEMON (yHKITEH:
z=xe™V sin(x + y)/cos(x + y)

[IPU U3MEHEHUM X OT Xpin=—3 A0 Xnaz=1, @Y OT Yrin==3 JO Vrax=3.

Pemenne npuseneno Ha puc. 3.30.
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Plot3D[x Expl[x+y] Sin[x+yl/Cos[x+yl,{x,-3,1},{y,-3,3}]

Puc. 3.30. I'paduk noBepxHocTH npumepa 3.24

3.2.3. NocTpoeHune cpuryp

Haubonee wuHTepecHbie (urypbl coO3Jal0TCS C OOMOIUBIO rpaduueckoli  (yHk-
M ParametricPlot3D, KOTOpas MMEET HECKOIBKO Mommdukanmit. OxHa W3 HUX
TaKoBa:

ParametricPlot3D[fy, f2, f3, {X, Xumins Xmax}, (Y, Ymins Ymax}]
rie:
O £, — i-a2 Qyukuus, 3a1a1011a8 KOOPAMHATbI TOUYKH X;, s}

D Kmins Xmaxs Ymins Ymax — MHUHUMAQJIBHOC U MAaKCUMAJILHOC 3HAYCHUA KOOPAUHAT TO-
HCK.

Hanuast QyHkuus cTpouT rpaduk Ha OCHOBAaHMM MAPAMETPUUECKOrO 337aHus BCeX
Tpex ¢yHkuuid. [lokaxxem pe3ynbTarsl ee JeHCTBUS Ha NpUMeEpax.
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Mpumep 3.25

Heo0xonumo noctpouth rpaduk oObexkTa, napaMmeTpuueckue (PyHKUUU KOTOPOro
VMEIOT BUI:

fi= x2 cosx(S + cos(x + y)),
= x? sin x(S + cos(x + y)),
£y =x%sin(x+y).
Jlnanazon u3MeHEeHUs NepeMeHHbIX: 11 x — oT 0 10 37, ans y — ot 0 110 27.

B nanHoM cnyvae QyHkiMs ParametricPlot3D OyJeT UMETh BUA:

ParametricPlot3D[{x"2 cosx (5+cos (x+y)), %x° sinx (5+cos (x+y)),
x* sin(x+y)}, {x, 0, 3u}, {y,0,2m}]
Peammzarns ¢pyHxnmm nokaszana Ha puc. 3.31.

ParametricPlot3D[{x*2 Cos[x] (5+Cos[x+y]) ,x*2 Sin[x] (5+Cos[x+y]),
x*2 Sin[x+yl},{x,0,3 Pi},{y,0,2 Pi}]

Puc. 3.31. I'padux pynxunn npumepa 3.25

IlpuBenem ele oAuH TUIMYHLINA IpUMEp NOCTPOeHUs PUTYPBI

Mpumep 3.26

Heobxonumo noctpouth rpaduk (Qurypbl, napamerpudeckde (QyHKIMH KOTOPOH
UMEIOT BUJL:
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fi=cosx(3+cosy),
f> =sinx(3+cosy),
J3=sin2y.
Jlnanazon u3MEHEHUs NMepeMeHHBIX: 11 x — oT 0 10 27, anst y — ot 0 110 27.

@yHKIMA ParametricPlot3D B IaHHOM ciy4ae OyJleT UMETh BUJ:

ParametricPlot3D[ {cosx (3+cosy),sinx (3+cosy),sin2y}, {x,0,2n.,{y,0,2n}]

Peanuzanus ¢yHkuuu npuseneHa Ha puc. 3.32.

ParametricPlot3D[{Cos[x] (3+Cos[y]),Sin[x] (3+Cosl[y]),
Sin[2 y1},{x,0,2 Pi},{y,0,2 Pi}]

Puc. 3.32. I'papuk Gpynkmm npumepa 3.26
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CneunanbHble BbIYUCIIEHUSA

B riase u3araioTcs KOMIIbIOTEPHbIE TEXHOJOTMU PELICHUs MATEMATHYECKUX 3a/ad.
Ornucansl CIEAYIOMUE OTEpallii MaTeMaTHIeckoro aHain3a B cpene Mathematica:
BEITHCIICHUE CYMM W TIPOWM3BEACHMH, CITOCOOBI TabynnpoBaHus (pyHKIWH, BEITHCIE-
HUE NpeNeNnoB, pa3aomkeHue QyHKIMY B cTeneHHOU psia, auddepenuupopanue. [lpu-
BOJSTCS [IPUMEPbI PEILCHUS 33124 MAaTeMaTUYEeCKOro aHa1u3a.

4.1. BoluncneHume cymm

Cuctema Mathematica BbluucCsSeT CyMMbI BUJA:

Tmax .]max max

-8 DI

i=i, k Komin

min J Jmm

CyMMPpOBaHWE OCYIIECTBISCTCS IO HEOTPaHWIEHHOMY YHCITY TIEPEMEHHBIX U JTI000-
My AMANA30Hy UX U3MEHEHUs JO OECKOHEUHOCTU BKIIOUUTENLHO. Bbluucienus ocy-
LIECTBISIIOTCS KAK B aHAIUTUYECKOM, Tak U B YMCIeHHOM Buae. Ilpu stom Qynkuums f
MOKET ObITh CIIUCKOM UHMCEJN, CUMBOJIbHBIX NMEPEMEHHBIX Wnu QyHKLUEH HeorpaHu-
YEHHOTO YHCJIa TIEPEMEHHBIX CyMMHPOBAHHS.

4.1.1. BbluuncneHme cymm

B aHanUTU4YeCKOM Bupae

PesynbTaramMu cyMMHUpOBaHMS B aHAJIUTUYECKOM BUJE MOTYT ObITh BBIPAKEHUS
((opMyiibl) WM TOUYHBIC 3HAYEHUS CYMMbI, OPEJCTABICHHbIE B HOPMalbHOU (hopme

(c uncmTeneM 1 3HaMeHaTeneM). CYMMHpPOBAHNC B aHAJTUTHICCKOM BHIE OCYIIECTB-
JIIETCS ¢ TIOMOTIBIO CIICTYFOIITIX BCTPOCHHBIX (DYHKITHIA:

Sum|[ £, {l/ It
Sum[fi, {i, imin, dme=}]
Sum([fi, {i, imin, dmaxs Ai}]

Sum([fi,5..., {1, dmins dmax}s, {3, Jmins Jmax}s, «..]
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B (yHKUMIX NpUHATHL crenytouie 0003HauYeHUs:

O £ — s1eMeHTB CYMMUPOBAHWSI;

O i — nepeMeHHas CyMMHUPOBAHHS;

a inin, lmax — MHUHUMAAbHOE U MAKCUMAIbHOEC 3HAYCHHS MHACKCA 1}
O A, — mar u3MeHEHUS TIEPEMEHHOM 1.

TlprBenennble GyHKIMM peaqn3yloT CUMBOJBHBIC BEIMHCICHUS CyMM, a TakXkKe THC-
JICHHBIC BBIYHCIICHWsS] C BBIAAYeH pe3yibpraTa B BHIE TOYHOTO 3HAYCHUS CYMMBI
B HOpMaJbHOH (pOpMe MPEACTABNCHUS YUCTA.

PaccmoTpuM noapo6HO Bee hyHKIMH CYMMHPOBAHUS W TIPABENEM TIPHMEPEL.

OyarTS Sum([f;, {i, dimex}] BBIUUCHACT CYMMY 3HAUCHWI f; TIPU M3MCHCHUH
uHAeKca 1 0T 1 10 i, C IIATOM, PaBHBIM 1.

Mpumep 4.1

HeoOxonumo Haiitu cymmy umcen oT 1 jgo n ecnu f=n, f=n2, f=n3,
12x=1000, 1,.=1000000.

B nanrOM ciydae creayeT BOCIONB30BaTECS PYHKIMEH Sum ([ f, {1, imax}], TAC i=n,
ipax=n, WU 1,.,=1000, UIMU i,,,=1000000.

Pemenne mpuseneno Ha puc. 4.1.

Sum[n, {n, n}]

1 1

— n

P + 1)
Sum[n2, {n, n}]
1

En (l+ny (1+2m
Sum[n”3, {n, n}]
1

E nZ 1 +m) z
Sum[n, {n, 10001}]

500500
Sum[n, {n, 1000000}]

500000500000

Puc. 4.1. Pemenue npumepa 4.1

B nepsbix Tpex ¢yHkuusax Mathematica Bbiaana GopMylibl BHIYUCIEHUS CYMM Hary-
paJIEHOTO psiia YUCEN, WX KBaapaToB M KyOoB. Termeps BEIYHCICHHS MOXKHO BBITTOI-
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HUTb Jaxe "BpyuHylo". 3HaueHue CUMBOJILHOM MAaTEMAaTUKUM B €€ KOMIIBIOTEPHOM
peanusaluy TPYAHO NEPeoLeHUThb. B nocieaHux AByX npumepax GpyHKUMS BbIYUCIH-
Jla TOYHOE 3HaueHne CyMMBI urcelt ot 1 1o 1000 uor 1 no 1 000 000.

OyHkunsg Sum[fi, {i, imin, ima=}] BBIUUCISET CyMMY 3HAUCHHUI f£; MPH U3MEHE-
HUU MHJCKCA 1 OT 3HAYCHMS iy, 10 3HAYCHUS 1n.; C 1IANOM, PABHLIM 1.

Mpumep 4.2

. xﬂ
Heo0xonumo Haiitu cymmy uucen QyHKUuu f = — TIpu U3MEHEeHUU n OT 0 no oo,
n!

ot 1 g0 10 u ot 10 go 15. OnpenenuTs TakKe 3HAUSHUE CACAYIOILESH CYMMBbI:

30 31{ 21{

2R k-

B nannom ciyuae ykasaH Ipama3zoH W3MEHEHHS MEPEMEHHOM, MOITOMY IS BEIUHCIIE-
HUSI CyMM HEO0XOJIMMO BOCIONL30BAThCS PyHKIMEH Sum[ £, {i, imin, imex}].

Peuenue npuseneHo Ha puc. 4.2

Sum[x*“nfn!, {n, 0, o}]

2"

Sum[x*nfn!, {n, 1, 5}]

¥ % x? x5

Kb — +— + — +
2 & 24 120
Sm[x*nsn!, {n, 10, 133]

XlD X'U' le }{13
3628800 & 30016800 & 470001600 & 6227020800
Sum[3“k/k!-2°kf (k-1)!, {k, 1, 30}]
3808522422 728534928188928 13085603
B841761993739701954543 160000000

H[*]

4.,30742

Puc. 4.2. Petuenue npumepa 4.2

B neppoii 3anaue npumepa 4.2 Gysxuus Sum[£f;, {i, imin, imex}] HAlZIA CYMMY
OECKOHEUHOr0 psaa NokazaTelbHOM (pyHkuuu. Bo BTOpol W TpeTheil 3agauax oHa
Hallllla JacTWIHBIC CYyMMBI WICHOB psina. B mocnemHem mpuMmepe (yHKOWsS Hamnma
TOYHOE 3HaueHUue cyMMbl 30 4JICHORB Psija, BLIUMCIACHHBIX O opmMye:

30 31{ 21{

e (k-1
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CDyHKuym Sum([£fi, {i, imin, Imax, Ai}] BBIUUCIAET CYMMY 3HAYCHUH f; IIPU U3~
MEHEHUU UHJECKCHON NEPEMEHHON 1 OT inin O igax € HOCTOAHHBIM IIATOM A;.

Oynxumsg Sum(fs, ..., {i, imin, imaxl, {3, Jmin, Jmax},...] BBIMHCIAET
CYMMY MHOTOMHIEKCHON (PYHKIMH MPU HU3BECTHBIX JMANa3OHAX 3HAUYEHUM HHJIEKC-
HBIX TICPEMCHHLBIX U TIOCTOSAHHOM IIare, paBHOM ]

Mpumep 4.3

Heobxomnmo BeMucinTs cymmy ¢yHkumw f =n! 1npw msmenennn n ot 0 mo 10
¢ mraroM A; = (.2, a Tak’Ke CyMMBI BHJIA:

50 10 w w Lho,m 3 3 .n .m
2 2 Xy Xy

D3PI (GESTI N 3D ILERuI 3p ECE

i=1 j=1 n=0m=0 1 1 n=lm=1 H= L

BBIYHUCIIMB TIOCIIEIHIOK CyMMy IIpH x =y =1.

B nmannoM ciyuae s BEIUUCICHUS CyMMBI k! HEOOXOIHMMO HWCTIONB30BATH BCTPOCH-
HYIO QYHKIHIO Sum ([ £, {i, imin, imax, A1} ], @ AT BEMUCICHUS MHOTOWHICKCHBIX

cyMM — (pyHKUMIO Sum[ £, {{i, imin, dmax}, {3, Jmins Jmax}}]. PellileHue 3a1a4n
[IPUBEICHO Ha puc. 4.3.

Sum[n!, {n, 0, 10, 0.2}]

9.81876 = 10°

Sum[x"2 +y*2, {x, 1, 50}, {y, 1, 10}]
448500

Sm[x*nfnly*mim!, {n, 0, w}, {m, 0, =}]
[ e

Sm[x*n/n!y*m/m!, {n, 1, 3}, {m, 1, 3}]

xzy %8 ¥ xyz «2 Y2 %2 Y:a xys «2 YG %2 Y:3
:(Y+—+—+—+—+—+—+ +

2 3 2 4 12 3 12 36
x:=1
¥:=1
H[%%%]
2.7

Puc. 4.3. IIpouenypsl pemenus npumepa 4.3

4.1.2. BbluucneHme cyMmm B YMCIIEHHOM Buae

Brmmcnenne cyMM B 9HCICHHOM BHAC OCYIIECTBISETCS B cricreme Mathematica ¢
MOMOILIBIO BCTPOEHHBIX (PYHKUUN, UMEIOLIUX TOT XK€ BUJ, YTO U (YHKLUU CUMBOJIb-
HOTO CYMMHPOBAHHS, ¢ TOOABICHNEM TIepel IMEHEM (YHKIIMH CHMBOJIA N:
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NSum[f;, {i, imexl}]

NSum[f;, {i, imn, imexl]

NSum[fs, {i, imin, imes Ai}]

NSum([fi,5..., {1, imins dmex}s {37 Jning Jmaxts «..]

TexHonOrus BLIYMCACHUS CYMM 3JI€Ch Ta K€, YTO U B CJIy4a€ CUMBOJIbHBIX IIEPEMCH=
HBIX. PCS}/J]])T&TOM BbIUMC/ICHUN SIBJISIETCS YUCIO, NpeAcTaBJICHHOEC B €CTECTBCHHON

(popme.

Mpumep 4.4

HCO6XOZ[I/IMO BBIMUCIIUTE CJICAYIOIUEC CYMMBEI:

2 !
lOOZ © 1 2

. 20 30 R
z T Zx‘efx, ZZ(x+y) .

f
z=1 2 z=12 x=1 x=1y=1

HOCHCI[HIOIO CYMMY BBIYHCJIUTH TIpU U3MCHCHHUKW X OT x=1 A0 x=72 ¢ maromMm
h=0.1.

Bbruucnenus cymm B cucreme Mathematica nokasaHsl Ha puc. 4.4.

HSum[z"27 2, {z, 100}]

169175,

HSum[1/z"3, {z, 1, m}]

1.20z08

HSum[x"2 Exp[-x]1, {x, 1, 2, 0.1}]
5.31199

HSum[{x+¥) "2, {x, 1, 20}, {¥, 1, 30}]
470500.

Puc. 4.4, Pemienue npumepa 4.4

@D
4.1.3. Acnonb3oBaHne CUMBOSIa CYMMUPOBaHUA ) &
@

Ilpu perienuu npaktuueckux 3aaad ya100HO U OPUBLIYHO BMECTO BCTPOSHHON (yHK-
@

LMK Sum KCIOJIB30BATh CUMBOJI CyMMUpOBaHHs » @ . B Tom ciiydae TeXHOJOrMs
®

CYMMHUPOBAHUSA 6yZ[CT COCTOATEH U3 BBITIOJIHCHUSA CICAYIONINUX ITYHKTOB!
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1. BbI30B CUMBOJA CyMMUPOBAHUs MAHENM MHCTPYMEHTOB MyTeM OOpaiueHus K
®
komannam meHio File: File | Palettes | BasicInput | 3rax cymmupoBanus Z@ .
®

2. Bpoa ¢yHKUMH f; U NPeaEIOB CyMMUPOBAHUSL.

3. Haxarue komOuHaluu knapuul <Shift>+<Enter> a1s nonyveHus oTsera.

Mpumep 4.5

HCO6XOZ[I/IMO BBIMUCIIUTD, UCTIOJIE3YSA CUMBOJI CYMMHUPOBAHUSA, CICAYIOMINC CYMMBI!

$u T 2[2— ! J I)IEHRA ) el

n=1 10" k! (k_l)' nlmln x=1y=1

Pemenne 3anaun npuseneHo Ha puc. 4.5.

2

n=1
—n(l+n
2 [ 1

-
Zx"i Fit
i=0

ES

B

30

DK rk -1 k-1) 1)
k=1

243420543241900635790370532190351

66313214953047764659077120000000
E]

Zi‘lx“n;n!x"‘m fm!

n=lm=l

= . TxE ®®
X o+ X + + = + —

12 [ 6

20 30
ZZ (X +¥) "2
x1y=l
470500

Puc. 4.5. Pemenue npumepa 4.5

4.1.4. NMpumepbl BbIYUCTIEHUS CYMM

B 1abn. 4.1 mpencraBiaeHbl QyHKUMHA U OpeAeabl CYMMUPOBAHUS, a TAaKKE OTBEThL
KOTOpBIE TIPUBOJSTCS B MareMmarwdeckoM crpaBounwke [7]. HeoOxommmo waiith
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CYMMBI TIPUBEICHHBIX (DYHKIMI ¢ TIOMOIIBIO crucTeMbl Mathematica  cpaBHUTE WX ¢
orBeTamMu. ECIv OHM HE COBMNAJAIOT, TO YCTAHOBUTh, KAKOM M3 OTBETOB BEPHbIIA.
TIprMepbl ONIC3HO PENTaTh HE TONBKO C MENBI0 YCBOCHHS TEXHOJIOTHH CYMMHPOBa-
Husd. OYHKUMU CyMMHUPOBAHMS SIBISIIOTCSA AHANMTMYECKHMH, COJACPKALIUMU CUM-
BOJIBHBIC TIEPEMEHHEIC, BEIUMHUCICHHE CYMM TTO3BOJISIET CYAUTH 00 WHTE/IICKTYaTbHO-
crn cructeMbl Mathematica.

Tabauua 4.1. @yHKUMY U Opeebl KX CYMMUPOBAHUS

Ne Oynkuus . .
imin imax | OTBeT MO CIPABOYHUKY
BAPHUAHTA | CYMMHPOBAHHUSA
2
1 2%k -1 k=1 |n n
2 Kk k=1 | n (n=11-1
Zhk-1 1 +1
3 k=t k=1 | n S
(k+2)! 2 (n+2)!
a
4 aq k = 0 [e0]
1-¢
1 2
5 k=1 r
(2k—1)* . 8
] 2
6 k=1 T
k-1 . 9%
1 1
7 5 k=1 0 —
4k -1 2
1
8 o k=1 |« In2
k2
9 _k k=1 |
(4k* 1) - * 8
1 3
10 3 k=2 0 -
k-1 4
11 2k k=1 !
2k +1)! - * e
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Ta6auua 4.1 (oxonuanue)

Ne DyHKuus . .
imin Lmax OTBeT N0 CNPaBOYHUKY
BAPUAHTA | CYMMHPOBAHHUS
P [ k=0 -1
2k +1)! - * 20 e
(N _
13 A k=0 | o cosl = 0.54030
(2k)!
14 kxl( k=1 L
T sy
15 sin 2% k=1 | n-1| clg—
n 2n
16 coskr k=1 | | Eomx
k 6 2 4
17 ! k=1 In—~
P - * x-1
x* 1
18 - k=1 © In
k 1-x
lMpumeyaHue

Cucrema Mathematica Moxer BBIIATH PCUICHHUC, COBIIAAAIOMICC C OTBCTOM,
BCPHOC, HO B UHOM BHAC, HAKOHCII, PCIICHUC CO CTICHUAIILHBIMA beHKLII/IHMI/I
B OTBCTC.

Jlnist yTIpoIeHyst perIeHns U COBIAJCHNS pe3ysbTara ¢ OTBETOM MOJIE3HO NIPUMEHSITh
(YHKINY yIpomeHns: Simplify, FullSimplify, Expand.

4.2. BbluncneHue npousseaeHnn

Cuncrema Mathematica TTO3BOJISET BEIMUCISITE TTPOM3BEACHNST HEOTPAHHICHHOTO HHC-
J7Ta IEPEMEHHBIX Kak B aHATUTHIECKOM, Tak W B WrcieHHOM Buae. [Tpu atom dyrkmms
£; MOXKET OBbITh CIIMCKOM 4HUCEJ, CUMBOJIBHBIX NMEPEMEHHBIX UMM (yHKUMeH Heorpa-
HUYEHHOT'O YUCJIA HEPEMEHHbIX.

PaccMOTpUM  TEXHOJOTHM  BBIYHCICHWS  MPOM3BEACHWN B CPEIEC  CHCTEMBI
Mathematica.
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4.2.1. BbluncneHune npousseaeHumn
B aHaNUTU4YeCKOM Buae
Pesynpraramu BbIUYMCIEHUS NPOU3BEACHUM B aHATUTUYECKOM BUJE MOTYT ObITh (op-

MyJBl WM TOYHBIC UWCICHHBIC 3HAYCHHS TIPOW3BEICHUS, TPEICTABICHHBIE B HOp-
MasBHOM dopMe (¢ IUCTUTENEM T 3HAMEHATETIEM).

BbluucieHHe NPOU3BEACHUN B aHAJIMTHUSCKOM BUJC OCYILICCTBISICTCS B CUCTEME
Mathematica ¢ TOMOTILIO CIEAYIOMIAX BCTPOCHHBIX (PYHKIIHIH:

Product[fi, {i, imasl}]

Product([fi, {i, imin, dmax}]

Product[fi, {i, imin, Lmax, A}]

Product[fi,,..., {1, imins dwext, {3/ Jmins Jraxt, +o. ]

B (yHKUMIX NpUHATHL crenyole 0003HaAUeHUs:

O £ — snemMeHTb NPOU3BEACHUS;

O i — ungexcHas nepeMeHHas YIEMEHTOB IPOU3BEICHUS,

O inin, imex — MAHAMANBHOE W MAKCUMATEHOE SHAYEHHS HHIEKCA i.

le/lBeﬂ,CHHble (l)yHKU,l/ll/l BBIMUCJIAIOT NPOU3BEACHUSL B CUMBOJIBHOM WUJIM YUCIICHHOM
BUJIE C BhIIAYCH pe3yibTara B BUAC TOTYHOTO PCUICHU.

PaccmoTpuM BO3MOXKHOCTHU MEPEUUCICHHBIX (PYHKUUN WM IPUBEAEM NIPUMEPLI UX pea-
TIM3aTAN.

a CDyHKuym Product[f;, {1, 1max}] — BBIUUCIAET NPOU3BEACHUS 3HAYCHUN f
[pYU U3MEHEHUU UHAEKCA 1 OT 1 A0 i € LIAroM, paBHbIM 1.

a CDyHKuym Product[fi, {1, imin, dmax}] — BBIYHUCIHACT NPOU3BEACHUEC 3HAUC-
HUN f [IPU U3MEHEHUU 1 OT 1pi, A0 igax C LIATOM, PABHBIM 1.

O ®ynxums Product[f:i, {i, ima, imes, A}] — BBMHUCISET TIPOM3BEICHUE
3HAYEHUHN £ MTPU UBMEHEHHUH 1 OT inin O imax C IIATOM, PABHBIM A,

O Oysxkuust Product(fis,..., {i, dmins dmests {37 Jmins Jmaxds ...]1—
BBIUMC/ISICT MPOM3BEACHUE 3HAYCHUI MHOronapamerpuyueckoil GyHkuuu f; . ...
TIPU U3MCHEHUU 1 OT inin A0 imax, J OT Jmin AO Jmax U T. I

le/lBeﬂ,CM NPUMEPLI BBIYUCIICHUA HpOI/ISBC,ﬂeHI/lﬁ dHAJIMTUYCCKUMU METOJaMU.

Mpumep 4.6

Tpebyercst BEIMUCIUTE POU3BENCHUS CIIENYIOLINX BHIOB!

S S

[T+, [Ta+x)*, ﬁx", ll_ollnx, f[ﬁ(x+y)2.
k=1 x=2

x=1 k=1 x=1 y=1
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10

Tlpoussenenune Hlnx HEOOXOINMO BBIYUCITATE C IIaroM 2 =2 .

x=2

Pemenue 3anau npuseneHo Ha puc. 4.6.

373248000
1+t

s +
xzk(lkj

H[%]

9.24372

2073600

Product [{1+x) 3, {x, 5}]

Product[{1+x) "k, {k, 5}]

Product[x“k, {k, 1, k}]

Product [Log[x], fx, 2, 10, 21]

Log[2] Log[4] Log (6] Log[8] Log[10]

Product[{x+¥) "2, {x, 1, 3}, {¥, 1, 2}]

Puc. 4.6. Pemenue 3ana4 npumepa 4.6

W3 puc. 4.6 ciaeayer. uTo B NEPBLIX TPEX 3aJadax PEIICHUE MONY4YEHO B aHATUTUUE-
ckoM Buae. CuctemMa He BBIUUCIMNA CyMMY JIOrapu(MOB, XOTSI apryMEHT 3ajaH B
Byje uucen. Jl1s nodyueHust CyMMbl IPUIILIOCH UCIIOIb30BATL KOMAHAY N[%]. A BOT
B MOCIEJHEM MPUMEpPE CUCTEMA HAIILIA CYMMY B UMCISHHOM BMAE, HECMOTPS HA TO,
YTO perrana aHATMTHIECKAM METOIOM. DTO 0OBSICHSIETCS TEM, UTO B JAHHOM TIPAMEPE

TOJTYYCHO PCIICHUC abCOJTIOTHO TOYHO.

4.2.2. BbluncneHue nponsBeneHumn

B YNCrieHHOM Buae

BbluucieHde OPOM3BENCHUHA B UMCIGHHOM BU/IE OCYLIECTBILSIETCS CUCTEMOMN
Mathematica ¢ mOMOILBIO BCTPOCHHBIX (YHKIUN, HMEIOIIMX TOT K€ BUJ, YTO U aHa-

JIMTUYCCKUEC MCTOAbIL, C ﬂO6aBJ’I€Hl/IeM nepea UMEHEM (byHKlll/ll/l CUMBOJ1A N:

NProduct [£f;, {1, imax}]
NProduct [fi, {1, imn, Imex}]

NProduct [fi, {1, imin, Lmax, A}]

NProduct[fl,j, oo A1y dmins imex)s {jl jmlnl

an/IBCZ[CM TIPUMCPBI BEITUCIICHUS HpOI/I3BCI[CHHﬁ YUCJICHHBIMHU MCTOAAMH.
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Mpumep 4.7

HCO6XOZ[I/IMO BBIMUCIIUTE B YUCJICHHOM BUIC CIICAYIOIIHC TIPOU3BCACHNA:

6 1 1o 5 3
H—' (xe ™+, T]I]»v-
7

x=1 x=1 y=1

19 x—0.5

[1

I x+05

Peuienue 3a1au npusejeHo Ha puc. 4.7.

HProduct [{x-0.%) / {(x+ 0.5}, {x, 10}]
0.047619

HProduct[1/x!, {x, 2, 6}]

4.01878 x 107°

HProduct [ (xExp[-x] + 1), {x, 1, 10, 0.5}]
4.41215

HProduct[x¥y, {x, 1, 5}, {¥, 1, 3}]
1.34369 % 107

Product[xy, {x, 1, 5}, {¥, 1, 3}]

13436528000

Puc. 4.7. Pemenue 3ana4 npumepa 4.7

4.2.3. Ucnonb3oBaHue
cumBorna npousBeaeHus I1

Ilanens MHCTPYMEHTOB COAEPKUT cUMBOI mpousBeaeHus I1, koTopslil neaecoobpas-
HO WCIOJB30BaTh MPH aHAIMTHIECKOM MeTone cymMmHupoBaHHd. [Ipu 3ToM TexHOIO-
TSl BEIYUCIICHUS! TTIPOU3BEICHNUS COCTOUT B BBITIOJIHEHHUH CIICAYOIIUX TIPOLIENYP:

1. O6pamenne k cumBody [1: File | Palettes | BasicInput | IT.
2. Bpoa ¢yHKUMH f U NpenenoB NEPEeMEHHONH NPOU3BEACHUSL.
3. Haxarne komOmHarmn kaarm <Shift>+<Enter> mys momyaeHns perreHws.

an/IBCZ[CM TIPUMCPBI UCTIOJIE30BaAHU CUMBOJIA TIPOU3BCACHHS.

Mpumep 4.8

Heob6xommMo BEMUCTHTS, MCTIONB3YSI CUMBOI [ 1, Tpowm3BeneHnst GyHKIMIT 13 TiprMe-
pa4.7.

Pemenue 3anau npuseneHo Ha puc. 4.8.
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1n
l_[ (- 0.5 f (x+0.5)

u=l

0.047619

[
nl,'x!
H=2

1
24683200
H[%]
4.01878 = 107°
5 =
[[[1*¥
u=ly=1

13436928000

Puc. 4.8. Pemenue 3ana4 npumepa 4.8

U3 npumMepa 4.8 BUAHO, 9TO PCIICHUC TIOJIYICHO B BUIC TOYHBIX 3HAYCHUI TPOU3BC-

&1
JICHUH. npOI/BBCZ[CHI/IC H—' MOJIYYCHO B BUAC TOYHOI'0 YHCJIA, TIPCACTABIICHHOIO B

=2 X!

HopMastsHOH (opme. [Itst TIoNmywTeHns IPHOMMHKSHHOTO JHCTTa B €CTECTBEHHOH (hopme
TIPUIILTIOCH UCTIOINB30BATE CUMBOJ N [%].

4.2.4. NMpumepbl BblYUCNEHUA NPoOU3BeaEHNN

B tabn. 4.2 npruBeneHs GYHKINYM W TIPETEITHl BEIMHCICHAS pon3BeacHMA. X peme-
HHE TIONIE3HO JUTs TIPHOOpETEHHs OfbITa pelleHns 3anad B cucreme Mathematica, a
TaKKe ¢ METBI0 U3yUEHUST BOBMOXKHOCTEH CHCTEMBI M €€ MHTEIUIEKTYAITBHEBIX CTT0C00-

HOCTEIA.
Tabnanua 4.2. OyHKIIUN 1 TIPEIEIIBI BEIUUCICHUS TPON3BEICHUH
Ne DyHKuusn imin imax OtBer
BapuaHTa
(_ 1)k+1
1 1+ — k=1 o 2
2k-1 J_
1 1
2 1-— k=2 o —
k 2
3 - ] k=1 2
(2k)? B ’ n




CnieuunalibHble BbIMUCTIEHUSA 119

Ta6auua 4.2 (oxonuanue)

Ne @Oyukuus imin imax OtBer
BapHaHTa
1 m
4 k=2 —
T (2k-1)? * 4
p 1
5 1+ x@®) k=0 0 :
2
6 - Lzz k=1 o0 COS X
Qk+1)"n
o xZ
7 ]| 1+ pE — — sinh x
n-1
8 2"'T1 sm[x + E] — — sin(nx)
k=0
2
sin3x
9 -T1)1- — —
1 (x + kﬂ] sinx
10 1 cosik — — sin x
w0 xz
11 x| | 1-—— — — sin x
-2

lMpumeyaHue
)106I/IBaﬁTCCB, yTOOBI BAITN PpCHICHUA COBITAAAIN C OTBECTAMH.

4.3. TabynupoBaHue thyHKLUN

IIpencraBnenue GpyHKUMU B BUE TaONMUbI HEOOXOJUMO B CASAYIOLIUX CAY4asiX:
O onpeaenesue nOrpeLIHOCTY MHTEPIOIALMM;

BBIYUCJICHUE UHTErPAJIOB CIEUUAJILHOI'O BU1A;

a

O onpeaeneuue CreneHy MHTEPHOJSALMOHHOIO IOAMHOMA [0 3HAYEHHAM Tabauy-
HBIX Pa3HOCTEH;

a

oLeHKa 001actu H30J1UMH KOPHA.
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Tabnuily MOYKHO [OJIYYUTh HENOCPENCTBEHHBIMH BbIMUCACHUAMU 3HAYeHUH QyHKLMU
f(x) mpu pa3nuuHBIX 3HAYEHUSIX apryMmeHTa. OJHAKO B 3TOM HET HEOOXOIUMOCTH.
Cucrema Mathematica /utst THX TieNeit NMEET CIEIYIONNe BCTPOSHHBIE (DyHKIINH:

Table[f (x), {n}]

Table[f(x), {X, Xuax}]

Table[f (%), {X, Xuwin, Zmax}]

Table[f (%), {X, Xun/ Xmx AX}]

Table[f(x, y, «..), {X, Xmins Xmax}, (Y, Ymins Ymax}, «..]
Berpoennsie GyHKIMI UMEIOT CIIEAYIOIINE 0003HAUEHHUS:
£ (x) — Talyaupyemas QyHKIUS;

x — apTyMEHT TabyIupyemoit QyHKInM;

n — 9YUCIT0 MOBTOPEHNH HYHKINN £ (%)

Xnin — MHHUMAJIIBHOE 3HAUYEHHUE apTyMEHTa;

Xmax — MAKCUMAJIBHOE 3HAUYCHHE apTyMEHTa;

Ax — LlIar U3MEHEHUs] apryMeHTa;

0 [ [ R I [ |

f(%,y,...) — QYHKIUS MHOTUX TICPEMEHHBIX, apTyMECHTaMH KOTOPHIX SBIISIOT-
CA X, Y, ...

OtkamrkoM mo00# GYHKINN Table SBISETCS BEKTOP WM MaTpHIlA, HIMEMEHTH KOTO-
PBIX €CTh TOUHEIE 3HaYeHNS (yHKImu. [1pr 2ToM HeT orpannyeHMit HA BUA PYHKIINY,
JINAITa30H U3MEHEHHS apryMEHTA U 1Iar TaOJHLIbL

Texnonorus Tabynuposanust GyHKIINA B cucteMe Mathematica upe3BrdaiiHo mpocra:
BBOJWTCS (DYHKINS Table W AJS TIONYWIEHWs OTBETA HAXKMMAETCS KOMOWHAIMS KIia-
Bum <Shift>+<Enter>.

PaccmoTpnmM Gornee mopoOHO BCTPOSHHBIE (DYHKIMH W IPHBEAEM MIPHAMEDPHI.

@yHk1Ms Table[f (%), {n}] — PyHKUMSA £ (x) ODOBTOPAETCS n Pa3 U NpPEACTABIACT-
¢sl B BUJIC BEKTOPA, KaKAbli 3JIEMEHT KOTOPOro — (PyHKIIMS B AaHATUTUYECKOM BUJIE.

Ecnu x — uucno, a gyHkums £ (x) MMEET TOUHOE 3HAYEHUE, TO OTKIMKOM SIBJSIOTCS
4KCNA BEKTOPA, MPEACTABICHHbIE B HOPMabHOM (opme.

Mpumep 4.9

Heobxonumo npeacraButh GyHKIMU Inx, In3 B Buze BeKTOpa C UUCIOM BIIEMEHTOB
n=5,adyukuun e ' ¥ sin2 B BMJE MATPHLIbI C YHCIOM IIEMEHTOB 1 =13 .
Peuenue npuseneHo Ha puc. 4.9.

W3 puc. 4.9 BuaHo, 4TO BO BCEX CIydasiX [OIy4aeM PELICHUE B aHATUTHYECKOM BUIE.
Jl1s1 noty4eHus YMCICHHOrO PEILSHUs UCMOb3YeTCs KoMaHaAa N [%].
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Table[Log[x], {5}1

Log[x] . Log[x], Log[x], Log[x], Log[x]}
Table[Log[3], {5}1

{Log (3], Log[3], Log[3], Log[3], Tog[3]}

H[%]

{1.09861, 1.09861, 1.09861, 1.009861, 1.09861}
Table[{Exp[-1], Sin[2]1}, {3}]

1 1 1

—, 58in[d] ¢+, « —, Sin[21}:, s —, Sin[2
g sma} {Lo s}, {2, s}
H[%]
[[0.367879, 09092971, [0.367879, 0.9092971,
0367879, 0.90929711

Puc. 4.9. TaGynupoBanue QpyHkuuii npumepa 4.9

OyHkuMS Table[f(x), {X, Xmax}] — OTKIUKOM SBISETCS BEKTOP, JIEMEHTHI KO-
TOPOTO €CTh 3HAYCHUSA (PYHKIUH f (x) OT x=1 JI0 X=Xpax PCIICHHUS TPEICTABISIIOTCS
B aHAJTUTUYICCKOM BUJIE.

Mpumep 4.10

Heo0xonumo npotaOyaupoBars cneayoiue GyHKIUu:
x2+l . a’+b?
. xe™, ,

X 2a

a Takke GYHKIHM x°, e, TPEICTABJICHHBIE B BUIE MATPHIEL MakcCHMAlbHOE 3Ha-
YEHHE APIYMEHTA Xpax=5.

Peuenue npuseneHo Ha puc. 4.10.

OyHkTHSA Table [f (X, {X, Xmin, Xmax})] — OTKIMKOM 3TOW (YHKIINH SBIICTCS
BEKTOP, 3JIEMEHTHI KOTOPOTO €CTh 3HAUCHWS (PYHKIIMM f (x) B JIWAMA30HE OT X=Xpuin
10 X=ZXyax, BbIYUCICHHBIE ¢ IIAroM A =1.

Mpumep 4.11

Heo6xonumo npotalyaupoBaTh (PyHKIMH:

x-1
O —— npH xpia=4, x0=10;
x+1

-1
a % OPU Dby =2, byau=6.
+
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Table[(x"2 + 1) Fx, {x, 5}]
5 10 17 26
{z. }

PR
Table[xExp[x], {x, 5}]1
(e, 2 cez, 3 cea, flceq, 5{35}
H[%]
{2.718z28, 14,7781, e0.2566, 218.393, 74Z.066)
Tabhle[{a"“2+b"2)}f2a, {a, 5}]

1 3 5
{E (1 +1%), 4+ k%, = (94+hi1, 2 (16 + b3, = (25+sz}

Table[{x"2, Exp[x]}, {x, 5}]
{11, ey, 14, €°3, {9, &}, {16, e%, {25, %1}

Puc. 4.10. Pemenue npumepa 4.10

Brmonauts Tarke Tabymuposanue GYHKINH x ¥ InXx B AMANA30HE Xpin=5, Xmax=8,
[IPEACTABIEHHbIX B BUJE MATPULIBL

Peuenue npuBeneHo Ha puc. 4.11.

Table[{x- 1}/ (x + 1), {x, 4, 10}]
{3 2 5 3 7 4 = }

537" 4" 9°%5" 11

Table [(a-1) /(b + 1), {b, 2, 6}]

{i (-1+al, 1 (-1+a), 1 (-1+a1, 1 t-1+8), E (—1+a)}
3 4 5 [ 7
Table[{x, Log[x]}, {x, 5, 8}]

{{5, Log[3]}, £6, Loglel}, {7, Log[71}, {8, Log(8]}2
HI%]

{{5., 1.60944%, {6., 1.79176}, {7., 1.94591%, (8., 2.0794471}

Puc. 4.11. Tabynupoanue pyHkuumii npumepa 4.11

ONHAM W3 HEAOCTATKOB TAOYTMPOBAHWS ¢ TTOMOIIBIO (PYHKIMN Table SIBIACTCS OT-
CYTCTBUE B OTBETC 3HAUCHWI apryMEHTa, TIPU KOTOPOM BEIUHUCISCTCS (DYHKITHS. DTOT
HEJOCTATOK 3aTPYyIHSIET OTPEACICHUE OTBETA, €CIIA Tabumia JuHHAsS. Bo3MOXKHOCTE
Ta0y/IMPOBAHUS OJHOBPEMEHHO HECKOIbKUX (YHKIMH NO3BOSET YCTPAHUTh 3TOT
HenocTarok. Jlng 3Toro a0ctaTouHo (QyHKIMIO £ (k) OpPEACTaBUTh B BUJE BEKTOpa
{x, £(x)}. Torna oTBer OyAeT MOMyYe€H B BUJIE MATPUIIbL, DAEMEHTAMU KOTOPOM
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SIBIISIIOTCA 3HAYEHUS x U £ (x). DTOT ciyuail mokasaH Ha puc. 4.13 mpu Tabyaupoa-
A GyHKImMA log x .

@OyHkuua Table[f (%), {X, Zwin, Zmax, AX}] — OTKIMKOM (QYHKUMM sBISIETCS
BEKTOP, JJIEMEHTAMU KOTOPOIO SBJSIOTCS 3HAueHus (yHKUMM f(x) B Juana3oHe
OT X=Xpin 10 Xyax IPU LIATE /1 = AX.

' Mpumep 4.12

Heobxonnmo nmpoTtalbynmupoBarh CIeAyomue (yHKIHN:

O f(x)=Inx 0pu xu.=1, Xpa=5, Ax=0.1;

a s (x):\/; TMPH Xpin=1, Xmax=5, Ax=0.5, TPEACTABUB OTBET B BUJEC MATPHIIGI,
3JEMEHTAMU KOTOPOM SBISIOTCS 3HAYCHHUS apTYMEHTOB X U PyHKIMU [ (X) ;

5 )

a J(x)=x"mn f(x)= \/; TPH Xnin=1, Xmaz=2, Ax=0.2, TIPEIACTABUB OTBET B BUIC
MaTPHIIBI, 3JIEMCHTAMY KOTOPOU SBISFOTCS 3HAYCHHS apryMEHTOB X W (DYHKITHIA
Fx).

Pemenns npusenens! Ha puc. 4.12.

W3 puc. 4.14 sunno, 9T0 GyHKIMSA Table [f (%), {X, Xmin, Xmax, Ax}] BBIIACT
PEICHNE B YUCIICHHOM BHJIE, B TO BPEeMs Kak TaOyIHPOBAHUC C TTOCTOSHHBIM IIaroM
JIAeT PEIICHUE B AaHATIUTHIECKOM BHIIE.

OyHkima Table[f(x,y,...), {X, Xmin, Xmaz}, {Ys, Ymins Ymaz}, ...l OCYy-
ECTBIAET TabyIUpOBAHNE (PYHKINAH MHOTHX TIEPEMEHHEIX, YUCI0 (DYHKIMH He or-
paHuyeHo. PellieHye BbIIAET B AHANMTHYECKOM BUIE.

Table [Log[x],{x,1,5,0.1}]
{0,0.0953102,0. 182322, 0. 262364,0.336472,0.405465, 0.
470004, 0.530628,0.587767,0. 641854, 0, 693 147, 0. 741937
,0.788457,0.632909,0.575469, 0, 916291, 0. 955511 ,0.993
252,1.02962,1.06471, 1. 09861, 1. 1314, 1. 16315, 1. 19392,
1.22373,1.25276,1. 26093, 1.30833, 1,335,1.36095,1.386
z9,1.41099, 1. 43505,1.45562, 1. 4516, 1, 50408, 1.52606,1
54756, 1. 56862, 1.58924, 1. 60944}

Table[ {x,Suyrt[x]} ., {=x,1,5,0.5}]

1,1, {1.5,1.2249474}) ,{2.,1. 41421}, 4{2.5,1.558114}) ,{3.
SL073205) ,43.5,1.87V083, (4. ,2.),{4.5,2. 12132} ,{5.,2
236071}

Table[ {x,x"2,5qrt [x1},{x,1,2,0.2}
$41,1,13,{1.2,1.4%,1.09545},{1.4,1.96,1.18322},{1.6
,2.56,1.26491},{1.58,3.24,1.34164},{2.,%.,1.41421} }

Puc. 4.12. Pemenue npumepa 4.12
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 Mpumep 4.13

Heobxomumo  TaOynmupoBaTh  CHCAYIOIIHEC  (DYHKITHH: f(a,by=\a® +b* ,
f(n, m)=n!m! Npu U3MEHEHNN apryMeHTa a oT 1 10 4, a BceX OCTANIBHBIX apryMEH-
TOoB — OT 1 710 5 ¢ mraroM, paBHbIM 1.

Peuenune npuBeneHo Ha puc. 4.13.

Table[Sqrt[a“2 +b*2], {a, 1, 4}, {b, 1, 5}]
[Nz, 5,10, 17, 28], {5, 242, 13, 245, V23 ],
[Vio, 13, 342, 5, 433}, [V17, 245, 5, av2, Va}]

Table[n!n!, {n, 1, 5}, {m, 1, 5}]
(11,2, 6, 24, 120}y, {2, 4, 12, 48, 240}, (6, 12, 36, 144, 720},
{24, 48, 144, 576, 2880}, {120, 240, 720, 2880, 14400}}

Puc. 4.13. Pemenue npumepa 4.13

4.4. BoluucneHue npenernos

4.4.1. TexHONOrMsA BbIYUCIIEHUS NpeaenoB
cucrtemon Mathematica

CyuiecTBYIOT MareMaTu4eckue (QyHKIMH, 3HAYSHUS KOTOPHIX NPHU OMPEACIEHHBIX
3HAYCHUSIX APrYMEHTA SBISIOTCS HEOMPEASISHHbIMUH. DTO CIy4YaeTCs, HAmpumep,
B TeX Ciy4asX, KOraa B yHKIMU MMEET MECTO Pa3pbiB HEMPEPbIBHOCTH WM [IPU
0 0 o o
OMPE/ICNCHHBIX 3HAYCHUSX APIyMEHTA OHA UMEeT 3Ha4YeHus: —, —, —, —.
0 o 0 o
B Takux cimydasx MOTYT BO3HWKATE TPYAHOCTH PEIMICHHS MaTEMaTHUCCKUX 3a1ad.

Bort onuH U3 npumepos.

Mpumep 4.14

x—1
Heo0xonuMo BbINONHUTL TaOylaupoBaHuEe (PYHKLUUMU V= l_ OPU Xpin=1l, Xpax=5
n
¢ waroM, paBHbiM 1. PerieHue ¢ nomMoliibio pyHKIMU Table MOKa3aHo Ha puc. 4.14.

W3 puc. 4.14 BunHO, 4TO pemIeHNe HE TONMYIEHO, T. K. TP x =1 3HavYeHNe QyHKINH
HE BBRIYHCIICHO. Mexny Tem Tipu x =1 3HadcHHE (PYHKINU paBHO 1. DTO BHAHO W3
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nocaeaHed cTpoku puc. 4.16, rae HaxoAWUTCA Pe3ynbTaT BLIYMCICHHUS Npenena uc-
XOJHOH (pyHKIMU.

Tabhle[{x, (x-1)/Log[x]},{x,1,5}]

1
{1, Indeterminace 3 2 —
{ , , { , ng [2] }F

2 3 4
3, — —— 4 5
E Log (3] b {2 Log (4] b s Log [5] 1
(%]
{{1., Indeterminate}, {2.,1.4427} ,{3.,1.82045}, {4.,2.1640
4}, 15.,2.48534} )

Liwit[ (x-1)/Log[x], x-+1]
1

Puc. 4.14. Pemenue 3anaun npumepa 4.14

IlonoOHBIX mPUMEPOB BENIMKOE MHOKECTBO. B KakI0M M3 TaKkuX ClyvaeB MOJb30Ba-
TEJ0 NPUXOJUTCS aHATU3UPOBATH PEllieHHe, BLIYUCIATH npeaensl. [l onpeaeneHus
mpejesa BO MHOTHX ClyyasxX MOJb3yioTca mpaBunoM Jlomurans: opeaen (yHKuuu
f(x) paBeH mpeJeny OTHOLLUEHHUS MIPOU3BOJHON UUCIUTENS, ASICHHON HA POU3BOI-
Hy!10 3HaMeHartess. Hanpumep:

Cox=1 . == 1 .

11m—=11mu=hm—=hmx=l.

x>l Inx x>l (]n _x)' PENES SN

X

3aMeTUM, YTO A0 MOSBJCHHUS CUCTEM KOMIBIOTEPHOH anre0pbl 3a1auya BbIYUCICHUS
MPEJICTIOB C TIOMOIIBIO KOMITLIOTEPHON TEXHUKH BOOOITIC HE CTABUIIACK, T. K. KOMITBIO-
TEp TEX BPEMEH ¢ €r0 MPOTpaMMHBIM 00CCTICUCHUEM TaKUE 3a7ad¥ HE MOT periaTh
OPUHUUITUATIBLHO.

B cucreme Mathematica npesenbl onpeaenstoTes ¢ NOMOIIBIO BCTPOEHHOM PyHKUUU
Limit, UMCIOLLEH BUA:

Limit[f(x), x —> X0l

rae:

O £ (x) — QyHKOms, Ipenes KOTOPOH HEOOXOIUMO ONPEIETHTE;
O x — aprymeHT QyHKLWH £ (x);

O x, — OpenenbHOe 3HAYEHUE x.

Dra GyHKIHS TO3BOISICT HAXOMUTH MPEIeT HE TONBKO B BUJC UHCHIA, HO TAKXKe B BUIC
AQHATUTHICCKOTO BERIPAXKCHHS, UTO CBHUICTCIHCTBYET O BBICOKHX WHTEIUICKTYABHBIX
BO3MOKHOCTAX cucTeMbl Mathematica.

PaccmoTpum npumepsl npuMeHeHus GyHKUUY Limit.
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 Mpuwep 4.15

HCO6XOZ[I/IMO ONPCIACINUTD CIICAYIOIHNC TTPCIICIIBIL

=2t n . X
I-e mim e m & g SE g e

s

im , lim .
1—0 ln(] — 31) n—>01— " x>0 x =0 X x>0 —e "

Peuenue npuBeneHo Ha puc. 4.15.

Limit[(1-Exp[-2t])/Log[1-3t],t 0]
2

3
Limit[ {1-a*n} /{1 - Exp[n]}, n— 0]
Loglal
Limit[Tan[x] /x, x - 0]
1
Limit[Sin[x] /x, x - 0]
1
Limit[ {1+ Exp[x1) / (1-Exp[-x]}, x— 0]

=3

Puc. 4.15. Pemenue npumepa 4.15

CDyHKuym Limit MMEET ClIeAYIOHUE OMNLMU: Direction U Analytic.

Onuus Direction yka3blBaeT HampapBieHUE NPUOIMKEHUS K Mpefeny, OHa UMEeT
BU:

Direction -> +1

Direction -> -1

3nauenne +1 03Ha4acT, 49To HpI/I6J'H/I)KCHI/IC K TIPCACIy OCYMCCTBIIACTCA CJICBA, a
-1 — copaga. [1o ymonyanuio HanpaBieHue NpubanKeHus BLIOUPAeT cucTeMa.
q)yHKLH/IH Limit ¢ ONIMEH Direction UMEET BUI:

Limit[f(x), x->%X¢, Direction -> +1]

Limit[f(x), x->X¢, Direction -> -1]

Mpumep 4.16

. 1
TpeOyetcs onpenenuts creayouuii npeaen: limarctg— npu npubIMKEHUU K IIpe-
x—0 X

Jielly ClleBa U CclipaBa.

Pemenne npuseneHo Ha puc. 4.16.
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Limit[ArcTan[1/x], x— 0, Direction — +1]
T

2

Limit[ArcTan[1/x], x— 0, Direction — -1]
ks

Z
Limit[ArcTan[1/x], x— 0]
m

2z

Puc. 4.16. Onpeaenenue npeaena npu NpudIMKEHUH CJIeBa U CrIpaBa

W3 puc. 4.16 BuaHO, 4TO npesaebl Opy OpUOIMKEHUM K HUM CJIeBa U CIpaBa pasHble.
Ilpu oTCYTCTBUM ONLMM Direction cucrema BbiOpana NpuUOIMKEHUE K Hpeaeny

clieBa.
Puc. 4.17, nwa koropom npusened rpadpux dyuxkimu arctg(l/x), naer oGbsicHeHue

npubIM>KeHUH U OTBETOB.

Plot[ArcTan[1l/x],{x, -10, 10}]

1.5

Puc. 4.17. Tpadux ¢pyuxuun arctg(1/x)

W3 rpaduka puc. 4.17 BUIHO, YTO (PyHKLIMS UMEET Pa3pblB HEMPEPHIBHOCTU U OPU
npubnkeHud K Hemy cieBa (+1) openenom Oyner oTpuuaTenbHOe 3HaUeHUE (PyHK-
i (—n/2 ), a npy ipubIIMKEHIH cripasa (—1) — nonoxurensHoe ( /2 ).

OyHKIMA Limit AMEET €me ONHY ONUHUI0 — Analytic. C 3TOH onumeil oHa npen-
CTaBJISIETCS B CIIEAYIOIIUX BUIAX:
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Limit[f(x), x->Xo, Analitic -> True]
Limit[f(x), X->X¢, Analitic -> False]

Ota onLusl yKa3blBaeT, SIBISETCS U HeU3BecTHas (PyHKLMS aHAIUTHYeCKoi. boblio-
r0 MPAaKTUYECKOr0 3HAUEHUS 3TA OMLIUS HE UMEET.

4.4.2. NMpumepbl BblYUCNEHUs Npeaenos

B Tabn. 4.3 npuBenensl 3a1auu Ha onpeneneHue npeneno GyHxkuuud. OHU UITHOCT-
PUPYIOT BO3MOXXHOCTH cucTeMbl Mathematica. Iloss3oBarento ToE€3HO 0OpaTHUTH
BHUMaHHC Ha QHAJIMTHYCCKHE PEIICHUS, KOTOPBIC OTIPEACIAIOT HHTEINICKTYIBHOCTE
CHCTEMBI.

Ta6muua 4.3. DyHKIMK ¥ 3HAYEHUS UX TIPEICIIOB

[IpenenbHoe 3HAYeHUE

Ne DyHKUUSA OTtBeT
aprymenTa
1
1 (1+x)c o 1
1
> [_b 0 Ja. b
2
1
3 1+ 1)« o 1
x
1
4 (] —x)ﬁ 1 o)
1
5 (] —x)ﬁ © 1
—at
6 =™ 0 —a
log (1 —t)
, | 1= 0 _Ina
an a
] _ e*[l X
8 20— o a
2 _ e*(‘l X
x—a
9 a 1

In(x—a+1)
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Ta6auua 4.3 (oxonuanue)

IIpene. 0e 3HAYeHHue
Ne | Oynkuus PEAEILHOE 3HAUEHU OtBer
aprymeHra
2 X
o | 2221 2 —n?Inn
x—2

4.5. PasnoxeHue (pyHKLUUN B CTeNeHHOW psaa

4.5.1. TexHonorma pasnoxeHus pyHKLUN
B psa Tennopa B cucteme Mathematica

Paznoxenue (yHKIMM B CTENCHHOM Psi UMEET B MareMaruke O0JbIIO0e 3HAYCHUE.
OuHo 103BOJISET:

D YHpomaTs MaTCMATUICCKUC PpaCHCTRI,
D NMOJIyvaTh pCIICHUA 3a/1a49 B aHAJTUTHYCCKOM BUC,

D HaxOJUTh MAaTEMATUYCCKUE MOACIN Pa3IUIHbIX 00bEKTOB U SBICHUI IIyTeéM I10-
JIMHOMUAIbHOK HUHTEPNOJIALMU.

Bot oaun npoctoit npumep. Jlana pyHkius

2

05x | 5x2 .

y(x)=xe

Pasnoxus ee Boxpyr x, =0.75 B paa Teinopa, noayuum:

(x)=4.7x? +0.854x+0.036 .

Brmuciuv Teneps ompeneneHHbI WHTETpan OoT 00eux (YHKIMH B TIpeaenax oT
x=-2 g0 x=35. Tlomyuum:

5 5
[(xe™®¥ +5x%)dx =220.5,  [(4.7x% +0.85x+0.036)dx = 218.45.
-2

-2

Peuienus npaxktuuecku COBNANAIOT, HAA MOMYYEHHBIM B PE3yIbTaTe pa3iokKEHMS
B PsiJl OJMHOMOM TENEPh MOXKHO BBIUIONHATL MIOObIE MareMaTHueckKue AeicTBUs B
JIaTa3one 3HaueHuH x oT —2 1o 5. Hampumep, npon3BoaHas oT NCXOAHOH (GYHKINH
AMEET BHI:

X

’ _e 2(2_'x)
y(X)——2

+10x,

a B ciaydae noaudHoMa y'(x)=9.4x+0.85 — npsmas nuuus.
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Paznoxenue pyHKUMU B CTENEHHOH psial OCylllecTBAAETCs B cucTteMe Mathematica no
tdopmyne Teltnopa, koTopas UMEET BUIL:

I (a) / "(a)

f@)=f@+(x-a)——=+(x-a)’ *——=

" f“’) (a) @
a

+..+(x—a)

[Je @ — 3Ha4YeHue apryMeHTa X QyHKUUd y = f(X), BOKPYT KOTOPOrO NPOUCXOAUT
pasJ1oxKeHue B psijl.

D®opmyna (4.1) cripaBeuiBa JUlsl JIFOOOTO BEIIECTBEHHOTO HHCHA ¢, B TOM YHCIE W
aag a=0.1lpu a=0 dopmyna Telinopa npuHumMaeT BUA:

Jx)=70)+x

’ "y (n) s

SO, 2SO, 0O (4.2)
I 2! n!

®opmyna (4.2) HasbiBaeTcs padom Maknopena.

3ametuM, uTo (popmyisl (4.1) u (4.2) Mathematica BblgaeT, eciid BOCHONb30BATHCS
BCTPOCHHOU (yHKLMeN Series., OmucaHue KOTOPOH mpuBojuTcs jaaiee. Peinenue
oka3aHo Ha puc. 4.18.

Series[f[x], {x, a, 3}]

1 1
flal + £[a] (x-a) + Z £la] m-a) . n 0@ - s om-al’
Series[f[x], {x, 0, 3}]

. 1 . 1
£10] + £770] %+ = £710] ®% + Efm[u] x4 0[]

Puc. 4.18. Orknuk B Buae ¢popmysn Teitnopa u MakjiopeHa

Paznoxenne Qynkmmit B cremeHHoi psa B cucreme Mathematica ocymiecTBisieTcs
€ MOMOLIBIO CAEAYIOIIMX BCTPOSHHBIX (yHKIIMHM:

Series[f, {x, xo, n}]

Series[f(x,y), {%, %o, Nz}, {Y, Yo, Dy}]
Collect[Series[f, {x, xo, n}l, x]

Normal [Series[f, {x, %o, n}]]
SeriesCoefficient[s, n]

B 31ux QyHKUMAX OPUHATHL Cleayolue 0003HAUEHUS:
O £ — Qyuskuus, paznaraeMas B pa;

O f(x,y) — QyHKUMS ABYX MEPEMEHHBIX X U V;
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O x — apryment QpyHKINK;
(O x; — OKPECTHOCTh TOYKH PA3IOKEHUS;
O n — creneHs MHOrOUIEHA,;

O s — psa creneny n.

TexHonoTHs paznokeHNsT PYHKIMH B CTENEHHON P ACKITIOYUTENBHO MPOCTA: BBOX
BCTPOCHHON (PYHKIMM M HakaThe KoMOMHauuu knapuin <Shift>+<Enter> ans momy-
YEHUsl OTBETA.

PaccmoTpum noapoOHO BeTpoeHHble (PYHKIMYU U IPUBEAEM IPUMEPBL

OyHrTHs Series[f, {x, Xo, n}] OCYIIECTBISCT pa3jioKCHUC PYHKIVHA f B PAI
BOKPYT x=x¢ C YUCIIOM HJICHOB n.

Mpumep 4.17

. oy .
Heobxomnmo pa3oxuTh B CTENEHHOW PN CICAYIONUE (YHKIHAH: e, Sinx,
arcsinx, sinh x, Inx . Pa3nosxeHue BbINOMHUTH NIPU YUCTIE YICHOB n="7 .

Pemenne npuseneHo Ha puc. 4.19.

Series[Exp[x], {x, 0, T}]
®Z ®3 x* e x® x' =]
leodse — 4 — + — + + + +O[¥]
2 3 24 120 720 5040
Series[Sin[x], {x, 0, 1}]
% x° X'

- -
3 120 a040
Series[ArcSin[x], {x, 0, 7}]
x> 3 x5 5x7
H+ — + +
3 40 112
Series[Sinh[x], {x, 0, 7}]
%3 x5 x?
— +
3 1z0 s040
Series[Log[x], {x, 0, T}]

sl

+O[x]8

+o[x]°

X+

Log[x] +0[x]°
Series[Log[x], {x, 1, 5}1

1 1 1 1
- 13 - - 118 T e 1):‘-I (x-13‘1+€ (x-11%+omm-1°%

Puc. 4.19. Paznoxxenue GpyHKIMIT B CTENEHHOMH Psi
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W3 puc. 4.19 Buansl ciaeayrouide 0cOOEHHOCTH PA3IOKEHUS (PYHKIMH B CTENEHHON

psi:

(J B KaXIOM OTBETE YKA3HIBAETCS MOPSAOK MOTPENTHOCTH;

O crenenuble paabl GyHkuuii sin x , arcsinx, sinh x HMEIOT TOLKO YETBHIPE UIEHA,
B TO BpeMsl KaK (pyHKUMS Series COAEPKUT 7 =7 4YICHOB: 3TO OOBICHIETCS TEM,
9TO 3TH GYHKINHN SIBISIOTCS HEIETHEIMY, VX YETHBIC WICHB! PaBHBI HYJTIO;

O ¢ysxmmio Inx cucrema He pasIoKWIA B PAI BOKPYT x0=0, T. K. In0 He cymecT-
BYET;

() pemenne NpeCTaBIIETCS B AHAIMTHYECKOM BHIIE.

CDyHKLu/Lﬂ Series|[y(x,y),{%, Xo¢, Nz}, {y, Yo, Dy}] OCYLIECCTBIACT pa3jioxKe-

Hue B psia PyHKIMM y (%, y) CHauana Mo y, a 3aTeM [0 X BOKPYT yo, Xo C UACIOM UJjie-
HOB, COOTBETCTBEHHO, Ny, 0.

 Mpumep 4.18

HeobxoauMo pasnokuth B psia Gyukiuu e )| e Bokpyr x,=0 ¢ YHCIOM UICHOB
n,, Ny, YKa3aHHBIX B PEITCHHAH.

Pemrenue 3anaun npuseneHo Ha puc. 4.20.

Series[Exp[x +¥], {x, 0, 3}, {¥, 0, 3}]
Z 3 Z 3
[1+Y+Y?+Y—E +O[Y]4] + Ir1+Y+? +Y—E +O[Y]4] o+
2 3
[ E+—+§—6+O[Y’]‘\)-C3+O[:-:]4

Ifl+z YZ k]
J

¥ 4]
+ — + — +0[¥]
Lz 4 1z Y "1

Series[Exp[x+¥], {x, 0, 4}, {¥, 0, 2}]

[1+y+%2+0[y]3}+|[1+y+%2 +O[y]3] X+ [ ! +E+ v +O[y]3\l x% 4

i L0
ls+s+12+[¥],l l24  z4

Series[Exp[x¥], {x, 0, 3}, {y, 0, 3}]

z
(1,7, ¥ o, (L, ¥ 3] s
J

z 3
1+ (y+0[y]43 x+{y? +O[y]4} % {%+O[y]4} %+ olx?

(x+y) xy

Puc. 4.20. PaznoxeHue B psij GpyHKumii e , e

W3 puc. 4.20 BUAHO, YTO pELIICHUE MOTYUEHO B QaHATUTUYESCKOM BUJIE.

CDyHKLu/Lﬂ Collect[Series[f, {x, =xo, n}], x] OCYLIECTB/LCT pa3JlOKCHUEC
B CTEIICHHOM PsiZl C yJAICHUEM YJICHA ¢ OCTATOYHOMN NIOIPEIIHOCTHIO.
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CDyHKLu/Lﬂ Normal [Series[f, {x, X¢, n}]] OCYLICCTBISACT Pa3JIOKCHUE B CTE-
IICHHOM DS € yAQIEHUEM YICHA ¢ OCTATOYHOM NMOIPEIIHOCTBR), OTIMYACTCS OT IIpe-
TIBITYTICH (PYHKITHY JTATITE (pOPMOit MTpeICTaRICHHS.

TlprBenem mpuMeps! pasmoxkeHus GYHKIWH B psI ¢ yAATCHUEM YIeHa ¢ OCTATOYHOM
MOTPEIIHOCTBIO.

' Mpumep 4.19

Heo0X0auMO pa3inokuth B pas Teinopa BOKPYT x0=0 cleayromue QyHKUMU:
sinx, sinhx, e ov.
Yucno 41eHoB paia BUAHO W3 PELICHHS.

Pemenne npuseneHo Ha puc. 4.21.

Collect [Series[Sin[x], {x, 0, 3}], x]

x* x*
M= +
3 120
Hormal [Series[Sin[x], {x, 0, 3}]1]
x° ="
x— — +
3 120

Collect[Series[Exp[x¥]. {x, 0, 5}, {¥, 0, 5}1, {x, ¥}]
X2 Y2 XG Y:} Xq Y‘k }{5 YS
1+x v+ + + +
2 3 24 120
Hormal [Series[Exp[x¥y], {x, 0, 5}, {¥, 0, 5}]]

x2 Z x:} 2 x4 % xS 5
1+KY+ b + ¥ + ¥ + Y
2 3 24 1Z0

Puc. 4.21. Paznoxxennie pyHKUMii B psiJ ¢ yaaTeHAEM UieHa
€ OCTATOYHOM MOrPeIHOCTHIO

4] puc. 4.21 BHUAHO, 9YTO BO BCCX CIIyHasdX PCIICHUC MOJYUYCHO B aHAIIUTUICCKOM BHUAC
0e3 ujicHa ¢ OCTATOYHOMH TOTPCHTHOCTHIO.

Tlpn mpakTiueckom wcrons3oBanny GopMydel Teftnopa y moms3oBaTens BOZHUKAIOT
CIIETYFOIITHE BOTIPOCHI:

O Kakue QyHKuMY J0IYCKAIOT pasznoxenue B paa Teknopa?

O KakuM uMC/IOM YIEHOB PALAa MOKHO OIPAHMYMTLCS B IaHHOM KOHKDPETHOM CJly-
yae?

(O Kak HaliTH MOTPEITHOCTE Pa3IoKEHNs?

OTBeTHM Ha 3TH BOTIPOCEIL.
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Paznoxure B paa Telinopa B orpaHUUEHHOM NHAla3oHE ApTYMEHTA MOXHO JIIO0YIO
(yHKUHMIO, UMEIOIIYIO 72 TPOU3BOAHBIX. [Ipy 3TOM (PyHKIMS U NPOU3BOAHDBIE JOMKHBI
MMETEH YHCIICHHBIC 3HAYCHUS NIPU 3HAUEHWM apTyMEHTA, BOKPYT KOTOPOTO IPOUCXO-
T paznoxenne. Tak, HanpuMep, QYHKIMIO Inx HETB3s pa3ioXWTH B CTEIEHHOM

pSLIT BOKPYT x0=0, T. K. InQ He cymecrByer. A BOT (yHKIMH Sin x/x, (l—ex)/x s
a- e"“)/bx pasznoxuts B psa Teitnopa BOKPYT xo=0 MOXHO, HECMOTPS Ha TO, 4TO

3J€CH WMEIOT MECTO Ciydan HeonpeneneHroctr Buma 0/0. Psmsr otux dyHkumit

npuBe/ieHbl Ha puc. 4.22.

Series[Log[x], {x, 0, 1}]

Toglx] + O[x]°

Series[Sin[x] /x, {x, 0, 7}]
}(2 }(4 )(6

1- — +

£ 120 5040
Series[(1- Exp[x]} /X, {X, 0, 73]

+0[x]®

x  xF X% x? x® %% %7 .
Qo2 = _* _* _ ox]

2 [ 24 120 720 a040 40320
Series[{1-Exp[-ax])/(bx), {x, 0, 1}]

a®x  atxf  aty? a x? af x* a’ %8 a® %7

+0x]°®

a
— - N - N -
b Zh &b 24k 1Z0b 7i0k  S040b 40320 b

Puc. 4.22, Pa3noxxeHue B CTENEHHOM psijt PyHKLMI 0c000r0 BUAA

W3 puc. 4.22 BuaHo, uto paa Teilnopa gyukuuu Inx He cyuiectByerT, T. K. In0 pa-
BeH —oo. B ocraibHbIX CllyyasX pelleHUe HOJLYYESHO, YTO CBUICTELCTBYET O BbICO-
KOW MHTe/IeKTyalbHOCTU cucTeMbl Mathematica, koTopasi packpbula HeompeneaeH-
Hoctu Buaa 0/0 v mpeacTaBuia PELICHUE B aHAIUTUYECKOM BUJIS.

4.5.2. MNorpewHoCcTN cTeneHHbIX paaoB Teunopa

B mporiecce Beumcnenus GpyHKIME OSCKOHEYHBINA CTCTICHHOMN psMl 3aMEHSICTCS dac-
THYHOH CyMMOH. B CBS3M ¢ 5TUM CleIyeT 3HaTh, CKOJBKO WICHOB pPsijia HEOOXOIUMO
COXPaHWTh, YTOOBI BEIYHUCIUTH (YHKIIMIO C 3aJaHHON TOYHOCTRIO. PemieHme 3Toit
3aJa4u 3aBUCUT OT BU/JA (PYHKIIMU U 3HAYEHUS apTyMEHTA.

Cnyva# 1. Paa 3HakonepeMeHHbIW, YrieHbl psaa
ObICTPO yObIBaOT, X <1
B stoMm cayuae pan o0nanaeT cieayoluM CBOMCTBOM: CyMMa OTOPOLICHHbBIX YJIEHOB

psija o abCONIOTHON BEIMUYMHE HE NPEBbILIACT 3HAYSHUS [I0C/E/HEr0 OCTaBIEHHOIO
wieHa. J[ns Takoro ciydas ONpeNeiuTh YHCIIO WICHOB psiiaa jerko. Hampumep, s
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paa e oGwwii unen psaa umeer Bux: (—1)"x” /. Torna 4ucio 7 MOKHO HAHTH
u3 yenosus: x”/nl <€, rae € — norpemHocts Boiuucaenus pysxumd. Ecm, Hanpu-

mep, £=0.001, To x"/n!<0.001. Torna npu x=0.1 AOCTATOUHO OCTABUTH TPU

yjeHa psijia, n=3.

Cnyva#n 2. Pag 3HakonepeMeHHbIN, x > 1

B arom ciydae cBOMCTBO 4acTHYHOM CYyMMBI psiia COXPAHSETCS, HO PSIl CXOIMTCS
MEIJIEHHO W HEOOXOAMMOE YUCITO HWICHOB psiia JO/DKHO OBITH CIMIIKOM OOJIBIIAM.
Tak, Harrpumep, ecsm B ciydae 1 nonoxuts x =1, To yclioBHEM BBIOOpA YHCIA UJle-

HoB psa Gyaer: 1”/n! <0.001 umm n'=1000, 1. e. n>7.

Cnyva# 3. Paa He 3HaKkonepeMeHHbIN

B stom cnydae oOmiux npaBun BbIOOpa YMCIA WISHOB U3 YCIOBUH TOYHOCTH HE Cy-
IECTBYET.

4.5.3. KomnbloTepHble TeEXHONOIrMmn OUeHKH
norpewHocTen psagos

Cnoco6 1. TabynupoBaHue (pyHKUNMK

CyLIHOCTb 3TOr0 €nocoda COCTOUT B CACAYIOUIEM: OCYILECTBISETCS Ta0y1MpOBaHUE
UCXOAHOU (QyHKUMM f(X) W DOMYYEHHOH B pe3yiabTare pasioskeHus B psia Teiinopa.
HavanbHoe M KOHEUYHOE 3HAYCeHWS X BbIOMPAIOTCS U3 JMara3oHa pas3iokeHus ¢yHK-
n B psia. CpaBHEHWE YHCIEHHBIX 3HAUCHWH (YHKUIMIT TTO3BONSET CyANUTH O TOTHO-
CTH pa3JiokeHHs. bosee TOro, MOXHO yCTaHOBHTH 00JACTh 3HAYEHWH X, B KOTOpOH
MOTPEIIHOCTE CTETIEHHOro psna Oyner He Goljiee NOMYCTHMOH NPH JAaHHOM HWHCIE
4JICHOB psija.

- Mpumep 4.20

Heo6X0MMO OLEHUTH OrPEIIHOCTb PsiJa, HOLYYSHHOIO B PE3yJbTare Pas3iosKeHUs
Qyukuuu e B 06aacti x = 0—2 npu yucie 4ieHoB pasnokenus n =3, 4, 5. 3a na-
4anpbHOE 3HAYEHUE NPUHATL X, =0 .

Texnonorns pCUICHUS 3a1a9n.

() Paznokerue e* B psj C TOMOTIBIO (YYHKIUM

Normal [Series[f (%), {x, 0, n}]]
B pesynpTare pasnoxeHus MOTydInM:

Normal [Series[Exp[x], {x,0,3}]1]
2 X3

1+x+—+—
2

6
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Normal [Series[Exp[x],{x,0,4}]1]

% x> ¥

1+x+ —+— + —
2 6 24
Normal [Series[Exp[x],{x,0,5}]]

2 3 4 55
I+x+ —+—+—+—
2 6 24 120

) Tabymwposanme e* w Qynximii paznoxkenns. OyHKIMS TaOyJIAMKU B TaHHOM
ciydae OyJeT UMETh BUA:

Table[{x, £(x)},{%X, Xmins, Xmx, h}]

TIyeTh xmin=0, %nax=2, a mar 4 = 0.2, Torna GyHKTIHS Table OYICT UMETEH BUI:
Table[{x, Exp[x], fi3(x), fu(x), fs(x)},{x, 0, 2, 0.2}]

e f£s(x), £, (x), £5(x) — QyHkms e* npu n=73, 4, 5. TIpoueayps! BEUYHCITC-
HUS U Pe3yIbTaThl Ta0yIMPOBAHUS IPUBEACHbBI HA puc. 4.23.

Table [{x Exp[x] ,Out[6] ,Out [7],0ut[8]}.,{x,0,2,0.2}]

f40,1,1,1,13,40.2,1.2214,1.22133,1.2214,1.2214} ,{0
.4,1.49182,1.49067,1.459173,1.49182},{0.6,1.82212, 1
.516,1.8214,1,82205} ,{0.8,2.22554,2.205833,2.2224, 2
.22513},4{1.,2.71825,2. 66667, 2. 70833,2. 71667}, {1.2,
3.32012,3.205,3.2944,3.31514},{1.4,4.0552,3 .53733,
3.9974,4,04222) ,{1.6,4.95303,4.56267, 4. 83573, 4. 923
11},41.8, 6.04965,5.392,5.6294, 5. 986861, £2., 7. 36906
L6.33333,7.,7. 26667}

Puc. 4.23. Pesynbrarsl TabynupoBaHust HCXOAHOM GyHKLMH €*
u (pyHxuwmii psaa Teitnopa

O003HaueHNS Out [6], Out[7], Out [8] 0O3HAYAOT HOMEpA CTPOK, B KOTOPHIX HAXO-
autes PyHKUMS e* ¢ 4MCIIOM YICHOB PA3/iOKEHUsl, PABHLIM, COOTBETCTBEHHO, 3, 4, 3.
W3 perueHus BUAHO, YTO NOTPEIIHOCTH PSIOB MPU uucie wieHoB n =3, 4, 5 B iuana-
30He x = 0—2 poctarouHo Ooublike. OHU YMEHBIIAIOTCA C yBelauueHueM 7. MoxHO

TIOKa3aTh, YTO JJId BBIYUCIICHUA 3HAUYCHUS ¢ C TOYHOCTBIO MICCTh 3HAKOB HCO6XOI[I/IMO
WUMCTE pAaa Teﬁnopa C YUCJIOM YJICHOB Pa3JIOKCHUA, paBHLIM 9.

Cnoco® 2. Busyanusauusa pelweHus
CyLIHOCTb 3TOr0 ¢10c00a COCTOUT B CIEAYIOIIEM.

Hcxonnas gynkmms f(x) W cTENeHHOI psf, eif COOTBETCTBYIOMMIA, TTPEACTABISIOTCS

B Buje rpaduka. CpaBHeHUe rpa)MKOB MO3BOSET CyJUTh O TOUYHOCTH CTEIEHHOIO
psija 1 I0MyCTUMOM JIMana30He 3HAYSHUH apryMeHTa.
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TexHoOTHS 3TOTO C1TOCO0A COCTOMT B CIENYIOIIEM:

O pasnoxenue f(x) B pan Teiinopa;

O mocrpoenue Ha oaHoM Tpaduke HexoaHOM GyHKIMM f(x) W MOJydeHHON B pe-
3yJIBTATE €€ Pa3NOKEHNS B PSIIT;

O cpasuenue rpaduKoB.

IIpu xenaHuu MOKHO MOCTPOUTH rpaduk pazsHOCTU PYHKUMM, KOTOPbIA OyJeT Xapak-
TEPU30BaTh MOTPEITHOCTE psifa Teitnopa.

Ha puc. 4.24 npusenens rpaduxn pynknmii e* u psna Telinmopa ¢ 9ucioM 4jieHOB
1 =5, IOCTPOEHHBIE 110 JAHHBIM MPEABIIYIIET0 PUMEpA.

W3 puc. 4.24 BuaHa MOTPENTHOCTE CTENICHHON (YHKIINHN, BO3PACTAIOMIEH C POCTOM X.

Normal [Series[Explx], {x,0,5}1]

2 3 4 5
X X X
=+
6 24 120

b4
1+x+

Plot [{Exp[x],Out[1]},{x,0,5}]

X

y (%) e
140
120
100

80

60t

40}

20

Puc. 4.24. T'paduxu pyuximit e* n psana Teiinopa npu n =5

Cnoco® 3. BbluncneHue norpewiHocTen

Cnoco0 BblYUCIEHUS NOrPELIHOCTU CTENeHHON (QyHKIMU ompeensiercs BbIOpaHHbIM
KpUTEPUEM, HANPUMEDP, MAKCUMAIbHON MOIPEIIHOCTbIO, aDCOIIOTHOM cpeaHeKBaapa-
TUYECKOH, OTHOCUTELHOM CpelHEKBaApaTUUeCKOd. MeTo bl pacueTa u KOMIIbLIOTEp-
Hbl€ TEXHOJOIMU NOAPOOHO paccMaTpUBAIOTCS B 2rase 2.
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4.6. BbluncneHue npousBoAHbIX

Cuctema Mathematica BbluMCASECT OPOU3BOAHBIE B AHATUTHUECKOM U YUCICHHOM
sune. Ilpu arom muddepenumpyeMeMi GyHKIMIMHA MOTYT OBITH QyHKIMH 3JIeMEH-
TapHBIE, CTIEIMANTEHBIE U JTFOObIE MOTB30BATEIBCKUE.

Brmmcnenne npon3BOIHBIX OCYIIECTBISIETCS C MOMOINBIO CISAYFOIINX BCTPOSHHBIX
(yHK1MiA:

D[f, x]

D[f, {x, n}]

DIf, xi, X2, ...]

Dt[f, x]

Dt [f]

Derivative([nl, n2, ...][f]

B ¢ynxumsx mpuHATE chnexytomye 0003HAUCHIS:
O f— mddepentmpyemas pyHKIHS;

O x— apryment mguddepennmpyemoli pynkmmn (epemenHas audeperpoBa-
HUS);

O n — nopsAAOK IIPOM3BOIHOIA;

O x, x, ... — TlepemMennbIe MU PepeHIMpPOBAHHS;

O n, n,, ... — MOPSAOK MIPOU3BOHON TPH 1-KPATHOM JHA((EPEHIIMPOBAHHH.
PaccMoTpuM TIOPOOHO BCTPOEHHBIE YYHKIMY U TIPUBEIEM TIPHMEDHL

Oyukuus D[ £, %] BbIYUCIAET YACTHYIO IPOU3BOIHYIO (PYHKIMU £ 10 NEPEMEHHOM x.

- Mpumep 4.21

Heo6x0mmMo BEIMUCITHTE YaCTHYIO MTPOV3BOAHYO T10 X CIICAYFOTTIX (DYHKIIHI:
ax® +bx—c, In ax/x2 , sinhax, (x=1)/(x+1), x!, (sinx+cosx)*.

Peuenue npuBeneHo Ha puc. 4.25.

U3 puc. 4.24 MoxHO cenarsb CIeIyIONINe BEIBOIBI:

O nonyuaemble BbIpAKEHMsS MPOU3BOAHBIX IPOTPAMMON He ynpow@awres. Jlns yn-
POLIEeHHUS pe3ybTaTa ClenyeT UCN0b30BaTh PYHKUMIO Simplify;

O cucrema MO3BOINSET MOTYYATh PEIIEHNS B CIIOKHBIX CTydasX, KOTIa TTPOU3BOIHAS
BEIP@XKACTCS IE€PE3 CTICNHAANBHBIC (DYHKIINH (CM. BEITHCIICHHE TPOM3BOTHOM x!);

D BBIYUCJICHUE NMPOU3BOAHBIX CUCTEMA OCYIICCTBIACT B AHAJIMTUYECKOM BUJIAC IPU
HEOIpaHUYCHHOM YHUCJIE CUMBOJbHBIX NIEPEMEHHBIX.

Oyukuys D[f, {x, n}] BBUUCISLET YACTHYIO MIPOU3BOJHYIO n-ro HOPsAKa (yHK-
uuy £ 110 NEPEMEHHOM x.
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Dlax"3+bx-cC, x]
b+ 3ax’
D[Log[ax] fx" 2, x]
1 Z2Log[ax]
nE nE
D[Sinh[ax], x]

a Coshla x]

DL(x- 1)/ (x+1), x]
-1 +x 1
A
(l+xae 1a+x

Simplify[*]
z
RIS
DIx!, x]
Garmra [1+ %] PolvGamna [0, 1+ %]
DL{Sin[x] + Cos[x])} "2, x]
2 (Coza[x] - 3in[x®]) (Cos[x] +3in[x])
Simplify[%]
Z Cos (2 ®]

Puc. 4.25. Pemenue npumepa 4.21

Mpumep 4.22

OnpenenuTs TPEThIO NPOU3BOIHYIO GyHKIMI npumepa 4.21.
Peuenue npuBeneHo Ha puc. 4.26.

OyHkims D[£, xi, X, ...] BO3BpamlacT TPOW3BOAHYIO QYHKLIMW f 110 TTapameT-
paM x., xo, ...

Mpumep 4.23

Heob6xonuMo HalTU NPOU3BOAHBIC [0 BCEM NAapamMerpaM CASAyIOuuX (yHKIMA:
a’x?, (sin ax + cos ax)z, a3, A +pd+x3, lg(azbzxz)/axb .
Peuenue npuBeneHo Ha puc. 4.27.

OyHk1us Dt [£, x] ecTh 00001eHHAs NPOU3BOAHAS (PYHKUIMU £ MO NEPEMEHHOU x.

Oyurmms Dt [ £1 Bo3Bpamact auddepernman GyHKIIn £,
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Dlax*3+hx-c, {x, 3}]
6a

D[Log[ax]/x"2, {x, 3}]
Z6 24 Log [ax]

x¥ ®F
D[Simh[ax], {x, 3}]

a® cash[a x]
DL{x- 1)/ (x+1), {x, 3}]
6 -1+ 3

(1 +x)d * (l+x)3

Simplify[%]
12

(Lex®
DLx!, {x, 3}]
Garnwea [ 1+ %] PolyGamms [0, 1+x]3+

3 Gamra [l + %) PolyGarmma [0, 1+x) PolyGarmma(l, 1 +x] +
Garara [1 + %] PolyGemmma [2, 1+ ]
DL(Sin[x] + Cos[x]) ~2, {x, 3}]
B (—Co=[x®] - 3in([x]) (Cos[x] -3in[x]) +
Z (-Cos[x] +3in[x]) (Co=[x] +3in[x])
Simplify[%]
-8 Co=[2 ®]

Puc. 4.26. OnpezieneHue TpeTheil Mpou3BoaHol (yHKIuMiT mprmepa 4.21

D[a“2

4ax

x"2,a, x]

D[{Sin[a x] + Cos[ax]} "2, a, x]

Z (aCos[ax]-asSin[ax]) (xCos[ax] -xSin[ax]) +

2 (Cos[ax]+3in[ax]) (Cos[ax] —axCos[ax] -Sin[ax] -ax Jin[a x])

Simplify[%]

2 (Cos[dax]-Zax3in[Zax])

pPla“3b*3x"3, a, b, x]

27 at ke Kt

Dla“3+b"3+x"3,a, b, x]

u]

D[Log[a*2bh*2x"2]tabx, a, b, x]

Z

22

Tog (s bZ x%]

aE

Puc. 4.27. [Ipou3BoHbIe MHOTOTIApAMETPUUECKUX (DYHKIIUI



CnieuunalibHble BbIMUCTIEHUSA 141

IlpuBenem npumepsl noayueHus auddeperurana v o00OIICHHON NPOU3BOAHON
($yHKIIMN £ .

 Mpuwep 4.24

Ilycth HeoOxoaumo Haiitu aud@epeHuuan GyHkumid xsinx, lg(3x/4), a Takke
006001eHHYI0 Npou3BoAHYI0 Qynkumii x" ., xe™, (x—1)/(x+1). [IpousBoauyio mno-
clie/iHel pyHKIHK HAlWTH TPETHETO TOPSIIKA.

Peuenune npumepa nokazaHo Ha puc. 4.28.

Dt[x5in[x]]

®x Cos[x] DE[=] +DE[x] 2in[x]
Dt[Log[3x/4]1]

Dt[x]

b4

Dt[x"n, x]

W {E + Dt [0, ®] Log[x]]
X

Dt[xExp[x], x]

e x

DE[{x- 1) f{x+1), {x, 3}]
B (—14+x [

TToemd T Tewe

Puc. 4.28. ITpumeps! peanuzauuu GpyHkunuu Dt
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NMpencraBneHue gaHHbIX.
Co3gaHne BEKTOPOB U MaTpuL,

5.1. Tunbl AaHHbLIX

OCHOBHBIMHU TUIAMH JIAHHBIX, KOTOPLIMU OmlepupyeT cuctema Mathematica, siBnsitores:
O umcnossie nanHkLE;

O cuMBONEHEIE MaHHEIE;

O crmckn.

UucnoBble JAaHHbIE MOTYT OBITh LENOYMCICHHBIMU (Integer), palMOHATbLHBIMU
(Rational), BEMECTBEHHBIMH (Real) M KOMIIEKCHEIMH (Complex). [Tpn aToM umcna
MOTYT OBITH TIPEJICTABICHBI C TIPOM3BOJNBHEIM OCHOBaHWeM. B wWH$OpMaTHKE W BEHI-
YUCITUTENEHOM TEXHWKE Jalle BCETO TPUMCHSIOTCS ABOWYHAS, BOCEMEPWTHAS, JECs-
THYHAs U luecTHaauaTepuyHas cuctembl curcieHus (CC). B tada. 5.1 mpueneHbl
MIPUMEPHT THCEN TIEPEIHCIIEHHEIX THITOB B PA3NIMYHBIX CHCTEMAaX CUHCIICHHSL.

TaGmuua 5.1, Trre! yucen B pa3nyuHBIX CHCTEMAX CUUCICHUS

O6o3Hauenne | Integer Rational Real Complex
(uejouuc- | (pauuo- (BeurecT- (KommIeKC-

Tun yucen JIeHHbIE) HAJbHbIE) BEHHbBIE) Hble)
JlecsaTuunas cucre- 179 38/29 45,375 -5.5+2.5 1
Ma CUUCICHUS
JlBowuHas cucremMa 10110011 100110/11101 101101.011 -101.1+10.1 i
CUHMCTICHUS
Bocemepranas 263 46/35 55.3 5.4+2.4 i

CUCTEMAa CUUCICHUS

IlectHannarepuy- b3 26/1d 2d.6 -5.8+2.8 i
Hasl CUCTEMaA CUUC-
JICHUS
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Tlepeson uncen n3 mecsrnanoif CC B CUCTEMY ¢ OCHOBAHUEM £ (110 32) OCYLIECTBIIS-
ercd B cucteMe Mathematica ¢ moMolbio GpyHkuMU

BaseForm[Nyy, N,]
rae:
O N,,— awmciio, peacTaBienHoe B aecstuanoit CC;

O N, — uucno B CC ¢ OCHOBaHUEM n.

Mpumep 5.1

IlpencraButh uucna 328, 625.15, 105/37, -79+12.6 i B JBOUYHON, BOCbLMEpPUU-
HOW W IIECTHAAUATEPUYHON CHCTEMAax CYHWCICHUS, WCIIOIB3YS beHKHI/HO Base-
Form[Ngy, N,J.

Pemenne mpuseneno Ha puc. 5.1.

BaseForm[328, 2]
101001000,
BaseForm[328, 8]
S10,

BaseFormm[328 ,16]

143, &

BaseForm[625.15,2]
1.001110001004001101, =2*
BaseForm[625.15,8]
1161.115;
BaseForm[625.15,16]
271.26,,
BaseForm[105737,2]

1101001a

100101,
BazeForm[105/37,8]

151:

4%
BaseForm[105737,16]

65 5

20, 4
BaseForm[-79+12.6 i,2]
-1001111, + 1100.100110011001101, 1
BaseForm[-79+12.6 i ,8]
-117; +14.46315; i
BaseForm[-79+12.6 1i,16]
—4f,

g +C.999a, 1

Puc. 5.1. IlepeBoa umicen B pa3TUyHbIe CUCTEMBI CUMCIEHHS
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J1as epeBojia Yncell U3 CUCTEMbl CYUCICHHUS ¢ OCHOBAHUEM N B AECATUUHYIO UCIOJIb-
3yercst PyHKUUSA n” "N,

Mpumep 5.2

nCpCBCCTI/I B ACCATUIHYIO CUCTEMY CHHCJICHUS CIICAYIOMINEC YNCIA:
N,=1100101,101; Ng = 372164; N5 = 125abe.

Peuienue npuseneHo Ha puc. 5.2.

24+31100101.101
101. 625
gtn372164
1zE8116
1612 5ahe
1202878

Puc. 5.2. IlepeBoa umcen B JECATUUHYIO CUCTEMY CUMCIIEHUS

Cucrema Mathematica OTHOCHTCS K KITacCy CHCTEM CHMBOJIBHOM MaTeMaTHKW (KOMITb-
10TepHO# anreOpsr). [1oaToMy OHa BEITIONHSAET MaTeMaTHIECKHE ACHCTBIS HaX IETBIMHI
yycnamMu 0e3 MOrpelHocTel U OrpaHudeHU Ha pa3psaHOCTh. ApudMeTnieckue ore-
paluuy Haa PalMOHAILHBIMM YUCIAMU OHA BBLIIONHAET a0COMOTHO TouHo. Tak, Hanpu-
Mep, CyMMUpYsl uuciaa 2/3+5/7+1/3, OHa BbLIAET pe3yabrar: 12/7. [lporpamma npu-
BEJa YMCIa K 00LIeMy 3HAMEHATEIO U BLIIOIHIIIA ONEPALIUIO COKPALLCHHUSL.

5.1.1. BewecTBeHHbIe Yncna

Bewecmeennoe uucio COCTOUT U3 MAHTUCChI U MOPSAKA. MaHTUCCA COAEPIKUT LISLYIO U
JPOOHYIO YacTH, MOPAIOK MpeacTaBisercs Kak crenedb uyucaa 10. OHu MOryT umerh
pazauuHyio GopMy NPEACTABACHUS U B TEOPUU MHPOPMALMU 4ACTO HA3BIBAIOTCS UMC-
JIaMU ¢ TITABaroIIeH 3amsToi (Toukoit). Hampumep, 216.35, .21635 103, 21635 107%
Ilenmas wacTs MaHTHCCH OT IpOOHOM OTAENSETCS TOUYKOH, MaHTHcca OT TopsaKa —
Mpo6OEIOM WM 3HAKOM YMHOXKEHWS, TIepeal IpoOHO MaHTHCCOH HONb LENBIX MOXHO
OTTYCTHTB, OCTABHB JINIITH TOUKY, OTACISIONIYTO HIENYIO YacTh OT APOOHOM.

BosmoxHbIe (hOpMBT TIpEICTABIECHNS BEIECTBEHHBIX YMCEN TIOKAa3aHBI Ha puC. 5.3 ipH
YMHOXCHUM 4uciia 0.25 Ha 3.

OOparure BHMMAHUE Ha TO, YTO MNPU INPEIACTABICHUU NPOU3BEACHUS B BUAC
250 107°*3 M 2500 107**3 OTBETOM SBISETCS UHCIO, MPEACTABICHHOE B Palo-
HaTBEHOW Qopme. D10 OOBICHICTCS TEM, YTO BEIICCTBEHHOE YHCIO 250 107° mpo-
rpamMMa BOCTIPUHAMAET KaKk palMOHAIBHOE.

Jlio6oe 11en10€ 4ucIo Npu HaIU4YUU Pa3aeliUTebHON TOUKU BOCIIPUHHUMACTCS! CUCTE-
MOH Kak BEMIECTBEHHOE THCIIO (TTOCTENHSST CTPOKa MPUMEPa).
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0.25 3

0.75

.25 3

0.75

250 104-3 3
3

4
2500%10" -4 %3
3

4

0025 102 3
0.75

250. 10"-3 3
0.75

Puc. 5.3. [Ipeacrasnenue uncna B BemecTBEHHOM (Gopme

JIi1sl TIpEACTABIEHNS BHIPXKEHHUS B (JOPME BEIIECTBEHHOTO YHCHIA B CHCTEME UMEIOTCS
$yHKTIIN:

N[D]
N[D, n]

rie:
O D — BopaxkeHue;

O n — uucno uudp pesybrara.

Ha puc. 5.4 oka3aHbl BCe CTIOCOOBI MpCACTaBJICHUSA BCIICCTBCHHOTO YUC]IA.

12/7

1z

?

12./7

1.71429

H[12/7]

1.71429

H[12/7,30]

1.71428571428657142857 1428571420

H[E"“1,100]
2.718261828459045235360287471352662497757247093
69995957496 69676277240 76630353 547594571 382178525

16642742744958344858402° 100 .

Puc. 5.4. CriocoObl MpeACTaBAEHUs BEMLECTBEHHOTO YHUCIa
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MakcumanbHble 1 MUHUMAITBHBIE YHCTA, KOTOPBIMH MOXET ONEPHUpOBaATH CUCTEMA
Mathematica, mpUHUMAIOT 3HAYEHUSL: 1.78769x10°%—1.78769x107%. Dru umc-
Jla MOJKHO BBIBECTM HA DJKpaH C IOMOLIBIO KOMaHA $MaxMachineNumber,
$MinMachineNumber.

5.1.2. KomnnekcHble uncna

Komnnexcnoie yucaa B cucteme Mathematica 3anatotcs B 001enpuHATOM dopme:

z=Re (z)+I*Im(z)
Ui

z=Re (z)+I Im(z)

MHuMasl eIMHMUA OTACTACTCS OT MHHMOM YacTH KOMIUIGKCHOTO YHCIA 3HAKOM
YMHOXEHHS WITH TTPOGEITOM.

q)yHKLH/H/I Re(z) W Im(z) TO3BOJIAIOT BBIACIIMTE BCIICCTBCHHYIO W MHUMYIO 9acTH
KOMIIJIEKCHOI'O 4McCJla, HAIIPUMEP:

Re[7-5 I] Im[7-5 I]
7 -5

B cucreme Mathematica MaTemaruueckue omnepaldd ¢ KOMIUIEKCHBIMM 4YUCIAMU B
GOJBIIMHCTBE CIIy4aeB BbIIONHAIOTCS TaK K€, KaK U € BELICCTBEHHbIMU YUCAAMU.

5.1.3. CuMmBOSbHbIE NepeMeHHble

CumeonvHbolMU nepemeHHbMY MOTYT ObITh OTJeIbHbIE CUMBOIbI (a, b, c, ..), CTPOKK
("z z z z"), BRlpakeHus (Sin[x], (a+b) "2, 2 Log[x+1]1). [lpu 3anucu marema-
THYECKUX OTIEPAINii HaX BBRIPAKCHUSIMH TTPUMEHSIOTCS CIETYTONINE CHATAaKCHIECKUE
MpaBwIa;

(O 3uak yMHOMKEHHUS MOXKHO 3aMEHSTh IPOGENOM;

3 aprymenTs QyHKIMI THIIYTCS B KBAIPATHBIX CKOOKAX;
O BerpoenHble GyHKIMM HAYMHAIOTCS C 3ATTABHON OYKBBI;
a

KPYTIbIe CKOOKH MCTIONE3YOTCS TIPH BEIACTEHNN HaCTH MAaTEMATHIESCKOTO BHIPA-
senns ((x-1) / (x+1));

O QurypHbie CKOOKM UCTIONL3YIOTCS IIPH 3aJaHUM CIIMCKOB (Cos [{1,3,2,5,4}1).

5.1.4. Cnuckn u maccuBbl

Cruckom Ha3bIBAETCsl COBOKYIHOCTb JAHHBIX, 3AK/IIOUEHHBIX B (DUIYPHbIE CKOOKH.
Ilpu 3TOM AaHHBIMM MOIYT ObITb UYMCA, CUMBOJBHbIC NEPEMEHHBIS, BBIPAKECHUSL.
TTprmeps! cnivckoB:

O (1, 3, 5, 7, 9} — CIMCOK 4HMCEl;

O {a, b, ¢, d, e} — CIACOK CUMBOJILHBIX TIEPEMEHHEIX;
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O {sinlx], Coslx], Loglx+1l], Tanh[x"2+3]} — CIHCOK (PyHKIMIf;

a {(at+b) "2, (x-1)/(x+1l), x Explx]+l, x+2 y+z”~2} — CITHCOK MareMa-
TUYECKUX BBIPAKECHUN.

Crckn (hopMHUPYIOT TaHHEIE, Ha3bIBacMble Maccueamu. OIHOYPOBHEBEIM MacCHBOM

SIBIISIETCS] BEKTOP, JBYXYPOBHEBBIM — MaTpHIIA.

PaCCMOTpI/IM OCHOBHBIE MATEMaTHUYECKUE JCUCTBUS HaJ CIICKAMH, YACITUB TJIaBHOC
BHUMAHHUC BCKTOPAM W MaTpUIlaM.

5.2. NpeacraBneHne n obpasoBaHne
BEKTOPOB U MaTpuL,

Bexmop wu mampuya TpeACTaBIAIOT COOOW, COOTBETCTBEHHO, OJHOYPOBHEBBIA U
JBYXYPOBHEBbIM CIUCKU. DIE€MEHTAMU BEKTOPA U MATPULIbl MOTYT ObITh BelLIECTBEH-
Hbl€ U KOMIIIEKCHbIE UMCIA, CUMBOJIBHBIE [IEPEMEHHbIE, (DYHKIMU U JaKe MaTeMaTu-
yeckre BbIpakeHHMd. Ha pwuc. 5.5 npHBeneHBl BEKTOPBI W MAaTPHULBl W3 Pa3UIHBIX
JNEMEHTOB.

f1={1,2,3,4,5}
i11,2,3,4,5})

£f2={a,bh,c,d,e}

{a,b,c,d, e}

£3={2+3 i,1-2 i,5,3+7 i,7}
{243 i,1-2 1,5,3+7 i,7}
fa4={{1,2,3},{4,7,0} ,{-5,1,8}}
141,2,3 44,7, 08, {=-5,1,8}}

£5={{5in [x] ,E* X, (x-1) f (x+1) ;Log[x], 5} ,
{1+2 i,3,5,Tan[x+1],-8}, {4,a,b,Cos[x] ,2-i}}

-1+

X
. Loglxl, 5}, {1+2i, 3, 5, Tan[Lex], -8}, {4, 3, b, Cos[x], Z-1i}}

Hsinper, e, —

Puc. 5.5. BekTopbl 1 MAaTpULBl U3 PA3TUYHBIX 3IEMEHTOB

IlpencrasieHne BEKTOPOB W MaTpHWIl B TabJUIHOM BHAC BO3MOXKHO C TIOMOIIBIO
(])yHKLU/Iﬁ TableForm U MatrixForm, UMCIOIIUX BU/:

TableForm|[ f]
Out[n] // MatrixForm

rac:
D £ — WMS BCKTOpA WJIM MATPULILL,

D n — HOMCEP CTPOKU, B KOTOpOﬁ HAXOAUTCA BCKTOP WK MaTpUIia;
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O < — npumensercs B ciyuae, ecnu GyHKuMs ¢ // MatrixForm NPeACTABIEHUS
BEKTOpa WM MaTpWILl B TaOIMIHOM BHIE PaclojiaracTcsl BCIEA 32 BEKTOPOM

(Marpuueit).

BekTop Wil MaTpuUIly MOKHO TakiKe CO3/aTh ¢ TIOMOIIBIO PYHKITNH List:

O wistla,b,c,...] — CO31A€T BEKTOP {a,b,C, ...};

a Listl({a, b, c¢,...}, {d, e, £,...}, {d, h, k,...}]— co3macr
marpuny {{a, b, c,...}, {d, e, £,...}, {9, v, k,...}}.

Ha pwuc. 5.6 npuBenensr B TabnwdHO# (opMe BekTop £3 W MarTpwiel f£4, £5 u3
puc. 5.5, 06pa3oBaHHEIE ¢ TTOMOIIBIO GYHKINI TableForm M MatrixForm.

TahleFomm[f3]
Z2+31
1-21
5
3+71
7
TahleForm[£4]
1 2 3
4 7 u]
-5 1 g
TahleForm[£5]
Sin[x] [ B Log[=] 5
gz
1+21 3 5 Tan[1 + ¥] -8
] =1 b Cos[x] 2-1
Out[29]f MatrixForm
Sinf[x] @s  ZiEx Log| x] 5
14
1+21 3 5 Tan[1+x] -5
4 a ja] Cos[x] Z2-1

Puc. 5.6. [IpencraBnenne BEKTOPOB U MATPHUI] B TaOIHUHOI (opme

5.2.1. TeHepauusa BEeKTOPOB U MaTpuLy
¢ nomMolbo hyHKUuMM Range

OyHKLMS Range TPUMEHSETCS IS CO3MAHUS YUCIOBBIX CITUCKOB M TIPENCTABISETCS
B CIIEIYIOLIMX BUIAX:

a Range [Np.z] — IFEHEPUPYET BEKTOP YUCIOBBLIX 3JIEMEHTOB Buja {1, 2, ...,
Npax} s
D Range [Nmin, DNmpax] — TCHCPUPYCT BCKTOP U3 YHUCJIOBBIX 3JICMCHTOB BUa {Nmin,

Npax}s
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o

Range [Nuin, Nmax, dn] — FEHEPUPYET BEKTOP UUCIOBBIX 3NEMEHTOB OT Ny, J0
Npax € TTATOM dn.

TIprmeps! peanmzarmy GpyHKIMK MTPUBEACHB! Ha puc. 5.7.

Range [7]

{1,2,3,4,5,6,7}

Range[4,10]

{4,5,6,7,8,9,10}

Bange[3,8,0.5]
{3,3.5,4.,4.5,5.,5.5,6.,6.5,7.,7.5,8.}

Puc. 5.7. T'enepaiusi BEKTOPOB ¢ NOMOILLBIO (pyHKUMHU Range

5.2.2. leHepauusi BEKTOPOB U MaTpuLy
¢ nomouwbio PyHKUMKU Table

Co3naHue CIMCKOB TUIA BEKTOpa W Marpuilbl B cucteme Mathematica 3¢dexturHO
€ IOMOLIBIO (PYHKLMU Table, UMEIOLLCH BU:

a
a

Table[f, {Nuax}] — CO3MACT Nyax SK3EMILISIPOB BEIPAXKCHUS £

Table[f, {1, Du.}] — CO3AaeT COUCOK QYHKUMNA f NpPU U3MEHEHUM Mepe-
MEHHOM n OT 1 JI0 Npass

Table[f, {n, Dun, Dgax}] — CO3MAET CNUCOK (PYHKUMM f OpPU U3MEHEHUU
TIEPEMEHHOMN N OT Nyyin A0 Ny

Table[f, {n, Nuin, Dmsx, dn}] — CO3MACT CIIUCOK (YHKIWMI f TIPH U3MCHE-
HUU NIEPEMEHHON N OT Nyin AO Ny € LIATOM dn;

Table [Log[x] , {3}]
{Log[x],Log[x] ,Log[x] ,Log[x],Log[x]}
Table[Log[x] ,{x,5}]
{0,Log[2],Log[3], Log[4] ,Log[5]}
Table[Log[x] . {x,5,10}]
{Log[5], Log[ 6] ,Log[7] ,Log (8], Log[2], Log[10] }
Table[Log[x] ,{x,1,3,0.5}]
{0,0.405465,0.6593147,0.916291,1.05361}
Table[it+5,{i,2.4}.{37.2.4}]
{{4,5,6},{5,6,7,{6,7,8}}

Puc. 5.8. ['enepaiiis BEKTOPOB M MaTPHI] ¢ MOMOIIbIO GyHKIHMI Table
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a Table[f, {nl, nlgn., nlw=zt, {N2, n2upn, N2pax}, -..] — OTKIHUKOM
SIBIISICTCSI BIIOYKEHHBIN CITHCOK TT0 TICPEMEHHOM n.

IIpumepsl reHepanuy CMCKOB MpUBEIEHbI Ha puc. 5.8.

5.2.3. BbigeneHue u BbLIBOA 31IeMEHTOB
BEKTOpa U MaTpuubl

Cucrema Mathematica uMeer Oorarbie BO3MOKHOCTH BBIICIICHUS JJIECMEHTOB BEKTO-
POB U MaTpHll C PACHONOKESHUEM UX HA IKpaHe MOHUTOpA. Bblaenenue ocylecTBis-
€TCsl C MIOMOLIBIO CICAYIOIMX TPEX CHOCOO0B:

(O wcnonk3oBanMe TBOWHBIX KBAIPATHBIX CKOOOK;
O npumenenne pyHkuyn Part;
O npumenenve Qyukuuyu Select.

PaccmoTpuM 3T ¢0coObL U NPUBEAEM IPUMEDPDL.

MCHOﬂb3OBaHMeABOﬁHHXKBaApaTHHXCKOGOK

B stom CJIy4ac BBIPAKCHUE, BBIACIAIOIICE DJIEMEHTBI BEKTOpa WU MaTpulbl, Ipea-
CTaBJ/LICTCA B BUAC:

fl[n]]
flln, ny ...11
riae:

O £ — uMg BEKTOPa WM MATPHULIbL
O n — BELIEIAEMBIH DIIEMENT;

O n; — i-}i DIeMEHT U3 COBOKYIIHOCTH BbLIEIAEMbIX 3JIEMEHTOB.

Mpumep 5.3

3anaHbl CIETYIONME BEKTOPBI M MaTPHIIA:
f1={2, 1, 4, 3, 5}

f2={{1, 2, 3}, {3, 5, 7},{2, 4, 6}}
f3={a, 1, b, 2, 3, c}

f4={2, a, Sin[x+y"2], b, 1}

HeobxomnMo BEIZENNTE YETBEPTEHIHM 3JIEMEHT BEKTOpa f£1, SIEMEHT BTOPOH CTPOKH W
BTOPOTO CTOJOA MATPULIBI £2, BTOPOH U TPETHI 3JIEMEHTHI BEKTOpa £1, BTOPOIi 2ie-
MEHT TIEPBOH CTPOKHU U MEPBBIN 3JIEMEHT TPEThEH CTPOKH MATPHLIBI £2.

Pemenne mpuseneno Ha puc. 5.9.
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f1={2,1,4,3,5}

{2,1,4,3,5}
£2={{1,2,3},43,5.7},{2,4,6}}
{41,2,3,43,5, 7, {2,4,63}
£f3={a,1,b,2,3,c}
ia,1.b,2,3,c}
f4={2,a,5in[*xy"2],b, 1}
12, &, Sin[=+v'], b, 1}
T1[[4]1]

3

f2[[2,.2]]

5

T1[[{2,3}]]

{1,4}
{£2[[1,2]1]1.£2[[3.,1]1]1}
{2,2}

Puc. 5.9. Boigenenue 31€MEHTOB BEKTOPOB U MATPHULIBI
C MOMOIIBIO KBAIPATHBIX CKOOOK

BblgeneHue anemMeHTOB BeKTOpa n MaTpuLbl
¢ nomoubio hyHkuuu Part

(DyHKLll/lﬂ Part MO3BOJSICT BbIAC/IMTD HE TOJBKO 3J1EMECHT BEKTOPA WM MaTPULIbL Oua
JAa€T BO3MOKHOCTbL BbLICIUTH DJIEMEHT U3 CJIOKHOI'O BBIPAXKCHHUSA, KOTOPOC ABJIACTCA
DJICMCHTOM BCKTOPA WUJIM MATPHUIIGL.

@yHKIMSA Part OPEJCTABISETCA B CACAYIOUIEM BUJE:

{Part([f, ni], Part[f, nxl, ...}
rae:

O £ — umsa BekTOpA;
O n; — i-# oneMenT BekTOpa £.

CHUMBOJ n; MOXKET ObITh MOJIOKUTENBHBIM U OTpUlaTelbHbIM. Eciu n; > 0, TO oTcuer
3JEMEHTOB BEKTOPA MJET OT Hauajla BeKTOpa, a Mpu n; < ) — ¢ KOHLA.

B cnyuae BblaeneHuUs 31€MEHTOB MATPUIIbl PYHKIMS Part UMEET BUJ:
{Part[f, n;, my], Part[f, n,, m], ...}

rac:

O n; — i-i snemeHt CTPOKU MaTPULIbL;

O m; — i-ii sneMedT cTONOLA MATPULIbL
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B ciyuae BblieNeHMS DIAEMEHTOB U3 CJIOXKHBIX 3JEMEHTOB BEKTOPA MM MaTpPULibl
(YHKIMS Part MPEACTABISETCS B CIICIYIONIEM BHIC:

Part[f, n, m, 1]

f — WM BEKTOPA WJTH MaTPHIIEL;
n — HOMEp JIEMEHTa BEKTOpa f;

m — YPOBEHb BEIPAKCHHUS (m=1 B CITydae BEKTOPA, m=2 B CIydac MaTpPHIIG);

Dooaog

1 — HOMep 3/eMEeHTa B BEKTOPE UM MaTpULIE.

Mpumep 5.4

Jlaubl BekTOpHL £3 U £4 U3 npumepa 5.3. HeoO0X0auMo BbIIEIUTh U3 BEKTOpa £3 3716~
MEHTBL C HOMepaMu 2, 5, 6 U -3, -5, —6. 3 BekTOpa £4 BbLACIUTL YETBEPTLIN 3e-

MCHT, 4 TaKXKC X U y2 U3 TPETHEro 2J1EMEHTA .

Peuenue npuseneHo Ha puc. 5.10.

f3={a,1,b,2,3,c}
{a,1,b,2,3,c}
f4={2,a,Sin[x+y"2],b,1}
{2, 8 Bin[x+v], b, 1}
{Part[£3,2] ,Part[£3,5] ,Part [£3,6]}
{1,3,c}
{Part[£3,-3] ,Part [£3,-5] ;Part [£3,-6]}
{2,1,a}
{Part[f4 ,4] ,Part[f4,3,1,1] ,Part [£4,3,1,2]1}
{h, %, ¥}

Puc. 5.10. Boinenenue >71eMEHTOB BEKTOpa ¢ MOMOMIBIO (hyHKuIMH Part

BrIBOI 37€MEHTOB BEKTOPOB W MATPHI[ OCYIICCTBISCTCA ¢ TIOMOIIBIO (DYHKIIHIA
MatrixForm ¥ TableForm.

@yHk1M MatrixForm BbIBOAUT Marpully B MarpudHoil ¢opme, QyHKUMS
TableForm — B Buje TaOnuiibl. PazHuiia 3tux ¢opm BeiBoIa BUIHA HA puc. 5.11.

CDyHKLu/u/l MatrixForm U TableForm UMEIOT OOJbIIOE YUCIO OIMLIMA, [T03BOISIOLIUX
pacnosiarath BEKTOPbI U MaTPULbL HA KpaHe AUCIIIes B KenaaeMoid Gopme.

Bce wcmonp3yeMble OMIMMA  MOXKHO BBIBECTH HA OKpaH, HabpaB (yHKIMH
Options[MatrixForm] U Options|[TableForm].
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F={{a,1,4},{h,2,5} ,{c,3,6}}
e 1,4, 1,2, 5}, {c,3,6)}
HMatrixForm[F]

a 1 4

h & 5]

© 3 6
TahleForm[F]
a 1 4
b 2 5
[ 3 G

Puc. 5.11. IlpeacraBnenue cnucka >I€MEHTOB B BUIE MATPULBI U TAOIHLBI

={5, 7326813138765, 34}
{6, 73426813438765,34)
TableForm[s ,Tableflignments-:Le ft]
5
7342 6813438765
34
TahleForm[s ,Tableflignment s--Center]
g
7342 6813438765
34
TableForm[= ,Tableflignment s--Right]

5
TIE6E134387E5

34
s1={{1,3,4} ,{7,1,7 . {3,2,1}}
141,353,445, 1,7) , {3,2,1}}

TableForm{s1]
1 3 4
5 1 7
3 2 1
TableForm{s1, TahleSpacing->{1,1}]
13 4
517
3 0z 1
TahleForm{s1, TahleSpacing->{5,2}]
1 3 4
5 1 7
3oz 1
TableForm[s 1, TableSpacing—>{2,5}]
1 3 4
5 1 7
3 z 1

Puc. 5.12. PacnonoxeHne BEKTOPOB M MAaTPHL] B JKETAEMOM BHJIE
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Ha puc. 5.12 nokazaHo ucnonab30BaHue Onuuii TableAlignments U TableSpacing,
[O3BOJBSIIOLIMX PACIONOKUTH BEKTOP M MATPUIY HA IKPAHE B iKelaeMoM Buae. Tex-
HOJIOTHS OUEBHUIIHA U 0OBSICHEHH HE TPEOYET.

5.3. PaboTta co cnuckamm.
Co3paHne BeKTOpOB U maTpuL

Crucku TIpEJICTABNSIOT CO00M CIIOXKHYIO CTPYKTYpy AaHHBIX. Cucrema Mathematica
MO3BOJISIET OCYHIECTBISTE KOHTPOIb CTPYKTYPHI JaHHBIX, W3MEHSTE TTOPSIIOK PacIio-
JIOJKEHUS! DIEMEHTOB, OCYIIECTBSATh UX Y/JAICHUE, BKIIOYATh HOBBIC dIeMeHTbL. J[s
peanusanuu 3TUX OPOUCAYP CYLUECTBYET OOJbIOE YMCIAO0 BCTPOSHHBIX (yHKIMA.
PaccmoTpum 3ty yukiuu v npuseneM npumepsl. [aBHOe BHUMAHUE YASIUM CIU-
ckam tuna "BexTop" u "marpuna”.

5.3.1. BbisiBneHue CTPYKTypbl BeKTopa
unu maTpuubl

Z[J'[S[ BBIABJICHUSA CTPYKTYPBI BEKTOPA WUJIN MATPHUIIGI CITYKAT CICAYIOIINUC beHKLII/H/IZ

O vectorQ[Vv] — TIPOBEPSICT, ABIISICTCS JIN V BEKTOPOM, M BBITACT True, €CITH Ja,
U False, €CJIU HET,

O MatrixQ[M] — TTPOBEPSIET, SIBISICTCS JIM M MaTpHUILEH, W BBIIACT True, €CIA Ja,
U False, €CJIU HET,

D Length [V] — BO3BpamacT YMCIIO DJICMCHTOB BEKTOpaA V,

a Length [M] — BO3BpamiacT YMCJIO CTPOK MATPHUIIBI M;

O MemberQ [V, n] — IOpPOBEPACT, UMEETCA JId B BEKTOPE V JIEMEHT n; €C/IU J1a, TO

BBIJIaET True, €CJIM HET — False;

O FreeQ [V, n] — OpOBEPsICT, HMEET JIM BEKTOP V DJIEMEHT n; €C/IM COACPIKUT, TO
BBIIACT False, €CJIM HET — True;

O Freeo [M, n] — TIPOBEPACT, UMECT JIN MATPUIIA M DJIEMEHT n; €CJIN COACPIKUT,
TO BBLJAET False, €CJIM HET — True;

J pimensions [V] — BO3BpallaeT 4ucj10 31EMECHTOB BEKTOpa V;

O Dimensions[M] — BO3BpaMIacT pa3Mep MaTPHUIIBI (FUCITO CTPOK W YHUCIIO CTOID-
LOB);

O position[V,n] — BO3BpaIIacT HoMeEpa MO3ULMI 3JIEMEHTA n BEKTOpa V;

O count[V,n] — BO3BpaIacT YUCIIO DJICMEHTOB B BEKTOPE V, UIMCIOIINX 3HAYCHNUE n;

O TensorRank[V] — BBIIAET panT BEKTOpa V, €CIIH V ABJISACTCA TCH30POM;

O rensorRank[M] — BblIAeT paHr MaTpuubl M, €CNU M SIBJIIETCS. TEH30POM.
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Mpumep 5.5

JlaH BekTOp V 1 MarpuLa M:

v={1, 3, 4,

5,

7,

2,

4}, M={{1,

3, 5}, {2, 4, 6},

{1, 2, 31

BrISBUTE CTPYKTYpY BEKTOpa W MATPHITHI, BOCTIOJIL30BABIINCE (YHKITUSIMH Count,
Dimensions, Free, Length, Matrix, Member, Position, Vector, TensorRank.

Peuenue npuBeneHo Ha puc. 5.13.

V={1,3.4,5,7,2,4}
{11,3,4,5,7,2,4}
M={{1,3,5},{2,4,6},{1,2,3}}
111,3,5 ,{2,49,6,{1,2,3}}
Vector[V]

Trus
MatrixQ[V]
False
{MatrixQ [V] Matrix( [M]}
{False, True}
Length [V]

-

Length [M]

3
MemberQ [V, 0]
Fal=e
FreeI[V,3]
False
Free}[M, 8]
Trus
Dimensions [V]
{7
Dimensions [M]
13,31
Position[V,4]
£33, {7}
Count [V, 4]

z
TensorRank [V]
1
TensorRank [M]
z

Puc. 5.13. CTpyKkTypa BEKTOpa U MaTpULIbI



156 lnaBa 5

5.3.2. NNpeoGpa3oBaHue u cospgaHue
BEKTOPOB U MaTpuL,

Cucrema Mathematica mmeeT GoraTble BO3ZMOXKHOCTH TPe0oOpa3oBaHMs W CO3TAHMS
HOBBIX BEKTOPOB M MaTpHILl (M CITHCKOB JIOOOTO YPOBHS). DTO JOCTHUraeTCsl MyTeM
BBIMOTHEHUS CIISAYIOIIUX OMSPAIlHiA:

O yaanenue 51eMeHTOB;

(0 nobaBiaeHUE 21EMEHTOB;

O wu3sMeHeHue NOpPsAKA PACIIONOKEHHUS DNEMEHTOB;
(O koMOMHHPOBaHME BEKTOPOB U MATPHIL,

OTH NEWCTBHS BBITIONHSIOTCS C TTOMOIIBIO Oonbmroro wucna (yakimid. [Ipusenem
OCHOBHbBIE U3 HUX:

O prop(V, n] — yaanser NepBhIE n HIEMEHTOB BEKTOPA V;

O prop(V, -n] — yaamiseT MOCIEIHAE n HIEMEHTOBR BEKTOPA V;

O bpropl(V, {n}] — ynanser n-il 2JIEMEHT BEKTOPA V;

O prop(V, {m,n}] — yaaiser 3IEMEHTHI OT m-TO IO n-T0 BEKTOPa V;

O vrast[f] — BO3BpAMAET MOCIEIHUN IEMEHT BEKTOPA (MATPHUIIBI) £;

O Rest[V] — BO3BPAMAET BEKTOP V ¢ OTOPOMICHHBIM TIEPBBIM DIIEMEHTOM;

O Take[V, n] — BO3BPAILAECT BEKTOP V C TIEPBBIMH n DIIEMEHTAMH;

O Take[V, -n] — BO3BPAMIAET BEKTOP V ¢ MOCIEIHIMH 1 JJIEMEHTAMH;

O Take[V, {m, n}] — BO3BPALIAET BEKTOP V C HOMEPAMU DJIEMEHTOB OT m 10 1;

O append[V, a] — 100aBJISET DIEMEHT a B KOHEL BEKTOPA V;

a Prepend[V, -a] — 100aBIISIET DJIEMEHT a B HA4allo BEKTOpa V;

(J Insert[V, a, n] — BCTaBJSET DIEMEHT a B IO3ULMIO n ¢ OTCUETOM U3 Hayana
BEKTOpA V;

(0 Insert[V , a, -n] — BCTABISET 3JEMEHT a B O3ULMIO N C OTCUETOM U3 KOH-
T1a BeKTOpa V;

O Dpelete[V, n] — yJalseT 3JIEMEHT n U3 BEKTOPA V;

a {Delete[f, n;], Delete[f, n;], Deletelf, ns3],...}— yJlauiier u3
BEKTOpa (MaTpUlbl) £ 3MEMEHThL n; U 00pa3yeT HOBYIO MATPHUILLY.

Mpumep 5.6

Jlan BekTOp V U MaTpuia M u3 npumepa 5.5. Heo6xonumo 00pa3oBaTh HOBbIE BEKTOP
Y MaTpully MyTeM YJAIeHUs U yBeIUUeHUs ux 37aeMeHTOB. CleayeT BOCIOIb30BaThCs
(l)yHKLLI/MMI/I Drop., Delete, Last, Rest, Take, Append, Prepend, Insert.

Pemrenue 3anaun npuseneHo Ha puc. 5.14.
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V={1,3,4,5,7,2,4}
$1,3,4,5,7,.2,4
M={{1,3.5}.{2,4,6},.{1,2,3}}
1{1,3,5 ,4{2,4,8},{1,2,3}}
{Drop[¥,3] ,Drop[V,-4] ,Drop[¥, {5}] Drop[¥,{2,5}]1}
({5, 7 2,4 41,34, 01,3,4, 5,2, 4,01, 2,40
Delete [V,6]
11,3.4,5,7,4}
{Delete[V¥,1] ,Delete [V,-3] .Delete[V,7]}
{3,49,5, 72,4 ,41,3,4,5,2,4r,{1,3,4,5, 7,21}
Delete M,{2,3}]
41,3, 50 42,4}, {1,2,3}
Delete [M,{3,1}]
1{1,3,5,{2,4,6}, 12,3}
Last [¥]
4
Last [M]
t1,2,3
Rest [V]
t3.4,5,7,2,4)
{Take[V,4] ,Take[¥ ,—4] ,Take[V,{3,6}]}
11,3,4, 5y {5, 7,2,4,{4,5,7,21}
Append [ ,5in [x]]
$1,3,4,5,7,2,4,8in[=]}
Prepend[¥,Sin[x]]
{3in[x],1,3,4,5,7,2,4}
Insert [¥,a,5]
$1,3,4,5,8,7,2,4
Insert [V ,.{3,a,5in[x]} ,5]
$1,3,4,5,{3,a,31in[=]1},7,2,4}.

Puc. 5.14. O6pasoBaHiie HOBBIX BEKTOPOB U MaTPHUI]
MyTeM M3MEHEHHUS YHCIIA YJIEMEHTOB UCXOAHBIX CIIUCKOB

O0pa3oBaHie HOBBIX BCKTOPOB W MaTpHIl B cucteMe Mathematica BOBMOXHO Takke
[YyTEM M3MEHEHUSI PACMOIOKEHUS DJIEMECHTOB BEKTOPA WM MATpuibl Jlasi 9Tux Lie-
el cucTemMa UMeeT CeAYyIone PyHKIMU:

(O Flatten[M] — 00pa3yeT BEKTOP W3 JFOOOTO CIIUCKA, HATIPUMED, MATPHIIBL;
O rFlatten[M, n] — oOpa3syeT BEKTOP B CTPOKE n MATPHIIHI M;

O sort[f] — COPTHPYET IEMEHTHI BEKTOpA (MATPHIIE) £ B €CTECTBEHHOM TIOPSIIKE;
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O Reverse[f] — BO3BpamaeT BEKTOp (MATPUI) £ B 0OpPATHOM MOPAIKE PACIIO-
JIOKEHUSI 3NEMEHTOB;

(O RotateLeft[f] — BO3BPAINAET IEMEHTH BEKTOpa (MATPHILI) f TOCIE OIHO-
KPaTHOTO TIOBOPOTA BIICBO;

O RotateLeft[f, n] — BO3BpAlIAET DJIEMEHTbl BEKTOpA (Marpuupl) £ HOCIE
n-KpaTHOro NoBOPOTa BJIEBO;

(O RotateRight[f] — BO3BpAlIAET O3JEMEHTHl BEKTOpPa (MATpuLbl) £ HOCIE
OJIHOKPATHOI'0 [I0BOPOTA BIPABO;

O RotateRight[f, n] — BO3BPAMIAET NEMEHTH BEKTOpa (MATPULBI) f TOCIE
n-KpaTHOTO TTOBOPOTA BITPABO;

a Transpose [M] — CM¢HaA CTPOK U CcT010L0B MaTpUlbL

v={1,3,6,2,4,58}
11,3,6,2,4,5})
M={{2,1,4},{3.8,6},.{1.2,3}}
112,1,4y,43,8,6,{1,2,3}}
Flat ten[M]
12,1,4,3,8,6,1,2,3}
Flattenit[M, 2]

12,14y ,3,58,6,{1,2,3}}
Sort [V]

{1,2,3,4,5,6}

Sort [M]
111,2,3y 42,1, 4},{3,8,6}}
Reverse[V]

15,4,2,6,3,1)

Reverse[HM]

{11,8,3 {3,868, {2,1,4}}
Rotateleft [V ,.3]
{2,4,5,1,3,.6}
RotateRight [V, 2]
i4,5,1,3,6,2}
RotatelLeft M 1]
113,8,6) 41,2, 3}, {2,1,4}}
RotateRight[M,1]

1L, &3, {E, 1,4, {3,8,0}
Transpose [M]
112,3,1y,41,8,2},{4,6,3}}

Puc. 5.15. Co3aanuie HOBBIX BEKTOPOB U MATpPHUL]
U3MEHEHHEM MOPSIIKA PACTION0MKEHHS DNIEMEHTOB
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Mpumep 5.7

JlaHb! BEKTOp V ¥ MaTpuna M:

v={1, 3, 6, 2, 4, 5}

M={{2, 1, 4},{3, 8, 6},{1, 2, 3}}

Heo6xonumo co31aTh HOBbIE BEKTOPBL U MATPULIbI IIyTEM MU3MEHEHUS MOPsLIKA PACIo-

JIOKCHHUS DJIEMEHTOB BCKTOpa V M MaTpulbl M, MCHOJbL3YSA CICAYHOLIUE (l)yl—ucu,l/ll/l:
Flatten, Sort, Reverse, Rotate, Transpose.

Peunenue 3aaaun npuseneHo Ha puc. 5.15.

5.3.3. KomGuHUpoBaHMe BEKTOPOB U MaTpuL,

KomOunupoBanue BEKTOPOB U MATPULL IO3BOJISET CO3/1aBaTh HOBbIE BEKTOPLI U MaT-
PULIBL, T. €. CO3AaBaTh CIOKHbIE CTPYKTYPbl JAHHBIX, BbIIOIHAThH ONEPALMU C MHOXE-
CTBAMU.

KomOuHMpoBaHUE BEKTOPOB M MaTpHil OCYIUECTBISICTCS € HOMOIUBIO CJEAYHOLIMX
({yHK1MiA:

(3 Union[F] — BO3BpAIAET HOBbIA BEKTOP MM MATPUILY, U3 KOTOPOTO yAANEHbI
TTOBTOPSIOIINECS IITEMEHTEI;

O unionl[f,, fa, ...] — OObEAUHSET fi, f,, ..., YAl HOBTOPSIOILMEC D€~
MEHTBI BEKTOPOB ¥ MaTpPHIL;

O Joinl(fy, fi, ...] — OObEAMHAET £y, fo, ... B €AMHYIO LIEb (KOHKATEHALLMS );

O complement[fi, f,, ...]— BO3BDAINAET CIIUCOK f, INEMEHTEI KOTOPOTO HE
coaepxkarcs B £, fa, ...

O intersection[f,, £, ...] — BO3BPAWIAET YNOPSIOYEHHBIH CITMCOK 3Ic-
MEHTOB, O0LLMX 1JI1 BCEX CIIUMCKOB.

Mpumep 5.8

JIaHEBI CIIEMYIOMNE BEKTOPRI V1, V2, V3 ¥ MaTPHITLI M1, M2;
vi={a, 3, 1, 7, 2, 4, 6}

v2={1, b, 3, 4, 5, 8}

v3={4, 5, ¢, 7, 8, 1}

M1={{1, 2, 4}, {3, 5, 8}, {7, 2, 3}}

M2={{a, b, c}, {1, 2, 3}, {4, 5, 6}}

Heo0x01uMo0 BbINONHUTL KOMOMHUPOBAHKUE BEKTOPOB M MATPULl, MOJb3YSICh (PYHK-
UAMU: Union, Join, Complement, Intersection.

Peuenue npuBeneHo Ha puc. 5.16.
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vi={a,3,1,7,2,4,6}
{2,3,1,7,2,4,6}
v2={1,h,3,4,5,8}
{1,b,3,4,5,8}
v3={4,5,c,7,8,1}
{4,5,c,7,8,1}
Mi={{1,2,4},{3,5,8},{7,2,3}}
£01,2,4),{3,5,8},{7,2,31}
M2={{a,b,c},{1,2,3},{4,5,6}}
f{a,b,ct,{1,2,3},{4,5,6}}
Union[V1,¥V2,V3 Ml M2]

11,2,3,4,5,6,7,8,8,b,c,{1,2,3},{1,2,49},{3,5,8}, (4,56},
{7,2,3 {a,b,ch}

Union[{1,2,3,1,4,5,2,4,1,7}]
11,2,3,4,5,7}

Join [V1,¥2 W3, M1 ,M2?]
{2,3,1,7,2,4,6,1,b,3,4,5,8,4,5,c,7,8,1,{1,2,4},{3,5,8},
{7,2,3 e, 0, {1,2,3),4{4,5,63}

Complement [V1,¥2,V3]
{2,6,a}
Intersection[V1 ¥2,¥3]
f1,43

Puc. 5.16. KomOGunupoBanue BEKTOPOB 1 MaTPHLL

5.3.4. Co3paHue BeKTOpOB U maTpuLy

Cucrema Mathematica mo3BosseT co3naBaTh MAaCCHBBI JAHHBIX JIOOBIX Pa3MEpHO-
creil. Co3aaHue BEKTOPOB M MATPULl OCYIIECTBIAETCS € HOMOIIBIO CIEAYIOIINX

dyHKIHit:

Array[f, n]

Arrayl[f,

{ni, ny, ...}]

Arrayl[f, k, 1]
Arrayl[f, k, 1, h]

PaccmoTpuM 3TH QyHKIMHM 1 TPUBEIEM TPUMEPEL.

a Array[f, n] — CO34a€T BEKTOp U3 n 3JaeMeHToB £[1], £[2], ..., £[n];

O array(f, ni;, n,] — CO3TaET BEKTOP U3 n; DIIEMEHTOB, HAYMHAS C f [
3TOM n, MOXET OBITH YHUCTOM, (PyHKIMEH, BEIpaXKeHHEM;

n,], IpH

O array[f, {m, mn.}]— CO3JA€T MATPULY mxn, U3 DIEMEHTOB (YHKIHM

f(ny,

np);
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a Array[f, ni, nz, h]— CO31a€T BEKTOP U3 n; 3JEMEHTOB, Ha4YMHasi C £ (n;),
¢ YPOBHEM MacCHBa h.

TIprmepst co3nanmst BEKTOPOB ¢ MoMombio pyHKIMit Array[£, n], Arrayl[f, ni,
n.], Arraulf, {ni, n.}], Array[f, ni, n,, h] TpHUBEAEHH Ha puc.S.17
n 5.18. OGparnTe BHUMaHWE Ha TO, UTO ITH (YHKIUH TMO3BOJSIOT OCYIIECTBISTH
CYMMHUPOBAHUE U YMHOXEHME 3JIEMEHTOB BEKTOpa ¢ MOMOLIbIO (yHKUMI Plus u
Times.

Array[Tan,5]

{Tan[1], Tan[2] , Tan[3] ,Tan[4], Tan[ 3] ¢

Array[5in,5,3]

{Sin[3],5in[4] ,Sin[5],S1in[6], Sin[7]}

Array[S5in,5, 5qrt[3]1]

[sin[+3], 5in[1++3 ], sin[z++ 3|, $in[3++ 3|, sin[d+ 3 |]
H[%]

{0.987027,0.398189, -0.556742, -0. 999807, -0. 523654}
Array[S5in,5,5qrt[3] ,Plus]

sin[V3 )+ sin[l+ V3] +5in[2+ 3 ]+ Sin[3+ V3 ]+ 3in[a+ V3|
H[%]

-0. 654957

Array[S5in,5,5qrt[3] ,Times]

sin[V3 ] sin[l+ V3] sin[2+ 3] 5in[3+ 3] Sinfa+ V3|

H[%]

-0.1145&

Puc. 5.17. Co3anue BEKTOPOB U MATPULL C MOMOIIBIO (DYHKLIMI
Array[f, n] mArray[f, n;, n.]

Array[Tan, {3.,4}1

{{Tan[1,1],Tan[1,2], Tan[1,3] ,Tan[1,4] }, {Tan[2,1],T
an[a,2] ,Tan[2,3],Tan(2,49] ,{Tan[3, 1] , Tan[3, 2] , Tan[
3,31, Tan[3,4] ¢

Array[Exp,5,3,2]

21e?, e, &%, &%, &

7]
H[%]

2[»&:3r 64, es, es, e?]
irray[Exp, 5,8, h]

h[ea‘ el+a, -82"'3, 63+a’ e4+a]

Puc. 5.18. O6pazoBanue BEKTOPOB M MATPULIBI C MOMOLIBIO (PyHKIIMIT
Array[f, {n:, n;}] mArrayl£f, n:, n;, hl
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5.4. MaTtemaTn4yeckue onepauum
Hag BeKTOpaMu U maTpuuamm

5.4.1. ApuchbmeTuyeckue onepauyumn

Maremarudeckue OTCpan Hall BEKTOpAaMW U MAaTPpULlaMW OCYIICCTBIIAOTCS TaK ¥KC,
Kak W HaJl YUCJIaMU. PC3yHBTaTaMI/I ITUX onepaunﬁ SABJIAIOTCA BCKTOPLI U MAaTPHIIbI
€ HOBBbIMHU 3HAYCHUAMU DJIEMCHTOB.

PaCCMOTpI/IM OTH OICpali Ha MpuMepax.

Mpumep 5.9

JIaHBI BEKTOPEI V1, V2 W MaTPHUIIBI M1, M2:

vli={1, 3, 5, 2, ,6 ,4}

ve={2, 7, 5, 8, 1, 3}

M1={{1, 2, 3},{6, 5, 4}, {1, 3, 5}}

M2={{3, 2, 1},{4, 5, 6}, {5, 3, 1}}

Heobxoaumo:

O cH0XKNUTE, BEMECTD, YMHOXKHUTE U PA3IE/INTh BEKTOP V1 ¥ MATPHUILy M1 Ha 9HCIO 3;

() Bo3BECTH B KBA/PAT BEKTOP V2 M MATPHILY M2;

() w3Bieus KBAXPATHEIN KOPEHB W3 BEKTOPA V1 W MATPHIIL M1;

O sermcnrs e, sin V2 , InM1, cosh M2 .
Peuenue npuseneHo Ha puc. 5.19.

W3 puc. 5.19 BuaHo, 4TO BO BCeX CIyuasx BbIIOJHAIOTCA ONEPaLMU C 3JIEMEHTAMU
BEKTOPOB W MATPHII Kak ¢ OOBIIHEIMI UvcnaMi. CIEeayeT NMETE B BHIY, UTO CHCTEMA
MOXET BBITIOJTHATE TAK K€ OTIEPaL ¢ CHMBOJIBHBIMH TIEPEMEHHBIMH 1 Taxe C PyHK-
LUAMU.

5.4.2. MaTpuyHoe YMHOXeHue

BekropHBIe omepanni YMHOKEHHS M BO3BEACHUS B CTETICHB B cricteMe Mathematica
OCYIIECTBIISIOTCS C TIOMOIIBIO BCTPOSHHBIX (pyHKIMi. B wacTHOCTH, BEKTOpHOE TTpO-
K3BEJICHUE Pealu3yeTcs ¢ MOMOIbI0 PYHKUIMU Dot [V1, V2]. OHO TakKe peaau3yer-
Csl 3HAKOM YMHOYKEHUSL B BUJIE TOUKM: V1. V2 WM M1 .M2.

Mpumep 5.10

Jlaubl 1Ba BeKTOpa V1, V2 U JBE MATpuiibl M1, M2 u3 npumepa 5.9. Heo6x01uMo Bbi-
[OJIHUTL ONEpalldy IOYNEHHOTO M MATPUYHOIO YMHOXKEHUSI BEKTOPOB U MaTpUll.
Peuenue npuBeneHo Ha puc. 5.20.
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V1={1,3,5,2,6,4}
£1,3,5,2,6,4}
v2={2,7,5,8,1,3}
{2,7,5,8,1,3}
Mi={{1,2,3},{6,5,4} {1,3,5}}
£41,2,3},06,5,4),4{1,3,5}}
M2={{3,2,1},{4,5,6},{5.3,1}}
£{3,2,1},14,5,6},4{5,3,11}
{V1+3,V1-3,V1+3,¥1/3}

{{4; 6,8, 9,9, 7} {-2,0,2,-1,3, 1}, {3, 9,13, 6, 18, 12},
h 5 2 4
—1, —, — .2, _

o220y

M1+3, M -3 M1%3 M173}

{{{4r 5,6}, {9 8 7} {4 6 8}} {{-2 -1 0} {3 2 1}

{-2, 0, 23}, {{3, 6, 9}, {18, 15, 12}, {3, 9, 15}},
1 2 5 4 1 5
PRI R LAl ' P 11
{V2'2 M2°2 Sqrt[V1] ,Sqrt[M1]}
{{4, 49, 25, 61, 1, 9), {{9, 4, 1}, {16, 25, 36}, {25, 9, 1}},
{1, V3,8, 2, Ve, 2, f{L Ve e )
{(V§, 5.2}, {1, V3, V3]
{E*¥1,5in[V2],Log [M1] ,Cosh[M2]}
{{er & &, &* 2", &'}, {Sing2], Sin[?], Sing5], Singd,
Sin[1y, Sing31}, ({0, Log[2], Logr 3]}, {Log[6]. Log[3].
Loi[41}, {0, Log[3], Loiy[51}}, {{Cosh[3], Cosh[2], Cosh[1]},
¢Coshy4] ; Cosh[ 3], Cosh{6]y, {Cosh[3], Cosh|3], Cush[l]}}}
H[%]

{{2.71828,20.0855, 145,413, 7. 38906, 403 . 429,54, 5962}
,{0.909297, 0, 656987, -
0.958924,0,999358, 0, 841471,0.14112}, { {0., 0. 693147,
1.09861%, {1.79176, 1. 60944, 1.35629} ,{0., 1.09861, 1. &
0944} b, {410.0677,3.7622, 1. 54308} ,{ 27,3082, 74,2099,
201.716}, {74.2099, 10,0677, 1. 54308} 1}

Puc. 5.19. Pemenue npumepa 5.9

5.4.3. MatemaTunyeckue onepauum
C BeKTopamMu U matpuuamu

Marematuueckue onepaiuy ¢ BEKTOpaMH U MaTpULIaMU (BbIYUCIECHUE ONPEASIUTENS,
peoOpa3oBaHus MaTpULl, CO3AAHME CNELMATLHBIX MATPULl U T. I1.) BLIIOJIHSIOTCS B

crcreme Mathematica ¢ MOMOIIEIO BCTPOSHHBIX (ByHKITHA.
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Vi1={1,3,5,2,6,4}
{1,3,5,2,6,4}

v2={2,7,5,8,1,3}

{2,7,5,8,1,3}
Mi={{1,2,3},{6,5,4},{1,3,5}}
{{1,2,3},4{6,5,4},{1,3,51}
M2={{3,2,1},{4,5,6},{5,3,1}}
{{3,2,1},4{4,5,6},15,3,11}

V1%r2

{z,21,25,16, 6, 12}

V1.¥2

g2

Mi.M2

{{26,21,16}, (58,49, 40}, {40, 32,243 }
Dot [V1,V2]

g2

Dot [M1 M2]

{{26,21,16}, (58,49, 40}, {40, 32,243 }

Puc. 5.20. Pemenue npumepa 5.10

PaCCMOTpI/IM OCHOBHBIC U3 HUX:

oga O 0o aaqa

o 4a Q

Det [M] — BO3BpalllaeT ACTEPMUHAHT (IJIABHbIH ONpeNeIUTENb) MATPULIbL;

IdentityMatrix[M] — BO3BpallacT CAUHUYHYIO MATPULy: MATpULy ¢ AUaro-
HA/IbHBIMU 3JIEMEHTAaMU, PaBHbIMU 1, U OCTANbHBIMU HYJIMMU;

Transpose [M] — BO3BPAILAET TPAHCIOHUPOBAHHYIO MATPULly, Y KOTOPOii cTpo-
KM 3aMCHEHBI CTOJIOI[AMH, @ CTOJIONBI CTPOKAMH;

Inverse [M] — BO3BpaiiaeT oOpaTHYIO MaTpHIly, T. €. TaKyl, KoTopas OyIydn
YMHOXEHHOM Ha UCXOIHYIO ACT EAMHUIHYIO MaTpHILY;
Tr[M] — BO3BpaIacT ClieJl MaTPHUIIBI (CYMMY JHaroHabHBIX SIEMCHTOB);

LinearSolve[M,b] — BO3BpalllacT BEKTOP HEU3BECTHBIX MATPUUHOIO YpaBHE-
HUS M*x=b, 1€ M — MaTpuLia KO3(P(PULUECHTOB CUCTEMbI YPABHEHUM, x — BEKTOP
HEM3BECTHBIX, b — BEKTOP CBOOOAHBIX UICHOB;

Eigensistem[M] — BO3BpallacT CIUCOK COOCTBCHHBIX 3HAUCHWI W COOCTBEH-
HBIX BEKTOPOB KBaIpaTHON MaTprLbI I;

Eigenvalues [M] — BO3BpamIacT CIMHUCOK COOCTBECHHEBIX 3HAYCHWI KBampaTHOMN
MaTpuLbl M;

Eigenvectors [M] — BO3BpallacT CIUCOK COOCTBEHHbIX BCKTOPOB KBaﬂpaTHOH
MaTpuLbl M;

PseudoInverse [M] — HIIET MCEBI00OPA3HYIO MATPHITY TSI MATPHITHI M.

Bce nepeunicnensbie Bblllle MATPUYHBIE ONEPALMHE WLTIOCTPUPYIOTCs Ha puc. 5.21.
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Mi={{1,2,3},{3,5,4},{7,2,1}}
({1, E,3 ,{3,5,4,{7,2,1%}
M2={{4,a,-2},.{1,2 b}, {3,5,c}}
{4,a,-2y,{1,2,b}, {3,5,c}}
{Det M1] ,Det [M2]}

{-40,2-20 b+3 a b+ c-a c}
IdentityMatrix[3]
{{1,0,0},{0,1,0,{0,0,1}}
{Transp M1] ,Transp 2]}
T, 3,7, {2,5,2 {3, 4, 10}, {44, 1,3 (8,2, 5, (-2, b,ch b b
{Imerse[Ml] Imrerse[lﬂ]}

1

s B A O i i

_5h+2c: _1l]_a|: 4.ah

{{2_2nh+3ah+sc_ac’ 2_20b.3ab.8c-ac 2_2nh+3ah+sc_ac}’
$h_c 6+dc _2_4h

{2_2nh+3ah+sc_ac’ 2_20b.3ab.8c-ac 2_2nh+3ah+sc_ac}’
1 -20 4+ 3a 8-a

t 2_20b,3ab+8c-ac 2-20b.3ab.8c-ac 2_2llh+3ah+8c:_ac:}}}
{Tr[M1],Tr M2]}
{7,640}
{LinearSolve M1,{1,3,7}],LinearSolve M2,{1,2,3}1}
—-8-Sh+3ab+2c-2ac E—9k + 7 -17+3a
{tno,m, 1

Z_20b+3ab+Bo_ac  2_20b+3ab+Bc-_ac 2-20b+3ab+8c-ac
PzeudoInverse [M1]

317 5 1 1y ;28 3 1
{{E'_E' !’ {_E' ?_E}' {E'_E' E}}

Eigenvalues[M1]

{Roou[40 -24 #1 - 7#17 + #1° &, 3], Foou[40 - 24 #1-7#1? + #1° &, 1], Foot[40 - 2441 -7 #1? + #1° &, 2]}
H[%]
{9.14592,-3.42345,1.27752}
Eigenwvectors [M1]
1
{{_ + Rom;[qu 24 #1-7TH1? +#1% €, 3] - — Root[40-24#1- 7§17 + #1° g, 3]%,
71
a5

10 7
- - Poot[40-24#1 -7H#1® +#1% g, 3] +
7171 14z

Root[40-24#1- 7#17 + 81 £, 317, 1},
1
{—+—Root[40 24 #1-THI? +#1% g, 1]-—Root[40 24#1-THE +#17 &, 117,
71

95 10
- - Root[40-24#1-THE +#1° &, 1] +
71 71

7
- Root[40- 24 #1- 7#1° + #1° g, 1]7, 1};

1
{_+_an:[40 24 H1-7#1? +#1% £, 2] - — Root[40- 24#1 -7 #1% + #17 &, 27,
71

a5 7
[l Rooc[qu_zr;#l_?#f +H17 8, 2] +
71 71 142

H[%]

Root[40- 24#1-7#1% + #1° &, 217, 1}}

{{0.735903,1.45973,1.y,{-0.552462,-0.278106,1.},{0.450362,-1.43751,1.}}

Puc. 5.21. [IpeoOpa3oBaHue MaTpHiy
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MaTtemaTtuueckme pyHKLMUM

Maremarudeckue beHKLII/H/I TPpUHATO KJTaCCH(])I/ILH/IPOBaTB Ha beHKLII/H/I SJICMCHTApP-
HbIC, CICMAIbHBIC U (l)yl-ll(lll/ll/l I10J1b30BATCIA.

PaCCMOTpI/IM 2TH (byHKLII/H/I, CTIOCOOBI X MPCACTABIICHUSA W BLIMUCIICHUA.

6.1. OnemeHTapHbIe
MaTemaTuyeckume (pyHKLUu

K snemenTtapHbiM QyHKIMAM OPUHATO OTHOCUTD CJICAYIOLIUE:

D Abs [z] — BBIYUCISIET a0COJTIOTHOE 3HAYCHHE JECHCTBUTENBHOTO YUCTIA 1 MOAYJIb
KOMILJICKCHOI'O 4McJia z,

O Explz] — BBEMUCISET YKCTIOHEHIUATLHYIO ()yHKIIHIO;

O Loglz] — BEMHUCHSET JTOTAPUPM THCIIA Z;

O roglb, z] — BEMHCIAET JOTAPHPM YUCITA z C OCHOBAHUEM b;

O sqrtz] — BBMHUCIAET KBALPATHEIN KOPEHb YHCIA Z;

O signiz] — Bo3Bpamaer —I, eciau z oTpuuarensHoe, 0, ecmu z=0, U 1, ecnm z
[OJOKUTENBHOE; €CINU z — YKUCIO0 KOMILIEKCHOE, TO BO3BPAIAET OTHOLLEHHE
z/BAbs[z];

O sin[z] — BO3BPALLAET CUHYC YUCIA Z;

O sinh[z] — BO3BpaWAET rUNepOOIUIECKMH CUHYC UMCIA Z;

O ArcsSin[z] — Bo3BpamaeT 0GPATHEIN CHHYC YUCIA z;

O ArcSinh[z] — BO3BpAIIACT OOPATHBIH MMMEPOONMUECKUH CHHYC THCIA Z;

O coslz] — BO3BpAIIAET KOCHHYC YHCIIA z;

O coshlz] — BO3BpamAET rUIEPOOTHIECKHH KOCHHYC YACHA Z;

O arccos [z] — BO3Bpaljact 06paTHbu‘/'1 KOCHHYC 4YMC/a z;
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0 ArcCosh[z] — BO3BpamaeT 0OPATHEIH THIEPOOTMIECKHIT CHHYC THCTA Z;

O Tan[z] — BO3BPALIAET TAHIEHC YMUCIA Z;

O Tanh([z] — BO3BpawIaeT rUNEPGONMUECKMH TAHTEHC YUCTA 2}

O arcran [z] — BO3Bpaljact 06paTHbu‘/'1 TAHIEHC YUcCia z;

O arcTanh[z] — Bo3BpalaeT OOPATHLIHA TUIEPOONMYESCKUN TAHTEHC YUCIIA Z;
3 cot(z] — BO3BpaImAET KOTAHTEHC YHCIA 2]

O coth[z] — BO3BpamaeT rUMepOOTAIECKHI KOTAHTEHC TUCIA 7;

O ArcCot[z] — Bo3BpamaeT OOPATHEIH KOTAHTEHC THCITA Z;

O aArcCoth[z] — Bo3BpalaeT OOPATHbIHA TUIEPOONIMYESCKUH KOTAHIEHC YMCIA Z;
O Seclz] — BO3BpAIAET CEKAHC YMCTA Z;

O sech[z] — BO3BpawaeT runepOONMUECKUii CEKAHC 1UCTA Z;

O ArcSec[z] — BO3BpaWIAET OOPATHBIN CEKAHC YUCIA Z;

(0 ArcSech[z] — Bo3BpamaeT 0OPATHEIH THIEPOOTMIECKHIT CEKAHC YMCTA 2]
O csclz] — BO3BpamaeT KOCEKAHC THCIA Z;

O cschlz] — Bo3BpamaeT ruMepOONTAIECKHH KOCEKAHC ACIA Z;

O ArcCsclz] — Bo3BpamaeT 0OPATHEIH KOCEKAHC YMCIA 2]

O arcCsch[z] — Bo3BpalaeT OOPaTHbIHA TUIEPOONMYESCKUH KOCEKAHC YUCIA 2.

CymecTBYIOT Ba OCHOBHEIX CITOCO0A BEIMHCICHHMS dJIEMEHTApHBIX (PyHKIWiT: Hero-
CPEICTBEHHBIE BBIYUCIEHUS U IYTEM [IPUCBOCHHS apTyMEHTY YHCJISHHOTO 3HAYCHUSL.

6.1.1. HenocpeacrtBeHHOE BblYUCIIEHUE
hyHKUMN

Tlo 2TOMY CHOCO6y BBIUUCTIACMAn beHKLII/IH BBOJIUTCA ¢ YUCJIICHHBIM 3HAYCHUCM ap-

[YMEHTA z, W JUISl [OJIYYeHUs Pe3y/bTara HAKUMACTCS KOMOMHALMS KJaBULL
<Shift>+<Enter>. [lycts, Hampumep, HEOOXOJUMO BbIYUCIUTH 3HAuYEHUE (PyHKUIUU

y= e?. [Ipoueaypbl HENOCPEACTBEHHOI'O BbIYUCIEHUS (PYHKUUU OYIyT UMETh BUIL:
Exp[2.]
TTocne nHaxxatns xoMOwHaIWN knasum <Shift>+<Enter> Ha skpaHe TTOSBUTCS OTBET:

7.38906

Crexyer WMETh B BHAY, UTO €CITM TIPH JAHHOM apryMEHTe (hyHKIMS MMEeT TOTHOE
3HauYeHUe, TO OHa OyaeT BhluuciaeHa Oe3 cumBona "." (Touka) B KoHie uucia. Ha-

npumep, Exp [0], Cos [P1/2], Log[Exp[5]].
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6.1.2. NMpucBoeHue aprymeHTy
YUCIIEHHOro 3Ha4YeHus

IlycTs, HampuMep, HEOOXOAMMO BRIUUCITHATE 3HaucHUE PyHKIMH y =In 2. TIporemy-
PBI BEIYUCIICHAS (DYHKIMH 110 STOMY CTTOCO0Y OYIyT UMETh BHII:

x:=2.

Logl[x]

0.693147

U3noxeHHble CIOCOObl BBIYUCICHUS DNEMEHTApHbIX (YHKUME OPUBEJEHbl Ha
puc. 6.1.

Exp[2.]
7.358906
Log[Exp[5]]
5
Ml :=2.

Loy [x]
0.693147
w2 :=Pif2

Cos [x2]

u]

Puc. 6.1. CriocoObl BRIUUCITCHUS YIEMEHTAPHBIX (DYHKIHI

OnucaHAbBIe CTIOCOOBI SBISIOTCS YHUBEPCATBHBIMH W MOTYT TPUMCHSTHCS TIPH BhI-
YUCIICHWUH JTFOOBIX (DYHKITHIA,

6.2. CneunanbHble
MaTemMaTuyeckme (pyHKLuum

6.2.1. OpToroHanbHble NOJINHOMbI

Cuctema Mathematica umeeT BCTpO€HHbIE (PYHKLUU BbIYMCICHUS OPTOrOHAILHBIX
noymmHoMoB Uebnrmea, Jlexkanapa, Opwmura, Jlareppa, I'erenbayepa, SIko6u. Dt
(YHKINH NMETOT BH:

O chebyshevT[n, x] — BBMHUCIAET NOJHHOM UeObINIERa NEPBOTO POIA;
O chebyshevU[n, x] — BbLIMUCISET NOJMHOM UelblleBa BTOPOro POAA;
a LegendreP[n, x] — BbIYUCIIET MIOJMHOM ﬂemaﬂapa;

O regendreP[n, m, x] — BLIYMCISLET IPUCOEIMHEHHDIN 101MHOM Jlekanapa;



Matemarnuyeckne hyHkymmu 169

a LegendreQ[n, x] — BbIYUCISET (l)yl—u(umo ﬂemaﬂgpa BTOPOI'o poaa;

O regendreQin, m, x] — BBLMUCISET NPUCOSTUHEHHYIO (QyHKUMIO JlexkaHapa
BTOPOTO POAA;

O HermiteH[n, x] — BLIYUCIAET NOIUHOM Dpmura;

a LaguerreL[n, x] — BbIYUCIIET MNOJMHOM ﬂareppa;

O raguerreL[n, m, x] — BBMHCIAET 000OMEHHBIH TOIMHOM Jlareppa;
a GegenbauerC[n, m, x] — BbIYUCIACT NOJUHOM FereH6ay3pa;

O Jacobip [n, a, b, x] — BbIMUCIAET HOJUHOM SKoOuU.

B (yHkuMIX NpUHATHL crenyroie 0003HaueHUs:
O n— crenens noywHOM;

O x — apryment monmHOMa;

O m, a, b — napamMerpsl N0JIMHOMA.

3HaueHAs JFO00TO W3 TMOJIMHOMOB BBIUUCISIFOTCA TaK ‘K¢, Kak W JF000H (DyHKITHH,
HATPUMED, MEMCHTAPHON: BBOAUTCH (PYHKIWS C YUCIICHHBIMH 3HAUCHHUSIMH CTETICHH,
apryMEHTAa W €€ TMapaMeTpOB W HAXMMACTCI KOMOWHAIMS KIIABWIT PETICHUS
<Shift>+<Enter>.

Mpumep 6.1

HeobxommMo BEMUCTHATE 3HAYCHUS TIONMHOMOB HeTBEpTOH crencHu Jlexanmpa, Dp-
MuTa 1 SIkoOu Tpnt x=1.2, a=1, b=3.

B nanHoM ciyvae GpyHkiuu OyAyT UMETh BUA:
LegendreP [4, 1.2]

HermiteH [4, 1.2]
JacobiP [4, 1, 3, 1.2]

Peuienue npuseseHo Ha puc. 6.2.

TIpr HEOOXOIMMOCTH MOXKHO MOYIUTEH BEIPAKSHHE JIFOOOTO TIONMHOMA n-#f CTETICHN.
JIi1st 3TOTO NOCTATOYHO BBECTHM (YHKIMIO ¢ yKa3aHWEM CTENEHH TIOJIMHOMA n M Ha-
KaTh KJIABULIM peuieHust. J1s noyuyeHus MHOKECTBA BapUAHTOB ClIE/LYeT HCIIONb30-
BaTh TaOyaupoBaHue PYHKIMU IO NApaMETPy n.

Mpumep 6.2

Heo6x0mmMo TIoTyunTE BRIpXKCHUS OPTOTOHATBHBIX TTOJIMHOMOB UeORITIeBa TIEPBOTO
pona, o6obmenHoro nonauHoma Jlareppa u monvHoma I'erenbayaspa. TTosmHOMBI TIO-
JY9UTH TIpH 3HaueHuIX n = 1, 2, ..., 5. B mommHome ['erenbayspa mapaMeTp m=2.
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LegendreP [4,1.2]
4.047
HermiteH[4,1.2]
-23.594z24
JacohiP[4,1,3,1.2]
19.3745
LegendreP[4, 2]

3 15z 35zt
8 4 B
HermiteH[4 ,z]

1Z - 48 z° + 16 2*
JacohiP[4,a,h,z]

% (1+a) (2+a) (3+a) (4+a) +

% (2+a)(3+a) (2+a) (S+a+h) (-1+2) +

% (3+a)(d4+a) (5+a+b) (6+a+bh) (-1+2)°+
% {(4+a){5+a+h) {(6+a+h) (1+a+h) (-1+2)° +

% {(5ra+h)(6+a+b) (T+a+h){B+a+h) {122

Puc. 6.2. Beruucnenue $pynkuuii Jlexxanapa, Dpmura u Slkoou

B Hauiem ciyvae yHKUMY BO3BpAlllEHUS NOAUHOMOB Oy1yT UMETh BUJL:
Table [ChebyshevT[n,z], {n,1,5,1}]
Table[LaguerreL[n,2,z],{n,1,5,1}]
Table[GegenbauerC([n,2,z],{n,1,5,1}]

Peammzarns ¢yHKmif mokazana Ha puc. 6.3.

OpTOTOHANEHEIE MHOTOWICHEI MOJTE3HO TIPEACTABIATE B rpadutdeckom Bune. | padukn
JIAIOT HArMsIHOE TIPEICTABICHUE O MOJTMHOME Kak (yHKIIMH, 3aBHCSIIEH OT cTere-
HU n U 3HA4€HUI apryMeHToB. Y 0eIMMCsl B 3TOM Ha MpUMepax.

Mpumep 6.3

Heo0xonumo npencraButh B Buae rpaduxor nondHombl YeObuuera, Jlareppa u Jle-
HaHIpa B IMaNa30He M3MCHEHMS apTyMEHTa OT x=-1 JI0 x=2 TIpH 3Ha4eHusIXx n = 1, 3,
5. as obecneueHust HarIsAHOCTH UCI0/b30BaTh PA3AUYHbIE CTUIIU IPadUKOB.

B narHOoM criywae rpadudeckue GyHKITHM OYIyT UMETH CIICITYIONIVNA BUI;

Plot[{ChebyshevT[1l,x],ChebyshevT[3,x],ChebyshevT[5,x]},
{x,-1,2},PlotStyle->{AbsoluteDashing[{1,5}],None, Thickness[0.011}1;
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Plot[{LaguerreL[l,x],LaguerreL[3,x],LaguerrelL[5,x]},
{x,-1,2},PlotStyle—>{AbsoluteDashing[{1,5}],None, Thickness[0.01]1}];
Plot[{LegendreP[1l,x],LegendreP[3,x],LegendreP[5,x]},
{x,-1,2},PlotStyle—>{AbsoluteDashing[{1,5}],None, Thickness[0.01]}].

Peammzanys ¢pyHxumit nprBeneHa na puc. 6.4—6.6.

Tehle[ChebyshevT[n, 2], {n,1,5,11]
fz, ~1+2z% —3z+4z",1-8z"4+8z% 5=z_20=2"+16z%1
Table[Laguerrel[n,2,z],{n,1,5,1}]

{3-2, ; (12-8z+2%), %(60—602+1522—z3],

1
— (360 -480z . 180 2" _ 2427 . 2*),
24

1
—— (2520 -4200z - 2100 2° — 420 2° . 352" _ 2"}
120

Tabhle[Gegerbaueri[n,2,2],4n,1,5,1}]

[12, -2+122°, 12243227, 3482 +
80z, 242 -1602" + 19227}

Puc. 6.3. OptoronansHeie moauHoMbl YeObimeBa, Jlareppa u ['erendayspa
HpH Pa3THYHBIX 3HAUSHUSX N

Plot[{ChebyshevT[1l,x],ChebyshevT[3,x],ChebyshevT[5,x]},
{x,-1,2},PlotStyle -> {AbsoluteDashing[{1,5}],
[None , Thickness[0.01] }]

4t

Puc. 6.4. I'papuueckoe npeacrasnenne Gpynkuun Yedoimena
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Plot[{LaguerreL[1l,x] ,LaguerreL[3,x] ,LaguerreL[5,x]},
{x,-1,2} ,PlotStyle -> {AbsoluteDashing[{1,5}],
[None , Thickness[0.01]}]

Puc. 6.5. I'paduueckoe npeacrasienue GpyHkuuu Jlareppa

Plot[{LegendreP[1,x] ,LegendreP[3,x] ,LegendreP[5,x]},
{x,-1,2},PlotStyle -> {AbsoluteDashing[{1,5}],
[None, Thickness[0.01] }]
1.5
1
0.5
- “NS . 0 2

' -0.5
-1

Puc. 6.6. I'paduueckoe npencrasneHue pynkupu Jlexxanapa

6.2.2. UHTerpanbHble NoKasaTenbHble PYHKLUUN

B cucreme Mathematica uHTerpanbHble MOKa3aTelbHble (YHKIMU BbIMUCSIIOTCS
C MOMOIIBIO CIIEAYIOMNX BCTPOSHHBIX (DYHKIMI:

O sinIntegral [x] — MHTErPAIbLHbIA CUHYC

:_ILmd__§+ijdt
X 0
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O cos Integral [x] — WHTETPAIBHBIA KOCHHYC
cost cost
= j j —dt
O sinhIntegral[x] — UHTErPalbHbIH CHHYC MHNEPOOIMYECKHUEL;
O coshIntegral [x] — UHTErPalbHbIH KOCUHYC TUIEPOOIMUECKUI;
a ExpIntegralEi [x] — HMHTErpajbHas NoKa3areabHas (l)yHKLu/Lﬂ;
a ExpIntegralE[n, x] — HHTErpajbHas noka3areibHas (l)yHKLu/Lﬂ
) 0 e*l
Ei(n,x)=— I—dt .
St
BBIUHCIISIEMAst METOZOM PA3JI0KEHNSA B PsI TIPHA YHUCIIE WIEHOB, PABHOM n;
O LogIntegral[x] — MHTErpalbHbIA Jorapupm

Li:]ﬁ=Ei(lnx).
o Int

TexHOJOTHS BEIMHCICHUS] MHTETPATBLHEIX (GYHKINH aHAIOTHIHA TEXHOJIOTHH BBEITHC-
JeHus 31eMeHTapHbIX GyHkuuil. [IpuBenem npumepsl.

Mpumep 6.4

Heo0x011uMo0 BBIYUCIUTD BCe UHTETpaibHble (PYHKIMU B AuanazoHe x ot 1 g0 7 ¢ ma-
roM, paBHbIM 1. PellieHue HyHO nony4uTh B TaOAUUYHOM dopme.

Pemenne mpuseneno Ha puc. 6.7.

U3 puc. 6.6 BuaHO, uTo TaOyAUPOBAHUE BLIIONHEHO B JIBA 3TAlA: BHAYale MOIy4eHO
peIIeHne JUTSl TPUTOHOMETPHIECKUX M THTIepOoTHIeckuX (YyHKIHH, a 3aTeM JUls WH-
TErpaibHBIX MOKa3aTelBHBIX W WHTETPATBHOM Teomerpuueckoi dyrkmmit. DTo ocy-
IIECTBICHO JIMIIL C LENBI0 YA0OCTB PAcHoIOKEHUS TabJiMIl Ha SKpaHe MOHHTOpA.
TabnuyHOe npeCcTaBIeHUE PELICHUI BBUTONIHEHO ¢ NOMOIUBIO (PYHKIMU TableForm.

Teneps npeacTaBUM UHTETpanbHbIE N0Ka3aTeabHblE (PYHKIMHU B BUAE IPAPUKOB.

Mpumep 6.5

HeobxomnMo mipencTaBUTh BCe MHTETPANIBHBIC TTOKA3aTelbHBIEC (PYHKIMM B BHAE Tpa-
¢uKoB. /InamazoH M3MEHEHWS apTyMEHTA Xnin=0, Xmax=6 AJISI TEOMETPUIECCKIX W TH-
MepOOTMIESCKIX PYHKIMH M Xpin=0, Xmax=1.5 IJIST OCTANBHBIX (QYHKIMA. B memsx
oGecrieteHns BRICOKOI HarSIIHOCTH HEOOXOAMMO WCIONB30BATh PA3MIHbBIE CTHIN
rpaguKoB.

Pemenue 3amaun npencrasiicHo Ha puc. 6.8 1 6.9.
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Table [{x,SinIntegral [x] ,SinhIntegral [x] ,
CosInteygral [x] ,CoshIntegral =]}, {x.,1..,7.}]
{{1.,0.9460583,1.05725,0.337404,0.837567},4{2.,1.60541,
2.50157,0.422981,2 .45267},43.,1.584865,4.97344,0.11963
,4.96039 ,{4.,1.7582,9.81733 -

0.140552,9.581355, {5.,1.54593,20.0932 , -
0.19003,20.0921},{6.,1.42463,42, 9951, —
0.0630572,42,9947} ,4{7.,1.4546,95.7524,0.0766953,95.75

231}

TableForm[Out [14]]

1. 0.946083 1.05725 0,337404 0.837867
2. 1.60541 Z.50157 0.422931 2.45267

3. 1.84865 4.,97344 0.11963 4.96039

4, 1.7582 9.81733 -0.140982 9.81355

3. 1.54993 Z0.0932 -0, 190032 20,0921

6. 1.42469 4z .9951 -0.0680572 47,0047

T. 1.4546 05.7524 0.0766953 95,7523

Table [{x,ExpIntegralFi [x] .ExpIntegralE[3 , x] ,
LogIntegral [x]} . {x.1.,7.}]

{11.,1.89512,0.109692, -
w},i2.,4.95423,0.0301334,1.04516} ,43.,9.93383,0.0082
3065,2.16359) ,44.,19.60309,0.00276136,2.96759} ,{5. ,40.
1553, 0.000877801,3.63459),{6.,85.9893,0.,000254604, 2.2
2222 ,47.,191,505,0,000093 6565, 4.75705})

TableForm[0ut [16]]

1. 1.89512 0.109692 —

2. 4.95423 0.0301334 1.04516
3. 0.93383 0.00893065 2.18359
4. 19,6309 0.00Z76136 2.987359
a. 40.1853 0.000877801 3.63459
. 85.9808 0.000284604 423222
7. 191.503 0.0000936565 4.75705

Puc. 6.7. TaGynupoBaHue HHTErPaibHBIX NOKA3aTEIbHBIX (yHKLMI

6.2.3. Namma-dpyHKUMA

T'amma-¢yHKIMS UMeeT BUA:
I'(n)= J.ef’t"*ldt .
0

Ecmn— aejioe, To T‘aMMa-beHKLII/IH OTOXIACCTBITACTCA C CbaKTOpI/IaJ'IOM.

Tamma-yHKIMS CylecTBYeT A4 LEAbIX M APOOHBIX, MOJOKUTEIbLHBIX U OTpPHULA-
TENBHBIX, BELIECTBEHHBIX U KOMILIEKCHBIX 4HCel. MaremaTrudecku OHa MOXKET ObITb
TIPEJICTABIICHA B CIIEYFOIUX BAAX:
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[(n+1) =nl'(n)
rH=ry=1
I'(n)=n-1)!

r(%) =

Plot[{SinIntegral[x],CosIntegral [x],SinhIntegral [x],
CoshIntegral[x]}, {x,0,6},PlotStyle->
{AbsoluteDashing[{1,5}],None, Thickness[0.009],
Thickness[0.012]}]

Puc. 6.8. I'paduku HHTErpanbHBIX TEOMETPHYECKUX U TUMEPOOTHUECKUX (PyHKIMIT

10

Plot[{ExpIntegralEi[x] ,ExpIntegralE[l,x],LogIntegral [x]},
{x,0,1.5},PlotStyle->{AbsoluteDashing[{1,5}],
Thickness[0.005], Thickness[0.01]}]

-10

-15

Puc. 6.9. I'paduku norapuMuuecKoil U HHTErPaTbHBIX MOKA3aTeNbHBIX (DYHKIHI
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B cucreme Mathematica a1 BbluMcieHUs ramMma-QyHKUMA MMEHOTCA CHEIyIOlIue
BCTPOCHHBIE (DYHKIINH:

O Gamma[n] — siinepoBa raMma-(yHKLMS;
O Gammala, x] — HemonHas raMMa-(yHKIHS;
O cammala, zo, zi] — 0000IWEHHAs HEMOMHAS TaMMa-()YHKIIUS:

Gamma (a, zo)-Gamma [a, 2zi]

O GammaReguarizedla, z] — peryJspHas HemoJiHas raMmma-QyHKIUs:
Qla, z]=Gammala, z]/Gammalal]

O GammaReguarizedla, z0, zl] — 000OIIEHHAs HEMOIHAS TaMMa-()YHKLIU:
Qla, zd-Qla, zi]

O rogGamma[z] — norapum dinepoBoii raMmma-QyHKUIMM;

O polyGammalz] — nuramma-(yrxmms ¥(z);

a PolyGamma[n, z] — n-si IOPpOU3BOAHAsA OT FaMMa-(l)yHKLu/ll/l.

Texnonorus BbluMCIeHUs 3TUX (yHKLMI 0COOEHHOCTEH HEe MMEET, OHA TaKas JKe, Kak
n npyrux ¢yrkmwid. [Tpuseaem mpumepsr.

Mpumep 6.6

Heobxo01mumMo BEIUHCITATS:
raMma-()yHKITHO BEIECTBEHHBIX yncen 1/2, -1/2, 3, 5.5, 10;
raMmMa-()yHKITHFO KOMTIJICKCHBIX 9HCeN i, 2+31;

norapumM ramMmma-QyHKIINH KOMTIJICKCHOTO YHCTa 2+31

a

a

a

O auramMva-(yHKIIHIO KOMIUIEKCHOTO YHCHA 2+31;

O BrOpyIO MPOM3BOAHYO OT JUTaMMa-(DYHKITAH KOMILTEKCHOTO THCIA 2+31 ;

O perynsapHyio HenoHy0O TaMMa-QYHKIHIO KOMIUTEKCHOTO YHCITA 2+31 TIpH a=2;
O 0606ueHHyI0 HENOIHYIO raMMa-(yHKLUIO YUCEN Zo=2+21, z,=3+31 IIpy a=1.
Peuenune npumepa npuseaeHo Ha puc. 6.10.

O6patM BHWMaHWE Ha CIEAYIOMHNE OCOOCHHOCTH BBIYHCICHHS TramMMa-(yHKIIM.
CuMBOI i KOMIIIEKCHOIO 4MCla [IPEACTABISETCS B BUAE 3ariaBHON OykBbl I, IpuU
3TOM MEXKIY YUCIOM U CUMBOJIOM I CTABUTCS 3HAK yMHOXeHuUs (uau npoben). Lleasie
YHUCIla JOJDKHBI 3aKaHYMBATHCS TOUKOH, HE3aBICHUMO OT WX PACTIONOKEHHS B UACIIC.

T'amma-(yHKIMS SIBASIETCA AOCTATOYHO CIOXKHOM (PyHKIIMEH. B UeM MOXKHO yOeauThCs
o ee rpaguueckoMy npeacrasnenuto. Ilpusenem npumep.
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Gamma[{1/2,-1/2,3,5.5,10}]

[Wa, -2+, &, 52.3428, 362880)
Gammal[l. I]

-0.15495-0.498016 1

Gammal[2.43. I
-0.08239553+0.0917743 1
LogGamma[2.+3. I]

-2 .09285+2 .3024 2

PolyGammal[2.+3. I]

1.207958 +1.10413 1
GammaRegularized[3. ;2.4+3. I]
-0.98697-0.119567 4
GammaRegularized[1. ,2+2. I,3.4+3. I]
-0.00703053-0. 116034 1
PolyGammal[2,2.+3. I]

0.0826762 +0.0730362 1

Puc. 6.10. Pe3ynbtathl petieHus npumepa 6.6

Mpumep 6.7

Heobxomnmo tipencTaBuTh B BUIAC TPahWKOB ClEAyIOMIe GyHKIMN; Gamma[l, x],
Gamma[2, x],Gamma[x].DB nensix HarnsaAHOCTU UCHOAb30BATH rpadUUecKue CTUIU.

B nanrom ciyuae GpyHKImsS Plot 6yaeT NMETH BUI:

Plot[{Gamma[l, x], Gamma [2, x], Gamma [x]}, {x, -4, 5},PlotStyle->
{AbsoluteDashing[{1, 3}], None, Thickness[0.005]}]

Peammzarns stoit gpyrkim npreenena Ha puc. 6.11.

Mpumep 6.8

Heo0xonumo mpeacraButh raMma-)hyHKUMIO B BUJE Tpaduka Ha KOMILIEKCHON MI0C-
KOCTH B JIMamnia3oHe U3MeHeHns x oT 1 1o 2, a y ot —0.5 10 0.5.

B nanHOM ciyvae QyHKIMS NOCTPOEHUS KOHTYPHOrO rpauka OyAeT UMETh BUIL:

ContourPlot [Abs [Gamma [-x+I y]]1,{x,1,2},{y,-0.5,0.5}]

Ee peanuzanms npusenena Ha puc. 6.12.
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Plot[{Gamma[l,x] ,Gamma[2,x],Gamma[x]}, {x,-4,5},
PlotStyle {AbsoluteDashing[{1,3}],None,
Thickness[0.007]}]

UL/

r \—2 2 4

|
I

Puc. 6.11. I"'amma-¢pynkunu npumepa 6.7

ContourPlot[Abs[Gamma[-x+I y]],{x,1,2},{y,-0.5,0.5}]

0.2
0
-0.2 ////////////////////\\\\\\\\\\\ﬂ
-0.4 ///
i 1‘2 1.4 l‘.6 1‘8 2

Puc. 6.12. Koutypnsiit rpadux ramma-pyHKIun
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6.2.4. PyHkumun beccens

@yukuuu beccens sBasoTes pelieHueM AU PepeHIanb-HOr0 ypaBHeHUS CeLyro-
LIero Bujia:

22y v+ (2P -n?)y=0.
B cucreme Mathematica MeroTcs ClleIyIONINE BCTPOSHHBIE (DYHKIIMM BEIYHACICHHS
¢$ynxumit beccens:

O Besseldln, z] — (yukuus Beccens nepsoro poaa;
O BesselI[n, z] — Moauduuupoansas GpyHKLMs Beccens nepsoro poaa;
O Besselv[n, z] — (yukuus Beccens BToporo poaa;
O Besselk[n, z] — moauduuuposaunas Gpyukuus beccens BToporo poaa.

Berpoenunsie GpyHkiuu BoUMCIOT 3HaueHus (pyHkuuii beccens npu 3aaaHHbIX n U z.
Ilpu 3TOM n sBASETCS BELIECTBEHHBIM YUCIOM, & z MOMKET OBbITb U BEILIECTBEHHBIM U
KOMILUIEKCHDIM.

Texuonorus BeluncaeHuii oueBuaHa. [lpusenem npumepsl.

Mpumep 6.9

Heob6xonumo BbluMCIuTh 3HaveHus (QyHkuuii Beccens mepBoro u BTOPOro poja,
B TOM 4HcC/e U MOAUpUIIMpOoBaHHbIX pun =1, 2, ..., 5, z = 1.2.

B nansom ciydae nenecoo0pa3Ho He BBIYMCIATE MATh pa3 (PYHKLUUU IPU Pa3IUIHbIX
3HAUEHUSIX N, A BLIIOJIHUTL TaOy1upoBaHue (PyHKUMHI 110 IepEeMEHHOM n.

IIporpamma Bbruucnenuss PyHxkuuii OyJaeT UMeTh BUA:

Table[{n,Besseld[n,1.2]},{n,1,5}

Table[{n,Bessell[n,1.2]},{n,1,5}

Table[{n,BesselY[n,1.2]},{n,1,5}
]

[
[
[
Table[{n,BesselK[n,1.2]},{n,1,5}

]
]
]
]
Jlns  noayueHus peiieHus B TabauuHOHW (Qopme Bocmoibzyemcs (yHKuMeil

TableForm[%].

Pesynerars! BeMucIeHns GpyHKIMit TpUBEACHE! Ha pHc. 6.13.

Mpumep 6.10

Heobxomnmo BeMUCTHTE 3HaUCHAS QyHKIWMI beccens mpun=1,2, ..., 5 w1 z=2+31.

Texnonorus BbluucaeHus: GpyHkuuii beccens npu KOMIUIEKCHOM apryMeHTe OCTaeTcs
npexHeil. Pemnenue npuBeneHo Ha puc. 6.14. Penienus npeacraBieHbl B TaOAUYHON
(opme ¢ nomol1b0 PYHKUUU TableForm.

IlpencraBum Qyukuuu beccens nepBoro u BToporo poja B BHAe rpagukoB Opu pas-
JIUYHBIX 3HAYCHUSX N.
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Table [{n,Besseld[n,1.2]}.{n,1,5}]
{{1,0.455289}) ,{2,0.159349} ,{3,0.0328743}, {4,0.0050
22671 ,15,0.000610105}}
TableForm[Out [%]]
1 0.495259
2 0.159349
3 0.0325743
4 0o.0050z22a87
5 0.000610105
Table[{n Bessell[n,1.2]},{n,1,5}]
{41,0.714678} ,{2,0.202536}, {3, 0.035359} , {4, 0. 00580
067, 45,0.000687595) ¢
TahleF orm[#]
1 0.7144675
Z 0.20z5%9a
3 0.039359
4 0.00550067
a5 0.00058587595
Table[{n Bessel¥[n,1.2]},{n.,1,5}]
{11,-0.621136} ,{&,-1.26331} ,{3,-3.5599},{4,-
16,6862}, {5,-107.651}}
TahleF orm[#]
1 -0.621136
Z -1.26331
3 -3.5699
4 -l6.6862
5 -107.651
Table[{n BesselK[n,1.2]},{n,1,5}]
${1,0.434592},42,1.04283},{3,3.91069},{4, 205963},
15,141,219}
TableForm[%]
1 0. 434592
2z 1.04283
3 3.91089
4 20. 59683
5 141.:219
Puc. 6.13. Beruucnenue ¢pynkumii beccens
i Mpumep 6.11

Tlycts HeoOxoamMo npencTaBuTh GyHKINIO beccens mepBoro 1 BTOporo poaa B BHIC
rpaduka B mamanazone z ot 0 g0 8 nmpw n=1, 3, 7. /i MOBHIMICHUS HArTSIIHOCTH

HCTIOJIE30BATh PA3JIMIHBIC CTHUIIN JJII KPDUBBIX.
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Table[{n,Besseld[n,2.+3. I]}.{n,1,5}]
TahleF orm[%]

1 3.738068-0.8127811

2 1.25767+2.318771

3 -0.866A325+1.078791

4 -0.563654-0.123441 2

5 -0.0552951-0.190122 1
Table[{n Bessell[n,2.+3. I]},{n,1.5}]
Tabl eF orm[ %]

1 -1.26098 +0.780145 1

2 -1.22131 +0.125946 1

3 -0.625665-0.4247193

4 -0.0556997-0.348311 1

5 0.0859247-0.0983858 2

Tabhle[{n Bessel¥[n,2.+3. I]},{n,1,5}]
TableF orm[%]

1 0.7963502 +3.76489 1
2 -2.3443 +1.275811
3 -1.06148 - 0.815805 2
4 0.234897-0.559111 12
3 0.318383-0.3038987 1

Table[{n ,BesselK[n,2.+3. I1},{n.,1,5}]
Tahl eF orm[ %]

1 -0.0865 +0.0390614 2

2 -0.0915555 + 0.0798916 1

3 -0.0690958 + 0.172738 1

4 0.0838398 + 0.335013 2

5 0.652578 + 0.430281 1

Puc. 6.14. Oynkuuu beccens npu KOMILIEKCHOM apryMeHTe

B nanrom ciyuae ¢pyHkIm Plot OyIyT AMETH BUI:

Plot[{Besseld[l,z],Besseld[3,z],Besseld[7,2z]},{z,0,8},
PlotStyle—>{AbsoluteDashing[{1l,3}],None,Thickness[0.008]}]

Plot[{BesselI[l,z],Bessell[3,z],Bessell[7,2]},{z,0,8},
PlotStyle->{AbsoluteDashing[{1l,3}],None, Thickness[0.008]}]

Peammzarms stux ¢yrknmit mokaszana na puc. 6.15 n 6.16.
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Plot[{BesselJ[1l,z] ,BesselJ[3,z] ,BesselJ[7,z]},{z,0,
8}, PlotStyle->{AbsoluteDashing[{1,3}],None,
Thickness[0.008]}]

0.6

Puc. 6.15. I'pa¢uku Pynxumii beccens nepsoro poaa

Plot[{BesselI[l,z] ,BesselI[3,z],BesselI[7,z]},{z,0,
8}, PlotStyle->{AbsoluteDashing[{1,3}],None,
Thickness[0.008]}]

10

Puc. 6.16. I'paduku ¢pynkunii Beccenst BToporo poaa

6.2.5. ®yHKUUM Dnpu

B cucreme Mathematica ¢yukim Diipy BO3BpamialoT CICIYIONHE BCTPOCHHBIC
$yHKTIIN:

O airyai[x] — BblUHCISLET Ai-¢pyHkuuio Diipu;

O airyBi[x] — BblUHCILET Bi-pynkuuio Diipu;
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O airyaiPrime[x] — BEMHCISET MPOU3BOIHYIO Ai-DyHKIMH DiipH;
O airyBiPrime[x] — BEMHCISET TPOU3BOMHYIO Bi-pyrximm Diipn.

OHU NO3BOJIAIOT BLIMUCATH (PYHKLMHM DUpU U UX NPOU3BOAHBIE NPU BELIECTBEHHOM
Y KOMIUIEKCHOM 3HAUEHHSIX apryMCHTA x.

TIprBenem npuMeps! BEMACTEHNS GYHKIMH DitpH 1 MX rpadrieckoe MpeaCcTaBICHHUE.

Mpumep 6.12

HeobxonnMo BEMUCTHTE GYHKIMT DpH W UX IPOM3BOAHBIE TP x =1, 2, ..., 5.

B nanHoM ciyuae BblUMCIEHUS LEIecOOOPa3HO BBLITOAHUTL IyTeM TadylMpOBaHMS
¢$yHKIMit Ditpn ¥ WX MPOM3BONHEBIX. PerreHns mpuBeaeHs! Ha prc. 6.17 B TabmuaHOM

(popme.

Table [{x AirvAi[x]},{x,1.,5.}]
TableF orm[%]
1. 0.135292
2 0.0349241
3. 0.00659114
4. 0.000951564
5 0.000108344

Table[ {x AiryBi[x]},{x,1.,5.}]

TableF orm[ %]
1. 1.20742
z 3.29209
3. 14.0373
4. 83.2471
5 £57.792

Table[ {x AiryAiPrime[=] },.{x.1..5.}]

TableF orm[%]

1. -0.159147

2 -0.0530904
3. -0.011913

4. -0.00195864
5 -0.000247414

Table[{x AiryBiPrime[x]},{x,1.,5.}]

TableF orm[%]

1. 0.932436
2. 4.10068

3. 22.9222

4. 161.927

5. 1435.82

Puc. 6.17. TabnuuHoe npeacTaBnenne GpyHKUUi Diipu U KX TPOH3BOJHBIX
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Mpumep 6.13

Heo6xonumo BbUMCIUTL (QYHKIMM DUPU M UX [POU3BOJHLIE NPU CIEIYIOIIUX 3HA-

YEHUAX KOMIUIEKCHOTO apryMenTa: 1+1i, 1-3i, 3+21.

B nanHoMm cimyuae GyHKkuMM DHpU BBIYUCISIOTCS IyTEM IIPEACTABISHUS KOMILICKC-

HbIX apIyMEHTOB B BUJI€ BEKTOpA:
AlryAi[{l.4I,1.-3. I,3.42. I}]
AiryBi[{l.+I,1.-3. I,3.42. I}]
AiryAiPrime[{1.+4I,1.-3. I,3.4+2. I}]
AiryBiPrime([{1.+I,1.-3. I,3.4+2. I}]

Peammzarms stux ¢ynknmit mokazana va puc. 6.18.

AirvRi[{1.+I,1.-3. I,3.+2. I}]

-0.00987724+0.005524689 4}

AiryBi[{1.+I,1.-3. I,3.+2. I}]

-7.33735-1.66152 1}

AirvAiPrime[{1.+I,1.-3. I,3.+2. I}]

1,0.0209901 -0.00534747 1}

AiryBiPrime[{1.+I,1.-3. I,3.+2. I}]

1,-11.9151-7.25463 1}

{0.0604533 -0.15189 1,-0.453349-0.433065 1,

{0.716658 +0.619389 1,-0.56963440.493224 1,

{-0.13062840.163065 1,1.13237 +0.171739

{0.0756628 +0.783701 1,-0.00635607-0.959125

Puc. 6.18. OyHkumu Diipy KOMIIEKCHOTO apryMeHTa

: Mpumep 6.14

Heo0xonumo mpeacraButh (pyHkuuu Diipu B BUAe rpaduKoB B Auana3oHe x OT —8

10 5. KpuBble U300pa3uTh B Pa3HbIX CTUISIX.

TIpencrasuM QyHKIMK Plot B CICAYIOMEM BHIE!

Plot[{AiryAi[x],AiryBi[x]}, {%,-8,5}, PlotStyle->
{AbsoluteDashing[{1,5}],Thickness[0.01]}]

Plot[{AiryAiPrime([x],AiryBiPrime[x]}, {x,-8,5}, PlotStyle->

{AbsoluteDashing[{1,5}],Thickness[0.01]}]

Peanuzanus 3tux (yHkuuit nokasana Ha puc. 6.19 u 6.20.
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Plot[{AiryAi [x] ,AiryBi[x]},{x,-8,5},
PlotStyle {AbsoluteDashing[{1,5}],Thickness[0.01]}]

Puc. 6.19. I'paduxu Gpynkuumit Ditpu

Plot[{AiryAiPrime[x] ,AiryBiPrime[x]}, {x,-8,5},
PlotStyle->{AbsoluteDashing[{1,5}],Thickness[0.01]}]

1

Puc. 6.20. I'paduxy npon3sBoausix GpyHkuuit Jiipu

6.2.6. beta-chbyHkuun
(snnepoB uHTErpan nepeoro poaa)

Bera-dynakims npencrasasieTcs B BUAE CIEAYIOMIETO HATErpaa:
1
B(x, )= [t (1-t)dt.
0

OHna nMeeT MHOTO JAPYTUX UHTCIPATLHBIX HpeZ[CTaBJTCHHﬁ.
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Tlpn mpakTrdecknx pacderax OeTa-(OyHKIMS BBIMUCISIETCS depe3 ramMMa-(pyHKIHo
creayIUM 00pazoM:

CEre).
T(x-y)

BCTa-beHKLII/IH CYmECCTBYCT JJIsI BEHICCTBCHHBIX U KOMIIJICKCHBIX apTYMCHTOB.

B(x, y)=

B cucreme Mathematica 6eta-(pyHKIHNS ¥ pOJACTBEHHEBIE €1 BEIYHCISIOTCS C TIOMOIIBIO
CIISTYIOIINX BCTPOCHHBIX (PyHKIHIA:

O Betalx, y] — Gera-QpyHxuus;
O Betalz, x, y] — HenonHas GeTa-yHKIHS;
O Betalzo, zi1, %, y] — 0000LWEHHAs HeNOIHAs OeTa-PyHKLMS:
Betal[zi, x, yl-Betalz,, x ,y]
O BetaRegularizedlz, x, y] — PEryJsIpU30BaHHAs HETONHAS OeTa-(PYHKIINS:

Betalz, x, yl/Betalx, vyl

O BetaRegularized[zo, zi, %, y] — peryisipuzoBaHHas 0000iieHHas Oera-
($yHkuus:
Beta [z;, %, yl-Betalzo, %, Yl

TexHosorust BluucieHus 6era-PyHKUMU U BCEX €€ POACTBEHHBIX (PYHKIMHA OUSBHI-

Ha, OHa HE OTIIMYACTCS OT TEXHOJOTHUH BEIMHCICHHS PaHEE PACCMOTPEHHBIX (DyHKIIMIL.
IlpuBenem npumepsl.

{Beta[1.5,3.] ,Beta[1.,3.],Beta[2.-3. I,2.+4. I]}
{0.152381,0.333333, 0.000910922 +0.000058345 1}
Beta[3.,2.5,1.25]

4.50672 +4.2343 1

Beta[l.,2.,2.5,1.25]

1.11054 +1.11054 4
BetaRegularized[3.,2.5,1.25]

16.5432 +15.5432 1
BetaRegularized[1.,2.,2.5,1.25]

4.07656 +4.07656 1

Puc. 6.21. Beiuucnenue 6eta-pyHkunii

Mpumep 6.15

Heo0xonumo BeluncauTh OeTa-pyHKUMIO U BCE €€ POJICTBEHHbIE (PYHKLMU OPU cle-
JYIOUIMX 3HAYEHUSIX [IePEMEHHbIX:
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O ans oera-pyHkmin: x={[1.5, 31, [1, 31, [2-3i, 2+4i]};
O ana Beex poACTBEHHbIX PYHKUME: x=2.5, y=1.25, z=3, zo=1, z,=2.

Brrunciienns npuseneHs! Ha puc. 6.21.

6.2.7. DyHKUMM CTaTUCTUYECKUX pacnpeaeneHumn
M PyHKLUM OLINGOK

OCHOBHbIMY MAPAMETPAMH CTATUCTUUYCCKUX PACIPEACIEHHUI SIBISIOTCS: CPEHEe 3Ha-
4eHHUe, JUCIEpCUs, MeAuaHa, acuMMmeTpus AaHHbX. Cucrema Mathematica umeer
OOJBIIOE YUCTIO BCTPOCHHBIX (DYHKIHH BEIYUCICHHS TIAPaMETPOB CTATHCTHUCCKHUX
pacrnipenenenuit. OHM HaXOMATCS B TIOAMAaKETe DescriptiveStatistics TakeTa
Statistics. OOpallieHue K MOATAKETY UMEET BHI

<< Statistics’ DescriptiveStatistics®

OcCHOBHbIMU (PYHKLMSMHU MOJMAKeTa DescriptiveStatistics ABAAIOTCS:
O Mean[D] — BBMHUCISIET CPENHEE 3HAUEHHE TAHHBIX D;

GeometricMean [D] — BbIUUCIACT ICOMETPUUECKOE CPeAHEE AJaHHbIX D;

HarmonicMean [D] — BbIYUC/ISACT FAPMOHUUYCCKOE CPEAHES JaHHbIX D;

Qaa

CentralMoment [D, r] — BO3BPAaIllacT LEHTPAIBHBI{ MOMEHT JAHHBIX D I10-
psiIKa r;

MeanDeviation [D] — BBIMHCISET CPENHEE OTKIOHEHUE TAaHHBIX D;
Median [D] — BbIMUCASET MeAUAHY (LIEHTPANLHOE 3HAYEHUE ) AAHHbIX D;

MedianDeviation[D] — BBLIYUCIAET aOCOJNIOTHOE OTKJIOHEHUE AAHHBIX D (ot-
KIIOHCHWE OT METHAHEI);

StandardDeviation[D] — BBIYHCISCT CTAHAAPTHOC OTKIJIIOHEHUE JAHHBIX D;
RootMeanSguare [D] — BBIYMC/ICT CPEAHEKBAAPATHICCKOC 3HAYCHHUE NAHHbIX D]
VariaceData [D] — BbIYUCISCT CPCAHCKBAAPATUUCCKOEC OTKIOHEHUE JAHHbIX D;
Srewness [D] — BBIYHACIACT KO3 PUIMEHT aCIMMETPUN TaHHBIX D;

Quantile[D, q] — BBIMHCISACT g-if KBAHTUJIL TaHHBIX D;

gaogoauooaag aooaaqa

InterpolatingQuantile [D, q] — BBIYMUCIACT g-H KBAHTUIb JAHHBIX D, OpU-
MEHSIS MHTEPIOALUIO JaHHBIX B IPOLIECCE BHIYUCICHUH.

Omnpeaenenue 3Tux (QyHKUMHA MOXKHO MOMyUUTb, ©CAM HX BBIUMCISATL JUISL Clydas
CUMBOJIbHBIX IEPEMEHHBIX. Y Oe1UMCsL B 3TOM Ha [IpUMepax.

Berpoennbie GpyHkuuu ommboK HaAXoasTea B sape cucteMbl Mathematica. Onu ume-
10T BUJ:

O Erf(x] — QynAxmms ommbOK (MHTErpat BEPOSTHOCTH);

O Erfix,, x] — 0600MEHHAS (yHKIIHS OMIOO0K: Exf [x] -Erf[x0];
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O Erfcix] — nomonHATENBHAsS (YHKIASA OMAOOK: 1-Erf [x];

O Erfi[x] — MHMMOE 3Ha4eHMe QyHKLMY OMOOK: Erf[i x]/i;

O 1InverseErf[x] — uuBepcHas GyHKUUs OLIMOOK;

O 1InverseErfClx] — MHBEPCHAS JONOJHUTENLHAS (yHKUUS OLKOOK.

TlprBeneM mpumepsl BBMUCTCHUS (QYHKIMH CTAaTHCTHIESCKUX paCTpeNe/icHHi W
({yHK1M OLIMOOK.

Mpumep 6.16

IlycTh naHHBIE ABISIOTCA CHUMBOJBbHBIMU MEPEMEHHBIMU, [IPEJACTABIEHHBLIMU B BUJIE
BekTopa f={a, b, c, d, e}.Heo0X0nUMO BHIYUCIUTH CPEAHEE 3HAUCHUE JAHHbIX,
FEOMETPUUYECKOE CPEelHEee, rapMOHUYECKOE CpPEe/Hee, CPEeNHEeKBaIpaTUYeCKOe OTKIIO-
HEHUE, CTAHJAPTHOE OTKJIOHEHHE.

CoO0TBeTCTBYIOLIME BCTPOSHHBIE (DYHKIMY B JAHHOM ClIy4ae UMEIOT BUJ:

Mean[{a,b,c,d,e}]
GeometricMean[{a,b,c,d,e}]
HarmonicMean[{a,b,c,d,e}]
RootMeanSquare[{a,b,c,d,e}]

StandardDeviation[{a,b,c,d, e}]

Peuienue npumepa npuseaeHo Ha puc. 6.22.

Ha puc. 6.22 npeacraBnensl popMyJbl, 0O KOTOPLIM BbIUUCIAIOTCS NATh NOKa3aTeaeh
CTATUCTUYECKUX pacrpeneieHuil. OcraibHble [OKAa3aTeld HE MPUBOAATCS B BUILY
oonpmoro pasmepa ¢opmyn. Iloms3oBaTens Mpu HEOOXOAMMOCTH MOXKET WX TIONy-
YUTH CAMOCTOSITENEHO.

 Mpumep 6.17

JlanHsie TIPSACTABJICHBI B BUAC CIEAYIOWIEro crimeka: b={1, 3.2, 2.7, 4, 5.6,
6, 7.3, 8, 9, 12, 14.5, 15}. HcoOXoauMO BBEIUHUCIIUTE BCE MTOKA3aTCIIH CTATH-
CTHYECKHX PaCTIPENCICHUN.

Pemenne mpumepa npuseneHo Ha puc. 6.23.

Mpumep 6.18

Heobxomnmo BEMUCIUTE (PYHKIMH OmMUOOK Erf([x], Erflx,, x], Erfclx],
InverseErf[x] TpH 3HaueHUsIX x oT 0 70 1 ¢ marom 0.1. Penenue mpencraBuTh
B BHJIC TaOJIAIIBL.

B nanHOM ciydac HeoOXOAMMO BBITIONHHTE TaOyNMHpoOBaHWE TIEPSUUCICHHBIX (DyHK-
i ¢ TOMOTIBIO OJIHOM GYHKINN Table. Pemenne nmpuseneHo Ha puc. 6.24.
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<<Statistics DescriptiveStatistics’
f={a,b,c,d,e}

ta,b,c,d, e}

Mean [£]

1
— m+h+o+d+ )

Geanetriciean[f]

(abocde) L8
HammonicHMean [£]
5
1,11
a b =

1,1
d =

RootMe anSguare [£]

Waf+hf vl +dfve

N

StandardDeviation[£]

;\f[(a—%(a+h+c+d+e)]2+(h—% (a+h+c+d+e)]2+
1 2 1 2
(C_E{a+h+c+d+e)] +[d—g(a+h+c+d+e)] +

(e-%(a+h+c+d+e)]2]

Puc. 6.22. TTonyueHue Gpopmy1 CTATUCTUUECKUX PACTIPEACIICHUI

“<<Statistics DescriptiveStatistics’
F={1,2.7,4,3.2,9,14.5,5.6,12,7.3,6,8,15}

{1,2.7,4,3.2,9,14.5,5.6,12,7.3, 6,5, 15}

Mean[F]

7.35833

Geametridfean[F]

5.54559

HarmonicMean [F']

4, 18093

CentralMament [F,2]

19,1403

MeanDeviation[F]

3.6l1306

Median[F]

6. 65

Puc. 6.23. (HYacmo I u3 2) TlapameTpsl CTAaTUCTUUECKUX pacHpeeNeHHl JaHHbIX npumMepa 6.17
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MedianDeviation[F]

3.05

StandardDeviation[F]

4., 56956

RootMeanSguare [F]

g.56071

¥ariance [F]

z0.3803

Skewvmess [F]

0.437172

Quantile[F 1]

15.

InterpolatingQuantile [F,1]
Interpolatingfuantile[{1,2.7,4,3.2,9,14.5,5.6,12,7
L3,6,8,15),1]

Puc. 6.23. (Hacmo 2 u3 2)
z1=Erf[x]
zZ2=Erf[1l. ,x]
z3=Erfo [x]
zd=InvrerseErf [x]
Table [{x,zl,z2,z3,=z4} ,{x,0.,1.,0.1}]
TabhleF orm[%]
a. a. -0.842701 1. a.
0.1 0.112463 -0.730238 0.887537 0.02888356
0.z 0.222703 -0.619993 0.777297 0.179143
0.3 0.328627 -0.514074 0.671373 0.272463
0.4 0.4z8392 -0.414308 0.571608 0.370807
0.5 0.532Z05 -0.322201 0.4735 0.476936
0.6 0.603856 -0.238845 0.396144 0.59511¢
o.7 0.e77801 -0.1649 0.322199 0.732869
0.8 0.74z2101 -0.1006 0.257899 0.9061594
0.9 0.796908 -0.045792¢6 0.z03092 1.16309
1. 0.842701 a. 0.157299 o

Puc. 6.24. Beruucnenue (yHKIHii ommu60k
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Mpumep 6.19

HeobxomnMo BEMUCTATE PyHKIMM OMMOOK Erf[x], Erfclx], InverseErf[x] W
MPEICTAaBUTL WX B BHUJC TOUECYHBIX rpadWkoB B auamazone m3MeHeHus x oT O mo 1
¢ waroM 0.1. PerieHue 00ony4uTh Ha OJJHOM PUCYHKE.

B mannoM cryuae mepBoHawambHO HEOOXOAMMO BBITOIHUTE TabylInpoBaHWe (yHK-
IMH, a 3aTeM TMOCTPONTH MHOTO(YHKIIMOHATBHEN Tpadik ¢ MOMOIILIO Tpadideckoit
(yHKkIMM MultipleListPlot, KOTOpass HaxOAUTCA B MaKeTe pPACUIUPEHUs
Graphics.

IIporpamma pellieHus 331244 U €€ peaaus3alys noka3aHbl Ha puc. 6.25.

IK<Graphics 'MultipleListPlot"
yl=Table[{x,Erf[x]},{x,0.,1.,0.1}]
y2=Tablel[{x,Erfc[x]},{x,0.,1.,0.1}]
y3=Tablel[ {x,InverseErf[x]},{x,0.,1.,0.1}]
MultipleListPlot[yl,y2,y3]

| ]
1r
* | |
0.¢ N o !
| ] .
+ 4
0.4 - u
*
| |
0.4 M -
. *
| ] -
0.2F 1 x .
4
0.2 0.4 0.6 0.8 1

Puc. 6.25. I'paduueckoe npeacrasnenue GpyHKMit omudOK

W3 npuBeneHHBIX NPUMEPOB BMIAHO, YTO NPOLEAYPbI BHIUMCICHUS CTATUCTHYECKUX
XapaKTEPUCTUK UCKIIOYUTENLHO NPOCThl. Kpome Toro, oHM MO3BOJSIIOT N0JIb30BaTe-
JIO0 HOJY4YUTb PAcueTHble (POPMyJbL, 10 KOTOPHIM BEAyTCS PacyeTsl. JTO elle pas
CBUJICTENBCTBYET O BEICOKOH MHTEIIEKTYabHOCTH cucTeMsl Mathematica.

6.2.8. dYHKUMM reHepaLmmu cnyyamHbIX Yucen

O6pazoBaHue ciydailHbIX 4MCes, MOJYMHEHHBIX ONPEJCICHHOMY 3aKOHY pacipene-
JEHUS CIyYaiHbIX BEIMYMH, HEOOXOJMMO MPU CTATUCTUYECKUX METOAaX MOJEIHpPO-
BaHUSI.
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Cuctema Mathematica umeeT resepaTop ciyuaiiHbiX ducen. OOpalleHue K reHepaTo-
Py OCYIIECTBISETCS C TOMOIIBIO BCTPOSHHBIX (YHKIMH Random M SeedRandom.
OyHKIMN UMEIOT CIEIYIOMNH BU W HA3HAUYCHHE:

O Random[ ] — reHEpUPYET NCEBAOCIYYAHHOE ACHCTBUTENLHOE YUCIO U3 MUHTED-
Bana 0—1, pacrnpeieneHHoOe IO HOPMATEHOMY 3aKOHY;

O Rrandom[T, x] — TeHEPUPYET MCEBAOCITYYAHOE THCIIO THIIA T W3 IMATIA30HA X.
Tunamu yucen MOryT ObITh: Lienble (Integer), AeicTBUTENbHbIE (Real) U KOM-
[J1eKcHble (Complex). Ilo yMomuaHuio UHTEpBal renepupyemsbix uncea 0—1. 3a-
JlaTh UHTEPBAJ FEHEPUPOBAHUS YUCE] MOXKHO, IIPEACTABUB (YHKLMIO B OJHOM U3
CIIEAYIOIMX BUIOB:

L Random [T, Xpax] — reHepanns CHWaﬁHBIX YUCCIT U3 Jualia3oHa O—Xmax;
L Random|[T, {Xmin, FKmax}t] — reHepanns CHWaﬁHBIX qUCCIT U3 aUaria3oHa
Xmin Xmaxs
(0 Sseedrandom[n] — yCTaHARJIWBAET T€HEPATOP B HAYANBHOE COCTOSHWE, TIPHHN-
Mas n 3a Ha4aJIbHOE YUCIIO;

O seedrandom| ] — ycTaHaBIWBAacT reHEpaToOp B HAYAILHOE COCTOSHUE, MPUHH-
Masl 32 HauaJlbHOE 3HAYCHUE TeKyLlee BpeMs.

C nomoupto pyHKUMM Random[ ] MOXHO I€HEPUPOBATH MHOKECTBO YMCEN U3 AUa-
nazoHa 0—1, pacopeneneHHbIX MO HOPMalbHOMY 3aKkoHy. Jlig 3Toro Heo6X0aUMO
tabyupoBarh GyHkuMo Random[ ]. @yHKUMS Table NPH 3TOM UMEET BUAL:

Table [{n, Random []},{n, 1, X}l

TJI€ n — YUCIIO TIOBTOPEHUM QYHKIMHA Random OT 1 10 Xpax.

Mpumep 6.20

Heo6xonumo nonyuuts 10 cayuaiinplx uucen u3 avanasoHa 0—1, pacopeneneHHbIX
[10 HOPMAaJILHOMY 3aKOHY.

B nanHoM ciyuae GyHKIMS reHepalidu dyucen OyaeT UMeTh BUA:

Table[{n, Random[ ]}, {n, 1, 10}]

Pemrenne mpumMepa npuBeaeHo Ha prC. 6.26 W TIPEACTABICHO B opMe TabIHITHL.

Mpumep 6.21

Heo6xonumo crenepupoBars 10 ciayyaiiHbix Leablix yucen u3 quanazona 0—20.
B nanroM ciyuae mporpamMma reHepanin HETbIX quce OyIeT IMETh B
Table[{n, Random[Integer,20]},{n,1,10}]

Peanuzanus nporpammbl moka3aHa Ha puc. 6.27. PeuieHue nojiyyeHo B TaDIMYHOU
(popme.
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Tahle[{n,Randam[]} ,{n,1,10}]
TahleF orm[%]

1 0.248875
Z 0.946241
3 0.9390639
4 0.742521
3 0.43878
6 0.200137
7 0.197453
] 0.8313508
9 0.701402
10 0.450476

Puc. 6.26. I'enepauus 10 ciayuaiinesix unucen u3 auanazona 0—I1

Table[{n, Random[Integer ,20]},{n,1,10}]
Tabl eF orm[%]
1 19
2 10
3 11
4 13
5 13
[ 3
7
g 11
a [
10 20

Puc. 6.27. I'enepanus ciayyaifHbpIX UENbIX YyMcen U3 quanasoHa 0—20

Mpumep 6.22

Heobxomnmo crenepupoBath 10 cioydaifHBIX ASHCTBUTENBHBIX YHCET W3 AWANa3oHa
1—10. Pewenue npeacraButh B TabAMUHOMI (opme.

B JaHHOM CJIy4ac TnporpaMma reHepani 9uceji UMCCT BU:

Table[{n,Random[Real, {1,10}1},{n,1,10}]

Peanmzarus mporpaMmel ipuBeicHa Ha prc. 6.28.

Mpumep 6.23

Heo0xonumo crenepupoBars 10 ciyuailHbIX KOMIUIEKCHBIX uucel. PerieHue npen-
cTaBUTh B popMe TabIaulbL.
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Ilporpamma resepanyu ciiydyaiHbIX KOMIUIEKCHBLX YUCE] UMEET BUL
Table[{n,Random[Complex]}, {n,1,10}]

Ee peanuzanms npusenena Ha puc. 6.29.

Table [{n,Randam[Real ,{1,10}]},{n,1,10}]
TahleF orm[ %]

1 6.985841
Z 1.74038
3 6.99167
4 g.61901
3 4,81583
6 5.49817
7 3.15366
8 1.15565
9 9.82008
10 £.10159

Puc. 6.28. T'enepanus cayyaiiHpIX AeHCTBUTENBHBIX YUCEN U3 auanasoHa 1—10

Table [{n,Randan[Complex] }, {n,1,10}]
TahleF orm[%]

1 0.371845+0.537291 1
z 0.383258 + 0.06198152
3 0.353799+ 0.35939091
4 0.239523+ 0.278312 1
5 0.613089+0.8125741
3 0.462254 + 0.376345 1
7 0.337558 + 0.711458 1
g 0.796875+ 0.2594087 1
9 0.671817+ 0.864902 1
10 0.372694 . 0.7942911

Puc. 6.29. I'eneparus ciryuaiiHpIX KOMIUIEKCHBIX YHCEN

6.2.9. dnnunTuyeckne nHTerpanbl U pyHKUMKU

Cuctema Mathematica umeer 0OJbIIOE YUCIAO BCTPOEHHBIX (PYHKIMHA BbIMUCICHUS
SIUIMITHYECKUX UHTErPAIOB U UHTErpaibHbIX (hyHKUMi. [IpuBeaeM OCHOBHbIE U3 HUX:

O EllipticE[m] — NONHKIH JUMITHYECKHH uaTErpan E(m);

O EllipticK[m] — NOJHKIA JMIITHYECKUI HATErPAT Nepsoro poxa K(m);
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O EllipticE[Pi, m] — HOJHEIN JJUMIITHEECKHI MHTETPAT BTOPOTO POIA;
a EllipticPi[n, Pi, m] — DJJUIMNTUYECKUI UHTErPan TPETHEro poaa;

a EllipticF[Pi, m] — DJJUIMNTUYECKUI MHTErpal NepBoOro poaa;

O EllipticPiln, m] — NOMHbIHA YUIMOTUYECKUIA HHTErpan;

O EllipticThetali, z, gl — snaunTudeckas Tera-QpyHkuus npui=1,2, 3, 4;
O EllipticThetaC[n, m] — sauunrvyeckas Qpyuxkuus Hepunna Geo(n,m);
O EllipticThetaD[n, m] — snnuntudeckas Qpynkuus Hesunna Gp(n, m);
O EllipticThetaN[n, m] — 3UIMOTUYECKAS Gyukuus Hesunna Gy (n, m) ;
O FresnelC(x) — unrerpan ®penens C(x);

(O FresnelS(x) — unrerpan ®penens S(x);

O Jacobizeta[Pi, m] — azera-QyHkums Skodu;

O weirstrassP[u, gl,g2] — JIIMITHYECKAS ¢yukuus Beliepiutpacca.

TexHOJOTHS BEMUCICHAS UIMNTHUCCKUX WHTETPANTOB W MHTErPaTbHBIX (PYHKINIT He
OTJIMYAETCS OT BLIUMCICHUS APYIUX (PYHKLMHA, pPACCMOTPEHHBIX HAMU PaHee.

Mpumep 6.24

Heo6X0AMMO  BbIYMCIUTH BCE DIUIMOTUYECKME WHTEIrPajbl NEepBOro, BTOPOro H
TPeThero poja npu m=0. 2.

Pemenns npusenens! Ha puc. 6.30.

EllipticE [0.2]
1. 48504
EllipticK[0.2]

1. 65962
EllipticE[Pi,0.2]
2,97807
EllipticPi[5,Pi,0.2]
-0.0703735-1.60319 1
EllipticF[Pi,0.2]
3.31925
EllipticPi[3,0.2]
-0.05959029-1.14971 1

Puc. 6.30. Boruncnenue >1IMNTHYECKUX HHTETPAIOB
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Mpumep 6.25

Heo6x0114MO BLIUMCIUTD:
a AIANTHYCCKYTO TeTa-PpyRkImo ipu i = 1,2, 3,4, z =2, g=0.2;
O wnrerpans ®penens C(x) u S(x) mpux=1,2,3, ..., 7;

O swmnruueckyio Gpyukumo Beliepwrpacca mpum=1,2,3, ..., 7, ¢. = 3, g = 0.2.

Table [{i ,EllipticTheta[i,2,0.2]},{i,1,4}]
TableF orm[%]

1 1.23107

Z -0.503292

3 0.738078

4 1.26099

Table[{x FresnelC[x]}, {x,1.,7.}]
TableForm[Out [145]]
L779893
L488253
LB05721
.498426
L563631
498531
. 345467
Table[{x FresnelS[x]}.{x,1..,7.}]
Table[{}]
TableForm[Out [150]]
438259
.343416
496313
420516
.493191
446961
. 499705
Tahle[{m YeierstrassP[m,3.,0.2]},.{m,1,7}]
TableF orm[%]

1.16313

1.86509

16.0294
0.924128
4,03313
4,04301
0.923861

L B S i B S T R
oo oo ooo

e I T I I S L A
oo oo ooo

B =S ) B R L

Puc. 6.31. TabnuuHOe NpeACTaBICHHE TUNTHYECKUX (PYHKIMIT mpumMepa 6.25
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Peuienus npeacraButh B BUE Tabaull nyTeM TaOy1upoBaHus (PYHKUMIA.

IIpouenypbl BLIUMCICHUI U pe3yIbTaThl MPUBEACHBI Ha puc. 6.31.

6.2.10. CneunanbHble YMucria U NONIMHOMbI

Cuctema Mathematica umeer BCTpOeHHble (YHKIUMH I BBIYUCICHUS Psaa ChEIU-
AllbHBIX YUCE U 10JUHOMOB. [1pUBE/1IeM OCHOBHbIE U3 HUX:

O Binomial([n, x] — OWHOMHAIBHBIN K03 pHITHCHT;
O BernoulliB[n] — n-€ uncio BepHymm;

O Bernoulli[n, x] — TonuHOM BepHyym n-i cTemeHy;

Binamial[5,3]
10
H[BernoulliB [10]]
0.0757576
BernoulliB[5 %]

x 5 %3 5xt c
+ X

-+
[ 3 2
EulerE[2]
-1
FulerE [5,x]
1 5x% 5kt ¢
-_— +
2 z 2
Fibonacci[3]
2

Fihonaccil[7,x]
1+6x"+ax?+xf
StirlingSi[5,3]
35
StirlingS2[5,3]
25

Moehiustul[ 5]

-1

Zeta[6]

x®

945
Zeta[3,2]
—-1+Zetal 3]

Puc. 6.32. CrietianbHble YKcaa U TIOTMHOMBL
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O EulerE[n] — n-€ uncino Diinepa;

O EulerE[n, x] — TIOJUHOM Ditnepa n-# cTenenu;

O Fibonaccin] — n-e ancio GubonayTH;

O Fibonacciln, x] — TIOIMHOM n-i crenenn ®OuboHaTTH;
a StirlingS1l([n, m] — 4UCIO CTI/IpJ'II/lHFa IepBOro poaa;
a StirlingS2[n, m] — 4HUCIO CTI/IpJ'II/lHFa BTOpOro poaa:
a Cyclotomic[n, x] — UMKIMYECKUH MNOJIUHOM nopsiaka n;
O MoebiusMu[n] — 3HaueHue QyHkuuu Mebuyca;

O zetalx] — n3era-Qpynknns Pumana;

O zetalx, a] — oGoOueHHas a3eTa-QyHKOus PuMana.
Mpumep 6.26

Heo0x011uM0 BBIMMCAUTH CHELMATbHBIC YUCIA U OJMHOMBI OPU OPOU3BOILHBIX 3HA-
YEHUAX N, M, a, X.

Peuenus npuBeaeHsl Ha puc. 6.32.

6.3. UHTerpanbHble npeobpa3zoBaHuUA

HurerpansHeie npeoOpa3oBanmst HAXOIAT MUPOKOE IPUMEHEHNE TIPH PENICHUN ANQ-
(epeHIMANbHBIX YPABHEHUM, BBIUMCIACHUM OpEAeibHbIX 3HAueHUM (QyHKuuU f(x),
UCCIISI0BAHUM JMHAMUKY CUCTEM YIPABICHUS, CUCTEM MAcCOBOIO OOC/IYKUBAHUS U
BO MHOTHX JIPYTHX TEXHUIECKIX W HAYTHBIX 3a1avax.

Haubonee momynsipusiMu aBnsifoTes mpeoOpazosanus Jlammaca, dypre w1 Z-mpeod-
pasoBamuue.

6.3.1. Npeob6pa3oBaHue Jlannaca

[Ipeobpazosanue Jlannaca dpyaxmn f(x) WMEET BUI:

Lif(x)f= j f(x)e ™ dx, (6.1)

rae f(x) — ¢yHkuus, npeodpasopanue Jlannaca koTopoli HeOOX0AUMO HAUTHU.

Ecnu aprymentom ¢yukuuu spasercs Bpemst ¢, TO npeoOpasoBanue Jlannaca umeer
BUJI:

Lif ()= I fOedr . (6.2)
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Tlomyuum npeoGpazopanue Jlannaca A1 HEKOTOPBIX NPOCTHIX (PYHKIMH.

Ilyctb
JW)=a,

fy=e,
f(t)=sin(o?) .

Torna Ha ocHoBaHWM (6.2) MeeM:

L(a)= J’aef""dt =4 ,
o s

7 1
L(e—m): J‘e—ale—s/dt: )
5 s+a

L(sin(o)= [sin(wr)e ™ dt = 71 .
0 sT+o°

Tpeobpazosanue Jlamaca MpON3BOAHOM 1-TO TIOPSIIKA UMEET BHIL

I d"x (1)
dt"

=s"x(s) - x4 —x( P —..— x(0).

rae xéo) — 3HaueHue i-i npou3BoaHOM 1pu £ =0 .

IIpeoOpasopanue Jlannaca uHTerpaia UMEET BU:
t
1
L [ 1@t | == ().
0

C momomsio TipeoOpaszosanmst Jlammaca MOXKHO CYIIECTBEHHO YIPOCTHTE PEIICHHE
psiaa 3a1ay, CBA3aHHBIX C OIpeieiacHUeM npeaenos (ynknuu. [las sToro cmysxar
CleIyIO0IHE PEACIbHbIE TEOPEMBbIL:

lim 7(6)= lim 5/ (s).
(6.3)
lim /(1) = lim 5/ (s) .

B xHuTax m cnipaBoYHMKAx TPUBOIATCS Tipeodpazosanus Jlammaca MHOTHX (yHKIWIA.
OTH pe3ybTaThl JIErKO MOMYUUTh C HOMOILBIO CUCTEM KOMIILIOTEPHOH anreOpsl.

IIpeobpazoBanne Jlammaca Mmo3BoJseT CPAaBHUTENHEHO TPOCTO MOMYYUTH PEIICHHE
3agaud. OaHako OHO OyAeT He B TOW 007acTM HE3aBUCHMOUN MEPEeMEeHHOMN, KOoTopas
HY’KHA [10J1b30BATEIO.

Jlas 1osyueHus pelleHusl B HyXKHOU 00J1acTy, HANpUMEpP BPEMEHHOM, Heo0X0auMo
HAMTU OpUruHal noay4eHHOH (pyHkuuu. J1ng 3Toil neau u ciyxut odbpatHoe npeod-
pasosanwue Jlamaca.
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Obpamnoe npeobdpazoeanue Jlaniaca iMeeT BUA:

S+im
f(O)y=—— [F(s)e"ds. (6.4)
2n d—io
CyImecTByIOT TaOMHIBI 00paTHBEIX Mpeodpa3oBaHuil pa3nmuuHBIX (yHKIMH. OaHAKO
MpY HAJIMYAN YHUBEPCATBHEIX TPOTPAMMHEIX CPEICTB CHMBOJIBHOH MaTeMaTWKA
obpamarscs kK HAM HeT HeoOxoammocTn. Cucrema Mathematica nalizer opwrinan
KUCKOMOMN (PyHKIMH.

IIpeobpazosanne Jlarumaca Hambosee HacTo WCMONB3YeTCSl TIPH PEIICHHM CHCTEM
nuddepeHlnanbHbIX ypaBHeHUH. KOMIbIOTEpHbIE TEXHOJNOTUMM PElIEHUS CUCTEM
JUHEeNHbIX JuddepeHnanbHbIX ypaBHEHUM ¢ MOMOUIBIO OpeodpaszoBanus Jlamnaca
OpuBoIATCA B 21ase 10).

Wuterpanshble mpeoOpaszoBanusi Jlamnaca B cucteme Mathematica peanusyrorest ¢
[IOMOLUBIO CJIEAYIOUMX BCTPOSHHbIX (DYHKIMIL:

a LaplaceTransform[£f, t, s] — BO3BpamllacT MpsaMocC l‘IpeO6paBOBaHI/Ie Jlan-
naca QpyHKUMM £ (x) B BUJE HOBOU PYHKUMHU £ (sS);

O 1inverseLaplaceTransform[f, s, t]— BO3BpalllaeT npeoOpa3oBaHue
($yskIMy £ (s) B QyERIHIO £ (t) (0OpaTHOE TipeoOpaszoranwe Jlammaca);

O raplaceTransform[f(t,, tz, ...), (ti, ‘tz, ...), (si, sz,
.) ] — BO3BpamaeT mpsAMoe Tpeobpazosanwe Jlanmaca QpyHKUMM f (t,, to,
.) B BWJC HOBOUW QYHKINH f (S1, S5, ...);

a InverselLaplaceTransform[f(s:, sz, ...), (si, sz, ... ), (ti, tz,
.) ] — BO3Bpamact obparHoe TipecoOpazopanue Jlammaca GpyHKIMH £ (s1, s»,
.) B QyHRIHIO £ (t1, t2, ...).

Hmena TICPEMCHHBIX s U t MOTYT 0003HAYATHCS TTOOBIMA JAPYTUMHU CUMBOJIaAMHA.

TexHonorus peanusaiuu npeodpazopanuil Jlannaca oueBunHa. Heo0x0aumMo TONBKO
MNOMHUTb, 4TO (QyHKUMU MpeoOpa3oBanus Jlamnaca HaxoAdTcs B MOJMAKETe
LaplaceTransform Takera Calculus (I ciydas WCIIOJBG30BAHUS CHCTEMBI
Mathematica Bepcwit 3, 4).

IIpuBeaem npumepsl oOpa3oBaHus npeodpaszopanuii Jlannaca.

- Mpumep 6.27

IpeacraButh B npeodpazopanusax Jlannaca cneayromue Gpynxuuu:
t
y, =ab’,
¥, =sinax+cosax

_ 2t+1
P T S+ )2+ 32 =3 +5)
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1
V4 =[tlnt+l,t—z,te/].

IlpeoGpaszoBanue Jlannaca GyHKUUM y, [IPEACTaBUTH B BUJE BEKTOpa.

Peuenue npuBeneHo Ha puc. 6.33.

LaplaceTransform[a bt  t, 5]
a

=z - Log[h]
LaplaceTransform[5in[a t]+Cos[a t] .t , =]
E v af Signlal
+

af+ 5t af+ gt
LaplaceTransform[5in[4 t]+Cos[4 t].t ,5]
4 E

T6+22  16+22

LaplaceTransform[{2 t+1)7F{(t+1)} (t-1} (2 t+3) (2 t-3)
(t+5)) . t,8]

is 1

-3=2/2 —=
— Gammall, -— | - — & Gamma[0, -s] -
195 [o. 2 ] 20 {0, -sl
1 4 3s
_e’Ganma[ll,s]+_e3""2Gamna[ll, ]-
40 105 2

Ss
—— & Gamma[0, 5s
128 [0, 5s]

LaplaceTransfomm[{t Log[t]+1,1/t"2,t Exp[t]} ., t, =]
1 -1 +Eulerzamma + Log[s]
{;- ,
1

EulerGamma + Log[s]1), m }

= s (-1+

H[%]
1 1.7 (-0.42278433509846713" +Log[s])
{7- :
1

= (-0.42278433509846 713" + Log[=]). 7}
-1.7 + 83

g2

Puc. 6.33. [IpeodpazoBanue Jlamnaca GpyHkuumii mpumepa 6.27

O0cy 1M No1yyYeHHbIE Pe3yabTaThbl.

W3 puc. 6.33 BUAHO, YTO cUCTEMA YCHELIHO pelluia NepBy0 U BTOPYIO 3anauu. [lpu
3TOM BO BTODPOI 33/1a4e OHA Bbljalla YCIOBUE, IIPY KOTOPOM 33j1a4a MOXKET ObITh pe-
LIeHA.

@®yHkiMa Signla] Bosppamaer —1, 0 umu 1, ecau aprymMeHT a, COOTBETCTBEHHO,
OTpUILIATENbHbIM, PABHBIA HYIIO WK NOJ0KUTENbHbIA. CTPOKON HUXKE MOKA3aHO IIpe-
oOpasoBanue Jlannaca npu a=4.
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IlpeoGpaszopanue Jlannaca GyHKLIUM y; B IBHOM BUJE HE MOIYUEHO.

Taroke He nomydens! npeobpasoBanus GyHKiMit y, . JUist TOMydeHHs OTBETA B BHUIE

BEIECTBEHHDIX YMCEN MPUULIOCH MCHOJb30BaTh (yHKUMIO N[%]. Hanmomuum, uto
KOHCTaHTa EulerGamma SBJSIETCS MOCTOSSHHON Diinepa, pasHoit 0.577216...

Mpumep 6.28

Heo0xonumo nmonyuuts oOpaTHoe mpeoOpasoBaHue Jlannaca (yHKUMM U3 mpume-
pa 6.27. YOenutbes B TOM, 4TO MpeoOpa30BaHUs BbIIOIHEHbI BEPHO U COOTBETCTBYIOT
OpHTHHAaM.

Pemenne npuseneHo Ha puc. 6.34.

InverseLaplaceTransform[af (s-Log[hl).,s,t]
ah®
InverselaplaceTransform[{ 4+=) f{ 16+5"2) ,5,t]
Cos[4 t]+3in[4 t]
V=1fs-(-1+EulerGammat+Log[=] ) fs"2
InverseLaplaceTransform[¥,s,t]

1 -1 + EulerGanmma + Log[=]
3 3
1+t Log[t]

InverselaplaceTransfomm[s {-1+EulerGamma+Log[=s]) ,=5,t]

DiracDelta [-5 + ]
Integrate |- . 13, 0, £}, Assumptions » True| -
=

DiracDelts [t] + EulerGamma DiracDelta [t]
InverselLaplaceTransform[1/{-1+s)"2,s,t]

et

Puc. 6.34. O6patnsie npeodpazoBanust Jlamnaca GpyHkuuii npumepa 6.27

W3 puc. 6.34 BUAHO, YTO B OJHOM U3 IPUMEPOB 00paTHOE Npeodpa3zoBaHUE B ABHOM
BHJIE HE TIOJIYUEHO.

Mpumep 6.29

Tlonyuuts npeodpazopanue Jlannaca caeayounx §yHKIMH:

O £(¢t, x)=tsin x ¢ HOBLIMU IEPEMEHHBIMY s1, S2;
O £(t,x,z) ¢ HOBLIMM EpEMEHHBIMU s1, 52, 53.

Pemenne npuseneHo Ha puc. 6.35.
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LaplaceTransform[t Sin[x],{t x},{s1,52}]
1
=12 (1 +325)

LaplaceTransform[t* 2 Cos[x]+x
Log[z] ., {t x,z},{s1,82,53}]

= EulerGamma + Log (23]
S1% (14522 =3 =1s2223
H[%]

Z.s2 1. (0.577216+ Logl=s3])
=1% (1. +=2%) a3 s1s2fa3

Puc. 6.35. [Ipeodpazosanue Jlamnaca GpyHkumii mpumepa 6.29

6.3.2. Z-npeoGpasoBaHue

HWnterpansuele Z-npeobpazoBanus B cucteMe Mathematica peansyrorcs ¢ TOMOMIBIO

CIETYIOIUX BCTPOSHHbIX (PyHKIMIA:

O zrransform[f, n, z] — BO3BpalllaeT Z-npeodpa3oBaHue BbIpaXeHUs f (n).
npeacTaBistoniee co0oi PyHKUUIO £ (z) :

O 1inversezTransform[f, z, n]— obparHoe Z-peoOpa3oBaHue (YHKINH
f(z).

ZTransform[t Exp[t].t,z]
€ Z

(e-z)%
InverseZTransfomm[% z ,t]

e"t

{ 3t at &2t
1+t (-1+t)8" —1ye=t’

s i(-1+e2im ¢

ZTransfom[{3,a n,Exp[-a n] ,Sinh[a n] .Sin[w n] }.n.t]

1 1 &
=t [

2
InverseZTransfomm[% ,t ,n]

1 1
{3, an, g2 a2l 0 [ - 7 1 (e

FullSimplify [%]

A% ginh [an], Sin [nw]}

{3, an,

. ). v et
—ef+t  l-e2t !’ 3 (b+efivE _gi¥ (1 1tZ))

}

—anw _eﬂnw) }

Puc. 6.36. Z-npeoOpazoBanue pyHkumii npumepa 6.30
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Texunonorust Z-mpeoOpa3oBaHnii OYEBUIHA, OHA HE OTIIMYACTCS OT TEXHOJIOTHH IIpe-
oOpazoBanus Jlannaca. [IpuBeaem npuMepsbl.

Mpumep 6.30

Heo6xoanMo 00pa3oBath Npamoe Z-IpeoOpa3oBaHne CIEAYIOMUX (yHKumit: te’, 3,

an, e ™, sinh(an), sin{on).

IIpoBepuTh 1OCTOBEPHOCTh PE3yAbTATOB MyTeM 00pa3oBaHus OOpaTHOro Z-mpeod-
Pa3oBaHWS M CPAaBHEHUS PE3YITETATOB ¢ NCXOXHBIMH (YHKITHSIMIL.

Pemenne npuseneHo Ha puc. 6.36.

W3 puc. 6.36 BuaHO, uTO Z-ipeobpazoBanus (YHKIMH MOMYYEeHBI BepHO. OIHAKO
HEKOTOpble (YHKUMU OOpaTHOro Z-npeoOpa3oBaHUd HE COBHAJAIOT C HUCXOJHbIMH.
Tlpuuinock UCMOb30BaTh PYHKIMIO YIpoIleHus: FullSimplify, nocie peanu3anuu
KOTOpPO#t COBIMACHUE TTOTHOE.

6.3.3. Npeob6paszoBaHue dypbe

Cuctema Mathematica umeet Gorarble BO3MOXXHOCTH CHEKTPAALHOIO aHANW3a U CHUH-
Te3a CUTHANOB. Bombimoe umceio BCTpoeHHBIX hyHKIINI MO3BOISIOT OCYIIECTBIIATE:

O cnexTpanbublii aHAIW3 CUTHANIOB;
) rapMoHMYECKWi CHHTE3 CHTHAIIOB;
O (uasTpauMio curHanos.

DTH (QYHKIMHA UMEET CMBICT PacCMaTpuBaTh B TOM CIIydae, CCJIA YHUTATE/b BIIAACET
TEOPETUYECKMMHU OCHOBAMM CIIEKTPAJIbLHOr0 aHanu3a. Tak Kak 9TU OCHOBbI 3/1eCh HE
W3JTATaroTCsl, TO MBI TIPUBEIEM JIHITh (PYHKIWH, KOTOPHIC OCYIIECTBISIIOT MPSIMOE U
ob6parnoe npeodpazosanus Oypee.

TIpeobpazosanmst Dypee BBITONHSAIOTCT B chcTeMe Mathematica ¢ moMormisio cre-
JYIOUIUX (PYHKIMINA:

O rourierTransform[F(t), t, w] — BO3BpAIIacT Pe3yNbTaT MPSAMOTO MPeod-
pazosanus Oypre PyHKINH F (t), TPEACTABICHHOM Uepe3 mapaMeTp w;

a InverseFourierTransform[F(w), w, t]-— BO3BpallacT pe3y/abTar 06paT-
HOro mnpeoOpa3oBaHus Pypbe BbIpakeHUs F (w), MPEJACTABICHHOTO uepe3 mapa-
METp t;

a FourierSinTransform[F(t), t, w]-— BO3BpallacT pe3yJbTaT CUHYCHOI'O
npeoOpazoBanus Pypbe QYHKUMU F (t), OIPEACTABICHHOTO Yepe3 napamerp w;

O rourierCosTrans form[F(t), t, w ] — BO3BpallacT pe3yJibTaT KOCHHYCHO-
ro TipeoOpazoBanust Pypbe GYHKINH F (t), TPEACTABICHHOTO Yepe3 mapaMeTp w;

a FourierTransform[F, {t:, tz, ...}, {wi, wz, ...}]— BO3Bpalaer
pe3ynsTar mpsMoro mpeodpazosanus Dypee PYHKIMH F (ti, t», ...), IPEH-

CTABJICHHOT'O YCPEC3 TTApaMCTPBI wy, wWo, ...;
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a InverseFourierTransform[F, {wy, wz, ...}, {ti, tz, ...}] — BO3-
BpamaeT pe3yapTaT obparHoro TpeoOpazoBaHus Dypbe QYHKIMH F(wi, wo,
...), IPEACTABJICHHOTO YEPE3 TTAapaMeTPHI ti, to, ...

IIpuBenem npumMeps! rosydeHus mpeodpazoBanuii @ypse.

Mpumep 6.31

HeobxomnMo monmyants mpsmoe W oOparHoe Tipeobpasosanust Dypee crneayrommx
$yHKImTit:
F(t)=te",

F(t)=t* cos(bt) .
F(t) =1t sin(ar) ,

F(t,,t,)=cos(t), t,).

FourierTransform[t Exp[a t],t ,w]
-1+ 2 Dirachelta [-1a+ W]

InverseFourier Transform[% w,t]

at

LI

FourierSinTransform[t*2 Cos[b t],t, w]

z

1 1 ’f

W2m o b-w? 4 Zm o (-haew® b+ 3

FourierCosTransform[t*2 Sin[a t].,t,w]

2
-

1 1
_ + _
WZm m-wd 4 Im (—a+wd (o +wi) ¥

FourierTransform[ Cos[t1+*t2],{t1l,t2}  {wl w2}]

1 ) )

= (B_nwluz . enwlt.:Z]
Z
InverseFourierTransform[s  {wl w2}  {t1,t2}]
1 ) )

= [[B_ntltZ . [BntltZ)

2
FullSimplify [%]
Cos[tl tZ]

Puc. 6.37. IIpeoOpazoBanue GpyHkuuii npumepa 6.31
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Ciaeayer ucnosb30BaTh BCe NPUBEASHHbIE Bbllle (pyHKUMU Dypre U OPOBEPUTH IIpa-
BUJIBHOCTH PE3YIIBTATOB.

Peuenue npeacrarneHo Ha puc. 6.37.

W3 puc. 6.37 BUAHO, 4TO NpeoOpa3oBaHuUs BbIIOIHEHbI BEPHO, T. K. 00paTHbIe Mpeod-
pazoBanust @ypre COBNANAIOT C UCXOAHBIMU (yHKLIMSIMU. B nocneauem mpumepe a1s
JOKA3aTeNbCTBA  JOCTOBEPHOCTH PEIIEHUS MPUMEHEHA (DYHKUMUS — YIPOLICHHS
FullSimplify.
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PeweHue
ONTUMU3ALMOHHbIX 3a4au4

Pelllenye onTUMU3aUMOHHBIX 3aJa4 — OJHO U3 naubosee NpaKTUYHbIX le/lJ'IO)KeHI/Iﬁ
MAaTCMaATUICCKUX PACUCTOB.

3HaYUMOCTE 3aaa4q ONTUMHU3AlNN TMopoanIa OOJTBIITOE KOJTMIECTRBO Pa3IMIHBIX MaTC-
MaATH4YCCKUX METOO0B.

Bo3moxHocty cucrembl Mathematica 31ech BecbMa OIpaHUYEHbL: OTCYTCTBYIOT
BCTPOCHHBIC PYHKIIMH PEATH3allii MHOTHX M3 STHX METOOB.

OxHako crefyeT UMeTh B BUay, uTo cucteMa Mathematica umeer Goublline BO3MOX-
HOCTH peaiu3aluuy JObIX METO/I0B IyTeM POrPaAMMHUPOBAHHUS HA €€ sI3bLKE.

Bonee Toro, umMeercs BO3MOKHOCTh pelllaTh 33Ja4yyd ONTUMHU3ALUUU B AaHATUTHYECKOM
BUJIC.

BosmoxknocTr crctemsl Mathematica permaTs 3a1aqd ONITUMH3AITAKA C TTIOMOIIBIO €
BCTPOCHHBIX (DYHKIIVH OTPAHWIHBAIOTCS B OCHOBHOM CJICIYIONIAMH CITyYasIMHU:

D MNOUCK MAKCUMAJIBHOI'O U MUHUMAJIBHOI'O 4KUC/Ia U3 MHOXECTBA YUCE]L, NPEACTaB-
JIEHHBIX B BUAE€ BEKTOPOB WK MATPULL]

D OMpPCACICHUC JIOKAJIBHOTO MUHUMYMaA UJIN MaKCUMyMa AHAUTUYECKOMH beHKLII/H/I;

O onpenenenue TIOGANEHOTO MHHAMYMA WM MAaKCHMYyMa aHAJTATHUECKOH (yHEk-
LMY, B YACTHOCTHU, PeleHUE ONTUMU3ALMOHHbIX 3a]a4 JMHEHHOT0 porpaMMHupo-
BaHMsL.

Hznoxum 3ti MCTOABI U TIPUBCIACM TIPHUMEPHI.

7.1. Mouck MMHMManNbHOro
M MaKCMMasnbHOro Y1ucna B nepe4yHe yucern

3ajava MOMCKa MHHMMAIBHOTO MM MaKCHMATBLHOTO YHCTa (OpMyJHpyeTcs cie-
IyIOLKMM 00pa3oM: JaHbl YMCIa, OPEJCTABICHHLIC B BU/IE BEKTOPA WM MATPHUIIbL
HAWTH MAHUMAJTBHOE ¥ MAKCUMATbHOE YHCITa.

Ha l'[CpBBIﬁ B3TJIAA KOKCTCA, 9TO 2Ta 3aJlada CJIWUIIKOM IMpoCTa U OOJBITOTO CMBICTA
He umeeT. Ho 3To Tomsko kaxkeTes. KOHC‘IHO, HUCKATh MUHUMAJIBHOC WK MaKCUMaJIb-
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HOE YHucna u3 cemeiicrsa uncen 1, 2, 3, 5, 7, 20, 8 cMbIciia HET, T. K. peLICHUE Ove-

BUJIHO: MaKCHMMAajbHbIM sBAsieTcs uuciao 20, a MmunumanbubiM — 1. A eciu 3aaaHbl

panoHaNsHBIC YHCTTa, HATpuMep, Buna 2/3, 4/7, 17/21, 3/7, 121/164, 12/21 v suna
N ~025

HEBBIMMCIEHHBIX (yHKIMiA: sinl.5, cos2.5, e %, 0.96°, In3.2. Kakoe 3nech

YKMCIIO ABISETCS MUHUMAbHBIM, 8 KAKOE MAKCUMA/IbHLIM?

Cuctema Mathematica uMeer crieayouue GpyHKIUMU OOpeeNeHus MaKCUMaIbHOTO U
MHHAMAIBEHOTO YHCITa CITHCKA:

O Max([xi, %, ...] — BO3BPALIAET MAKCUMAIbHOE U3 YUCEN X;

O Max[{x:, %2, ...}, {Vi, V2, -..}] — BO3BDPAILAET MAKCUMAILHOE M3
MaTpPULBI HACET,

O Min[x,, %, ...] — BO3BPALIAET MUHUMAILHOE U3 UMCET X:;

O Min({x:, %2, ...}, {Vi, V2, -..}] — BO3BpallaeT MHHUMAIbHOE U3 MAT-

pHyLbI 9UCCII.

Uucna TIprU 5TOM MOTYT OBITE OCJIBIMU, pallMOHAJIBHBIMHA, BCIICCTBCHHLIMU. bosee
TOTO, DJIICMCHTAMHU CITUCKA MOTYT OBITH beHKLII/H/I C YUCJICHHBIMU 3HAYCHUAMHU apry-
MCHTOB. le/l OTOM OTKJIMKOM BO MHOIMX Clly4dasiX MOXKET ObITL YMCIIO TOIO KE Tula,
HTO W WCXOJAHBIC TAHHBIC. 310 CII¢ pas MOATBCPIKAACT BBICOKYHO WHTCIUICKTYyallb-
HOCTH CUCTCMBI.

TexHonorus MoNcKa NCKOMBIX YUCEI IEMEHTAPHA U COCTOUT B CIEAYIOMIEM:

1. BBox cricka 9uces wiH (PyHKITHI ¢ TPUCBOCHHEM MY YHHKAIIFHOTO HMCHH.
2. BBoa QyHKIMH OTBICKAHHAS MaKCHUMAJIBHOTO MW MUHUMATEHOTO YHCA.

3. Tlomydenwe pemeHus HaxkaTneM koMOuHaIu krasui <Shift>+<Enter>.

TToxaxem OTYy TCXHOJIOTHIO Ha MpUMEpax.

Mpumep 7.1

Ilycth HE00X0AMMO OMpEAESIUTh MAaKCUMAalbHble U MUHHUMAJbHbIC 3HAYEHUS UHCEI
BekTOpa [1, 2.3, -1.7, 3, 4.2, 6.3, 0.25, -1.70001] W MaTpwus! {{1,
2, 3}, {0.5, 2.8, 7}, {4, -1, 3.2}}.

Pemenne mpuseneno Ha puc. 7.1.

TIprBenem npumep, KOTIa YHCTa 3a1aHbl B pallioHaNbHO hopMe 1 B BUIE QYHKIMIL.

Mpumep 7.2

HyCTb HCOGXOZLI/IMO onpeaem/m, MAKCUMaJIbHbIC U MUHUMAJILHBLIC 4YUCIIA, Hpeﬂ,CTaB-
JICHHBIC B BUJIC CIICAYIOIINX BECKTOPOB:

[2/3, 3/4, 4/5, 4/3, 3/2, 5/4]

[ Sin 1, Sin 2, Sin 0.5, Sin 3.14, Sin 8]

[ e, %% 1/2.5, sin 1, Cos 1, 0.6°]

Peunenune npuseseHo Ha puc. 7.2.
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f1-{1,2.3,-1.7,3,4.2,6.3,0.25,-1.70001}
Max[f1]
{1,2.3,-1.7,3,4.2,6.3,0.25,-1.70001}
6.3
Min[f1]
—1.70001
£2={{1,2,3},{0.5,2.8,7},{4,-1,3.2}}
Max [£2]
{{1,2,3},{0.5,2.8,7},44,-1,3.2}}
7
Min[£2]
-1

Puc. 7.1. Onpeneneﬂne MAKCHUMAJ/IbHBIX U MUHUMAJIbHBIX YHUCECIT BCKTOPA U MATPHULIbL

£3={2/3,3/4,475,473,3/2,5/4}
Max [£3]

Min[£3]
2

3
f4={5in[1],5in[2],5in[0. 5] ,5in[3.14],5in[8]}
Max [£4]

{3in[1],3in[2],0.479426,0.00159265, Sin[8]}

Sin[&]

Min[f4]

0.001592 65

£5={E"{-0.1) ,E*{-0.6) ,1/2.5,5in[1],Cos[1],0.6"5}

Max[£5]

0.9045837

Min[£5]

0.07776

H[£5]

{0.904837, 0. 545512, 0.4, 0.541471,0.540302 ,0.07776}

Puc. 7.2. Peenue 3anau npumepa 7.2
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W3 puc. 7.2 BuaHO, UTO cucTeMa BblJala MCKOMbIE YMCIA B PalUOHANbLHOU (opme,
B KOTOPO OHU ¥ OBUIN 3aJaHEI B BUJIE BEKTOPA.

B cnyuae BTOpOro BekTOpa cucTeMa Bbllana MakCHMalbHOE YMCIO B BUAE Sin[8].
OHa He BblYMCIMA 3HAYCHUE CUHYCA, T. K. apryMEHT 3aJaH B BUJE 1I€J0T0 4uca,
MPY KOTOPOM TOYHOE 3HAUEHHUE CHHYCA HE CYIIECTBYET.

Ilpu onpeaeneHud MCKOMBIX 4MCEN TPETHErO BEKTOPA CUCTEMA BbLIANA PEISHUE B
YMCIIEHHOM BUJE, T. K. aPIyMEHThI (DYHKLIMI IIPEACTABIEHbL B BEUIECTBEHHOH (opme.
OIHaKO TIPH DTOM 3JIEMECHTHI BEKTOPA, COOTBETCTBYIOIINE MOYUYCHHBIM 3HATCHHUSIM
HCKOMBIX YHCEl, HaM HEW3BeCTHBI. [IPHIIIOCH TIPEACTABUTEL DJIEMEHTHI BEKTOpa B
BHJIC YKCENT ¢ MOMOTIBI PYHKIMH N[ £5]. Terneps BUAHO, YTO MAKCHMATLHBIM SBIIS-
eTcs dyeMenT e Y, a MUHAMAITBHEIM 0 . 65.

7.2. Knaccuyecknm metoa onpeaeneHus
3KCTpeMyMa aHaNUTUYECKON (PyHKLIUN

B mouxe sxcmpemyma (MakcuMyMa UAM MUHUMYMA) OpOU3BOAHAS (PyHKLIMU V(X)
paBHa Hyj0. Torma KOOpAWHATY X MOXHO HAWTH, €CliM PelNuTh ypaBHeHHE Y '(X) .
TloacraBuB 3TO 3HAYCHUE B UCXOJAHYIO (DYHKUMIO, IOLYUYUM KOOPJMHATHL TOUKU MaK-
CUMyMa (MHHUMYMa).

KomnbioTepHas TexHONOrUs pelIeHUs 337aud OTBICKAHUS SKCTpeMyMma (YHKLUU

STUM TPAJAULMOHHLIM METOAOM C IOMOIIBIO cucTeMbl Mathematica COCTOUT B Bbl-

MOJHEHUY CIEAYIOLIUX IPOLEayp:

O mocrpoenue rpaduka QYHKIHH y(x) ¢ TETBIO YCTAHOBJIEHHS HAJIMYAS DKCTpE-
MyMOB (yHKIMM V(X) W yCTaHOBJICHWS TIPUOTIMKEHHOIO 3HAYCHUS KOOPIMHAT
TOYEK 3KCTPEMYMA;

O onpenenenne nponsonHoit 3'(x) ¢ MOMOIIBIO BCTPOCHHON PYHKIMA D[ £, x];

() onpenenenue BemMECTBEHHBIX KOpHeH ypaBHeHus »'(x)=0 ¢ TOMOMIBIO OJHOMN
U3 QYHKUUN CUCTEMBL

O semucnienve 3Hauenwit GyHKIMM y(x) TIPW 3HAYEHWUSAX APTYMEHTOB, PABHBIX
KOPHSIM YPABHEHHUSL.

Orta MeToJMKa J0CTATOUHO NpOCTa U oveBuaHa. OJHAKO MPU €€ MPAKTUYECKOH pea-
JAM3ALMU  MOTYT BO3HUKHYTh TPYJHOCTM C OIpPEASICHUEM KOpHeH ypaBHEHUS
v'(x)=0. 3mecs BO3MOXHEI Cllyuan, Korja cucreMa Mathematica pemaer ypaBHenve
¥ BBITACT BCE KOPHM, BBIIAET TOJBKO OAWH W3 HECKOJBEKMX KOpPHEH MM BOBCE HE pe-
waet ypasHenue. CIOKHOCTH BO3HUKAIOT B TEX Ciy4asx, Korjaa ypasuenue y'(x)=0
SIBIACTCS TPAHCIICHACHTHEIM.

PaccMoTpiM TEXHOJIOTHIO OTIpENENIEHHS IKCTPEMYMOB aHATHTHIECKOW (yHKIMK Ha
pAMepax.
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Mpumep 7.3

OnpenenuTrbh KOOPAUHATHL IKCTPEMATBHBIX TOUEK (PYHKIIMH
F=In(4-2x)+x>-2.

YKC0 IKCTpeMallbHbIX TOUYCK ONPeAeauTh Mo Buay rpaduka ¢pyHKImMU, a KOPHU OPO-
U3BOAHOM f'(X) BBIYUCIUTEL C MOMOILBIO PYHKIMU NSolve [ f==0, x].

Peuienue 3a1auun npuseseHo Ha puc. 7.3.

f=Tog[4-2 x]+x"2-2
Plot[f, {x,-2,2}]
—Z+xi v Log[4d- 2¥]

_1,
_2,
z=D[£,x]
2
- +2X
d-2x

HSolve[z=0 ,x]
T4x-1, 70711 {x-=0, 20928931}

£f/.x->1. 10111
0.379414
£7.x->0.292893
-0.656266

Puc. 7.3. Petuenue npumepa 7.3

W3 puc. 7.3 Buano, 9To QyHKINS UMEST MakCUMyM M MUHNMYM. [Ipw 3TOM crctema
¢ ToMombi0 (GYHKINKA NSolve[f==0, x] Hammia aGCUIMCCHI TOYEK IKCTPEMyMa,
orpe/IenB Ba KOpHs ypasHenus f'(x) =0 3a oaHy KOMaH.y.
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Bbruucnur 3HaueHus PyHKUMU METOAOM [OJCTAHOBKHU, MOLYYUM CIEAYIOLUIUE KOOp-
JIIMHATHl IKCTPEMANBHBIX Touek: Makcumyma — [1.70711, 0.379414], muanmyma —

[0.292893, —0.686266].

Mpumep 7.4

HCO6XOZ[I/IMO ONPCACINUTE KOOPAWHATHI OKCTPCMAIBHBIX TOUCK (])yHKLH/H/IZ
F=x"=5x" =3x> +29x% +2x-24 .

Pemenne mpuseneno Ha puc. 7.4.

f=x"5-5 x"4-3 x"3+29 x"2+2 x-24
Plot[f, {x,-2,4}]
S2442%+29%° - 3x°- 5xie x>

20

10

20

y=D[£,x]
2+58x%- 9x%- 200+ 5%°

NSolvely,x]

£/.x->-1.59426
16.0767
£/.x->-0.0343141
-24.0344
£/.x->2.03431
24.0344
£/.x->3.59426
-16.0767

{{x->-1.59426}, {x->-0.0343141}, {x->2.03431}, {x->3.59426}}

Puc. 7.4. OnpesieneHre KOOPIMHAT TOUEK dKCTpeMyMa (pyHKIMU pumMepa 7.4
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U3 puc. 7.4 BUIHO, YTO, KaK U B MpeablaylleM mnpuMepe, GyHkuus NSolve[f, x]
ompejenna BCe KOpHW ypaBHeHmst f'(x)=0 oxHON KOMaHIOM, CyIICCTBEHHO 06-
JIETYWB BBIYUCIEHNE KOOPIMHAT IKCTPEMATIBHBIX TOYECK. B Takwx ciydasx HeT HeoO-
XOJUMOCTH CTPOUTH rpaduk ucxonHoh GyHkuuu f(x). Pa3pe TONbKO A1 KOHTPOJIS
MIPaBWITEHOCTH OTIPENETICHNUS KOOPIHHAT IKCTPEMANBHEIX TOUEK.

B GonbliuHeTBe ciydyaeB ypaBHeHue f'(x)=0 sBisercs TpaHClCHACHTHbIM. B Ta-

KPX ciydasx QyHKOusS NSolve [f' (x), x] HE MOXET cpa3y HallTH Bce KOPHHM ypaB-
HeHus. [IpuxomuTest pUMEHITs WHBIE (PYHKIMM peIieHnst ypaBHEHWH, TpeOyromme
3a7aHus ONU3IEKALIEro 3HAUCHUS X UK JaKe 00J1aCTU U301 LUU KOPHSL.

PaCCMOTpI/IM TaKWUC MPUMCPEIL.

Mpumep 7.5

HeobxomnMo onpenennTs KOOPIHHATEl IKCTPEMYMOB (PyHKIMN:

S(x)=@2"-4x)-(3"-9).
Pemenne nmpuseneno Ha puc. 7.5.

B nannoM ciyuae onpeneivTh KOpHU YpaBHEHUS
(3 - 9x) (-4 + 2"Log[2]) + (2% - 4x) (-9 + 3*Log[3]) =0

¢ NOMOIIbIO PYHKIUU Solve [f, x] HEBO3MOxkHO. KOopHU omnpeaeneHbl ¢ MOMOLILIO
TPEXKPATHOro MpuUMeHeHUs (PYHKLMU FindRoot[Z, {x, xo}], M€ xo— YUCICH-
HOE 3HaueHUe x BOJIM3M 3KCTpeMyMa. UucineHHble METO/bL ONpeecHUs KOpHEH a-
re0panueckux U TPAHCLICHISHTHBIX YPaBHEHUN M3105KEHEL B 21a6e 8.

7.2.1. OnpegeneHne KOOpPAMHAT TOYEK nepernoda

K ocoObiM TOuKaM aHaIUTUYECKOH (DYHKUUU OTHOCATCS TAKKE MOuKU nepeuda.
B s1ux Toukax Bropas mpousBoAHas paBHa HyJo. Kiaccuueckuii MeToa ompenene-
HUS SKCTPEMAJIbHBIX TOYEK (MAKCUMyMa U MUHMMYMA) [I03BOJISIET TAKXKE OLPEASIUTh
KOOPAMHATEI TOUEK Tiepernda. OTIWUYNE COCTOWT JIMIIB B TOM, 9TO TIPUXOINTCS HC-
KaTh KOPHU HE MEPBOiL, a BTOPO Npou3BoAHON PyHKIMKU y(x) . B ocTanbHOM TeXHO-
JOTHSI OTIPETEITICHHUST KOOPAWHAT TOUEK Tepernda He OTINYAETCS OT TEXHOJIOTHH Of-
pEaeTeHNsT KOOPAMHAT TOUSK MaKCHMyMa M MHHAMYMa.

TTokaxkem TEXHOIOTHIO HA TIPUMEPE.

Mpumep 7.6

HeobxomnMo ompenenmTs KOOPAWHATH TOUEK Tepernda (yHKIWH, MPUBEICHHOM
B nipumepe 7.3.

Pemrenne nokazano Ha puc. 7.6.
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f=(2*x%x-4 x) (3*x-9 x)
Plot[f, {x,-1,5}]

150

100

Z=D[£,x]
(3% = 9%) (-4 + 2"Log[2]) + (2% - 4x) (-9 + 3"Log[3]) =
FindRoot[Z, {x,0.1}]

{x->0.218114}
FindRoot[Z, {x,2}]
{x->2.11009}
FindRoot[Z, {x,3.2}]
{x->3.65157}
£/.x->0.218114
-0.201278
£/.x->2.11009
36.423
£/.%x->3.65157
-45.6272

0

f=Log[4-2 =x]+x"2-2
E=D[£,{x,2}]

-2 +x% +TLog[4 -2 x]

4

4-2 1%
HSolve[Z =]
{ix-2.70711}, {®X+1.28285}}
£/ .x-+2.70711
B.67502 +3.14159 1
£f.x-+1.29289
0.0151427

Puc. 7.5. OnpeaenieHne KOOpAMHAT IKCTPEMAJIbHBIX TOUEK (PYHKLMH npumepa 7.5

Puc. 7.6. OnpeznenexHne KOOPAUHAT TOUEK Neperunda aHaTUTHIECKOH GyHKIMH
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7.3. NMounck nokanbHOro MMHUMyMa
aHanuUTU4yeckKon (pyHKLUM C NOMOLLbLIO
BCTPOEHHbIX (pyHKLMM cuctembl Mathematica

Cuctema Mathematica npenocTaBiseT BCTPOCHHYIO (PYHKUMIO MOUCKA JOKAJIbLHOIO
MHMHMMYyMa aHanuTHueckoil PpyHkuuu. OHa umMeeT BUIL:

FindMinimum[f (x), {x, X¢}]

Tac:

O f(x) — ananuTHIECKas (yHKIIHS apTyMeHTa x;

O x,— 3uauenue aprymeHTa BOJIM3M IOKAJAbHOTO MUHUMYMA.

Oynkims FindMinimum[ £ (x), {x, Xo}] HaXOAWT KOOPJAWHATHI BCEX MIHUMYMOB
($yHKIMM £ (x) TyTEM €€ TIOBTOPEHWI CTONBKO pa3, CKONBKO MMEETCS JIOKATbHBIX
MUHUMYMOB. [Ipn 3TOM Kaxk 1Bl pa3 MEHIETCS 3HAUEHHE .

TexHonorus OTbICKaHUSI MUHUMYMa (YHKIIMU MPOCTA U COCTOMUT B BBIOJHEHUU Clie-
JIYIOMIUX NEHCTBAMN:

1. Tloctpoenue rpaguka aHanIUTH4ECKOW (YHKUUU f(x) C LENbIO ONpeaeneHUs
4KMC/1A HKCTPEMAIBHBIX TOUYEK U BbIOOpA 3HAUCHUH Xo.

2. Bgoa BcTpoeHHOH pyHKIMM FindMinimum[ £ (x), {x, X.}].
3. TlomydeHwe pemeHNS MyTeM HaxaTHsi KOMOWHaiH kiaprnt <Shift>+<Enter>.

Ecmm anammtrdeckas GyHKIS AMEET MaKCHMYM, TO TEXHOJIOTHS OCTAcTCs TPEKHEH.
Heo0xon1uMo TObKO U3MEHUTD 3HaK GyHKIMK f(x) Ha oOpaTHbId, YMHOXKHUB e Ha —1.

PaccmoTpum  TEXHOJIOTHIO  OTIpENeNICHUs] KOOPIWMHAT MHWHHMYyMa aHAIUTHYECKOMH
(yHKIMHM Ha TIpAIMEpax.

Mpumep 7.7

HeobxonmnMo onpenesiTs KOOPIWHATH 3KCTPEMYMOB CIICAYIOIMIEH aHAIHTHIECKON
$yHKTIIN:

x* —13x% +35x% +13x-36 .

IIpoueaypsl pewienus 3a1a4uu OpUuBeAeHbL Ha puc. 7.7.

W3 puc. 7.7 BUAHO, YTO KOOpJMHATAMM TOYEK MMHUMYMa U MakCUMyMa SBJSLIOTCS:
[-0.17, =37]. [2.63, 51.64], [7.29, —293.36]. Cnenyer uMeTh B BUJY, YTO OpJAMHATY
MakCUMyMa He00X0IMMO YMHOKHUTb Ha —1.

DTOT METOJ [0 CPABHEHUIO € KJIACCUUECKUM MMeEeT TO MPEeUMYILECTBO, YTO OTKIMKOM
3[ech SIBISIETCSL KOOPAUHATA MUHUMYMA (X U ) U BbIYUCIEHUE 3HAUSHU ¥ HE TpeOy-
ercs. Ero HeaocTarok B TOM, UTO OH HE MO3BOJSIET BHIYUCIUTL OJAHOBPEMEHHO KOOp-
JIMHATBI BCEX HKCTPEMAIIBHBIX TOUEK.
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f=x"4-13 x*3+35 x*2+13 x-36
Plot[f, {x,-2,10}]
S364+13x435%°- 135+

600
400r
200
/_,_\ L
-2 2 4 6 8 10
-200r

FindMinimum[£, {x,-0.5}]
{-37.1338, {x->-0.169441}}
FindMinimum[-£, {x,2} ]
{-51.6363, {x->2.63205} }
FindMinimum[f, {x,7}]
{-293.358, {x->7.28739} }

Puc. 7.7. OTbICKaHHE YKCTPEMYMOB € MOMOIIBIO BCTPOSHHOM (yHKLIMU

Kpome ¢QyHkuuu FindMinimum[f (x), {x, =x¢}] cucrema Mathematica umeer
ClIeAYIOIME YeThIpe (YHKUMU, O3BOJSIOIIME OThICKATh JOKAIbHbIH MUHUMYM aHa-
JUTHYECKOH (PyHKIMU:

a

o

o

NMaximize[f, =x] — WINET CAWHCTBCHHBIN JOKAJTBHBI MaKCHMyM (YHKIITHH
£(x):
NMinimize[f, x] — HINET €AUHCTBCHHBIA JIOKAJIbHbIA MUHUMYM q)yHKuyM
f(x);
NMaximize [{f, Z.,},{%, y, ...}]— HILET JIOKAIbHBIA MAKCUMyM (l)yHK-

WU £ (x), OTIPENENEHHBINH YCIOBHEM Z..;

NMinimize [{£f, Zs},{%x, ¥,...}] — HIIET JOKAIbHbIA MUHUMYM q)yHKuyM
£ (x), ONIPEEIICHHBINA YCIIOBUEM Z..y.

TexHOMOTHS OTIPENEIICHAS TOKATEHOTO MakCMMyMa (MUHIMYMa) ¢ TIOMOIIIBIO TIPUBE-
JNCHHBIX (DYHKITUM TIPAKTWUYCCKA HE OTIIMYACTCA OT TEXHOJOTHH OTPENC/ICHUS JIo-
KaJJbHOTO MHHAUMYMa QYHKIMEH FindMinimum[ £ (x), {x, x%¢}].
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IlpuBeaeM mpumMepbl ompeeneHuss 3KCTPEMaAIbHBIX TOYEK € MOMOLIBIO 3THX (PyHK-
ui.

Mpumep 7.8

HeoOxonuMo HaliTh KoOpIOWMHATBI MakcMMyMma (MAHAMYMa) aHAJIATHYECKHX (YyHK-
mmit: xe ¥ +1, 3 —9x+3.

H3nauanbHo moctpouM rpaduk QyHKUUU U OOpEISIdM, UMeeT U (YHKIUS dKCTpe-
MaJlbHYIO TOUKY M Kakasi oHa (MakcuMmyM uiu MuHumym). [1o Buay rpaduka Beioepem
BCTPOCHHYIO (yHKLMIO. PelieHue BBIIOJHUM B [OCIIEA0BATENLHOCTH [PUBEACHHBIX
(yHKIMIA.

TexHosorus pemieHNs 3a/1a41 U €€ pe3yLTAThI ToKa3aHsl Ha puc. 7.8.

W3 puc. 7.8 BuaHO, 4TO B pe3yJbTaTe PELIEHUS MOTYUEeHbl KOOPAUHATHL IKCTPEMalb-
HBIX TOYEK, COOTBETCTByIomme rpadukam. Ilpw sTom QyHKIMN NMaximize[f, x]
M NMinimize[f, x] He TpeOyIOT 3amaHWs apryMcHTa BONM3HM JIOKAIBHOTO Mak-
cuMyMa (MMHMMYMa), Kak 3TO ObUl0 B Clydae WCIONb30BaHUS (PyHKUUU
FindMinimum[f (x), {x, Xo}]l.

PaccmoTpnM Temeps ciydait, korja aHatuTHIecKast (GYHKINS UMEET HECKOJIBKO JIKC-
TPEMYMOB.

Mpumep 7.9

HeobxomnMo omnpenemiTs KOOPAWHATH! SKCTPEMATBHEIX TOUEK CITEAYIOIINX aHATNTH-
qeckux (yHKImit:

In(5-3x)+x>-3,
x° =35x* —4x +31x% +2x-30.
Pemenne npuseneno Ha puc 7.9.

O0cyauM pe3ynbTaThl pellieHus 3aaa4.

Ilpu ompeneneHuw ¢ MOMOMILIO (YHKIMH NMaximize[f,x], W NMinimize[f, x]
KOODJMHAT JKCTPEMAIbHBIX TOUSK AHATUTHYSCKON (yHKIMH, UMEIoLIell MHOIO MakK-
CUMYMOB ¥ MHHUMYMOB, BO3HUKACT PSIIT TIPOOITEM.

B namem npumepe (yHKIMH MMEIOT HECKOJbLKO 3KCTPEMAlbHBIX TOYEK: HepBas
(YHKINS COTEP AT OXWH MAaKCUMYM W OJTMH MHUHHMYM, BTOpasi — JBa MakCUMyMa W
JBa MUHUMYyMa. Pelnasg nepBylo 3aaady, cucteMa ONpeAenuia KOOPAUHATEL MUHUMY-
Ma W He HalllJa KOOpJAMHAT Makcumyma (peuieHue adcypaHo). Bo Bropoit ¢pyHkuuu
CHCTEMa HalllJla TOJBKO OJWH MaKCHMyM W OXWH MHHHMMYM, HaXOJSIINECs clicBa
y rpaduka. OnpeaenuTs KOOPAUHATBL OCTAIbHBIX 3KCTPEMYMOB HE yaaeTca. B sTom
CYIIECTBEHHbII HENOCTATOK PYHKIMHA NMaximize [f, x] U NMinimize[£f, x].

CylecTBYIOT QyHKIMUM NMaximize [{f, Zuy...},{X, y,...}], NMinimize[{f,
Zyy.. Yo A%, y,...}]1. DTH (QYHKIIUW HAXOAST KOOPAWHATHI SKCTPEMATBHBIX TOUCK
AHATUTHICCKUX (PYHKIIMH MHOTHX apTyMEHTOR MPH OTPAHWUCHANX Zsy. ...



218

lnaBa 7

f=x Exp[-x]+1

Plot[f,{x,0,5}]

T+r *x
1.35
1.3
1.25
1.2
1.15
1.1

NMaximize[f,x]
{1.36788, {x—>1.}}
£1=3"x-9 x+3
Plot[fl,{x,0,5}]
3+3%- 9x

251
20r
15¢

107

NMinimize[f1l,x]
{=6.03739, {x->1.91439}}

Puc. 7.8. OTbIicKaHKe TOKATPHOTO MaKCHMyMa H MHHHIMYMa aHATUTHYECKUX (DyHKLIHI

¢ nomomiblo GpyHkmii NMaximize [£, x] uNMinimize[£f, x]
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£2=Log[5-3 x]+x"2-3
Plot[f2, {x,-2,3}]
-3+ %+ Log[5 - 3%]

NMaximize[£2,x]
{9.65572578174896 , 107",

NMinimize[£2,x]
{-1.50504, {x->0.392375}}

{x->-9.82635526619558 ,, 10*°°1}

£3=x"5-5 x"*4-4 x"*3+31 x*2+2 x-30

Plot[£3, {x,-2,4}]
30 +2x +31%x - 4% -5%x"+%°

20
10
-2 2 3 4
-40
NMaximize [£3,x]

{19.8942, {x->-1.68837}}

NMinimize[£3,x]
{-30.0321, {x->-0.0320697}}

Puc. 7.9. OnpeneneHue KOOpAUHAT SKCTPEMATBHBIX TOUEK
aHATUTUYECKUX (DYHKLMIi pumepa 7.9
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IlpuBenem mpumepsl onpeaeneHuss KOOpIMHAT (yHKUMH MHOIMX NEPEMEHHBIX MNpU
OTPAHWYEHHSIX HA WX apTyMEHTBI.

 Npumep 7.10

Heo0X0MuMo OTIPEIETUTE KOOPIMHATEI TOUEK MAaKCHMYMa W MUHHMYMa CJICYFOITHX
byHKIHit:

sinx—e*™, x+y<l;

2 —4(x+y), x+y<5;

Yx+y+2)=-2"7, x+y+z<7.

VY nepBoit w BTOpO# (yHKIMIT ONpenenMM KOOPAWHATH MHHAMYMa, Y TPETheH —
MakCUMyMa.

Peuenue npuseaeHo Ha puc. 7.10.

Winimize [{Sin[x]-Exp [x+¥] ,x+y<1}, {xX,¥}]
{=3.71828, {x--1.5708,v=2.5705}}
Winimize[ {2"x-4 (xty) ,x¥<5},{x,¥}]
{-20., {x»-50.39358,y+55.3938}}
Waximize[ {4 (xy+z)-2"{x+y) oy z<?} (X, v, 2}]
{28.,{%+-1,135458, v»—49.229, =-57.3645}}

Puc. 7.10. OnpeeneHre MaKCHMYMOB U MHHUMYMOB (DYHKIIHIT MHOTHX TEPEMEHHBIX

7.4. OTbiCcKaHue rnob6anbHOro MaKkcMumyma
(MUHMMYMa) aHanuTUYeckon PyHKLUU

3anava MoMcKa TI00ATBEHOI0 MakCMMyMa (MIUHHMYMa) SIBIISIETCS 3a1aducii MaTeMaru-
YECKOTr0o TNporpamMMmupoBanus. Cpean 3THX 3ajad HauOoJlee 4acTo NMPUXOAUTCS pe-
LIaTh 33/1a4y JUHEHHOT0 NPOrpaMMUPOBAHUS.

3anava TMHESHHOTO TTPOrPAMMUPOBAHUS (hOPMYIIHPYETCS CIEMYIOMIM 00pa3oM.

3anana creayromas JTHHeHHas (PYHKIUS HE3ABICHMBIX MIEPEMEHHBIX X[, X;, oy X, !
Xy +ayx, +..4+a,x,,
rje g; — uucia, Ha3blBaeMble ko3 puuuenTamu nuHeiiHol Gyuxuuu, i =1, 2, ..., n.

M3BecTHO Takxe HECKOJbKO ypAaBHEHMH U HEPABEHCTB, HE3aBUCUMBIMU MEPEMEHHbI-
MU KOTOPBIX SIBISIIOTCSL X;, Xy, ooy X, -
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TaxvMu ypaBHEHUSIMU (HEPABCHCTBAMHU) MOTYT OBITB:

Xy +ayxy +..4a,x, =b (ayx,+ayx, +..+a,x, <b), x;, 20, i=1,2,...n

n —

U pSLIL IPYTUX.

Cpeay MHOXKECTBA BAPUAHTOB, YIOBIETBOPSIOLIUX YCIOBUSIM OrpaHUUEHUs, HEOOXO-
JUMO HalTU COBOKYNHOCTb NMEPEMEHHBIX X;. X, ..., X,, IIPU KOTOPBIX JUHEWHHAs

(yHKLUS 0/1y4AET MAKCUMAIbHOE (MUHUMAILHOE) 3HAYEHUE.
Oynxuns  a,x; +a,x, +...+a,x, B TEOPHA MATEMaTHIECKOTO INTPOTPAMMHUPOBAHUS

HAa3bIBACTCS yese6oli (pyHKyueti, a COBOKYITHOCTb PABEHCTB U HEPABEHCTB — O2PAHU-
YeHUAMU.

CoopmMynHpoBaHHasT 3a1ada JMHSHHOTO MPOTPaMMHUPOBAHUS BCTPETacTCs Ha TMpak-
THKE OYEHb YACTO NPU PEIICHUU ONTUMH3ALMOHHBIX 33]a4 B TEXHUKE, YIPaBICHUU,
3KOHOMHKE.

Cuncrema Mathematica nmeeT BCTpoeHHBIE hYHKIIMM PETITEHHS 3a1a9 MaTeMaTHIeCcKo-
[0 OpOrpaMMUPOBAHUS. DTU PYHKIIMU UMEIOT BUJL:

ConstrainedMax[f, {Q}, {xi, X2, ...,%a}]
ConstrainedMin[f, {Q}, {xXi, Xz, .-.,%u}]
LinearPrograming[c, m, b]

B 31ux QyHKUMAX OPUHATHL Cleayolue 0003HAUEHUS:

O £ — uenepas PyHkuus;

O o — BekTop OrpaHUUEHNIA;

O x; — HUCKOMBIE HE3ABUCHMBIE TIEPEMEHHBIE;

O ¢ — MUHAMU3UPYEMAas BENUNHA;

O m— orpannyenus;

O b — BenMuMHa OrpaHUYEHUH.

OyHKUMS ConstrainedMax[f, {Q}, {xi, Xz,...,%a}] HIIET INIOOATHHBIN Mak-

CAMYM, T. €. TAKKMC 3HAYCHMS X; , IIPU KOTOPLIX BbIIOJHAKOTCA BCE OIPAHMYCHMS Q,
a nelicsast beHKLII/Iﬂ UMCCT MAKCUMAJIBHOC 3HAUCHUC.

OyHKTMSA ConstrainedMin[f, {Q}, {xi, X2, ...,X,}] WIIET TTOOANEHEIN MH-
HUMYM, T. €. TAKUE 3HAYEHUS x;, MPU KOTOPHIX BBHIIOJHAIOTCS BCE OIPAaHUYEHHUS Q,
atieneBas (pyHKINS MMEET MIHUMAIFHOE 3HAUCHHC,

OyHKIMS LinearPrograming[c, m, b] WIIET BEKTOP x.C TPH YCIOBUAX m.x>=b,
x>=0.

Pemrenne Takoit crnokHO 3amaun, Kak OTBICKaHWE TI00ATBHOIO MakCHMyMa (MUHH-
MyMa), B cuctreme Mathematica npenenbsHO OpocTo:

1. BBona ¢yHk1MU ConstrainedMax[£, {Q}, {Xi, Xz, .-.,Xn}].

2. Tlomyuenune pemeHNs MyTeM HakaTHsl KOMOWHAIWHK kiaBum <Shift>+<Enter>.
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TlokakeM TEXHOJIOIMIO OTLICKAHUS I100aJ1LHOIO MaKCUMyMa U MHUHHMYyMa Ha KOH-
KPCTHLBIX MTpUMEpax.

 Npumep 7.11

CymIecTBYET TPU TEXHOJIOTHH BBINTYyCKAa HEKOTOPOH MpORyKIuK. [ljis €€ M3rOTOBJICHUS
HEOOXOMMO UMETH TPH BHIA CHIphI. Kaxmas w3 TeXHOJOTHI TpeOyeT ompeneneHHo-
r0 KOJWYECTBA CBIPBS JAHHOTO BHJA, KOTOPOE MMEETCS B OTPAaHWYECHHBIX KOJIAYECT-
Bax. O0beM BBIYCKAEMOro MPOJYKTa 3aBUCUT OT TEXHOIOTMM M3TOTOBICHUS U U3-
BECTEH JJ151 K&KA0U U3 TEXHOJIOTUM.

Heobxomnmo HalTH Takyro TEXHOJOTHIO, TPW KOTOPOi 0OBEM BBIMyckaeMoit Tpo-
JIYKUMY MaKCUMAIICH.

Hcxonnple nannbie IPOU3BOACTBA MPUBEIEHHT B Tabm. 7.1.

Tabauua 7.1. VicxonHble JaHHBIE TTIPOU3BOICTBA

IMoTpedHOCTH B chIpbe (YCI. e1.)
Cnoco0 Boinyck
MPOU3BOACTBA nepBOrO BTOpOFO TpeTberO NMPOAYKLUH
BHUA BHUA BHUA
1 2 3 2 30
2 1 2 3 22
3 2 1 1 24

TexHos0rusi MPOU3BOACTBA JOMYCKAET CMEHY cnocoda MpOM3BOACTBA B TEUCHHUE pPa-
Oouero aHS.

7.4.1. MatemaTtnyeckana oopmynmpoBKa 3aaum

O06o3HaIMM X, X,, X3 — JOJM pabouero BPeMCHH, 3aTPauHBacMOT0 Ha TIPOH3BO-

CTBO 3a7aHHOTO 00BEMa I'OTOBOTO MPOIYKTA TMPH YCIOBHUH OOECIEUSHUS CHIPBEM,
COOTBETCTBEHHO, ITPH NIEPBOH, BTOPOH M TPETHEH TEXHOIIOTHSIX.

OFpaHI/I‘ICHI/IHMI/I Tpyu pCIICHUN 3TOU 3a1a9¥ SBJISTIOTCS:

120, x,20, ;20
X tx, +x3 <1

2%, +x, +2x; €25
3x,+2x, +x3 225

2x +3x, +x3<2.
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O06Cy MM TIPUHSTHIE OTPAHUUICHUS.

IlepBoe orpanuuenue 04eBUAHO: A0AM pabO4Yero BPEMEHU HE MOLYT ObIThb OTpHLIA-
TEIBHBIMH.

Bropoe aomylieHue 03HAYAeT, YTO CyMMapHOe pabouee BpeMs He JIOJDKHO IpEBbl-
IIaTh MOJHOTO Pabovero THS.

Tperse, ueTBepTOE U MATOE AOMYIISHUS O3HAYAIOT, UTO PACXOJ ChIPbsl HE NOJKEH
MIPEBBIIIATE TMMATA (JIBOIIKA TS KAXKIOTO CHIPBS M TEXHOIIOTHH).

IIpu 10601 TexHOMOrMU OYIET BbIMYLIEHO OPOIYKTa

30x, +22x, +24x;.

Ora QyHKUUSA U ABJSIETCS LIENEBOM.

B pesyabrare perienus 3a1a4y HY>KHO ONPENEIUTH 3HAYECHUS X,, X,, X, U MaKCu-

MAJIEHOC 3HAUCHUC BBIMTYIICHHOTO MPOAYKTA, T. €. ONPCACIIUTE ONITUMAJIBHYTIO TCXHO-
JIOTUIO IPOU3BOACTBA.

B namem ciywae ¢ynkmnms rimodaisHOro MakcuMyma OyIeT IMET BH

ConstrainedMax [30 x1+22 x2+24 x3, { x1>=0, x2>=0, x3>=0,
2 x1l+ x 2+ 2 x3<=2, 3 x1+2 x2+x3,<=2, 2 xl+3 x2+x3,<=2},
{x1l, x2, x3}]

Peuienue 3a1aun npuseneHo Ha puc. 7.11.

Constrainedax [ 304l +2 242+ 2447
{Hl>=0,%2>=0,%3>=0,
HI+H24H3=1,
2 ARl 2AHIZ2,
Fhul+ 2A I 4H3=2
201+ 3h 24132,
{xl ,x2,x3}]

{27, {xl—; %, X2 50, x3 - 31}}

Puc. 7.11. Pemenue 3anaun rino6ansHOTO MakCUMyMa

W3 puc. 7.11 BuaHo, 9TO TIPERTIPUITHEM 3a CMEHY OYHET BBIMYIIEHO 27 €IUHNI MPO-
JIYKIHWH TIO TIEPBOH M TPEThEH TEXHOJIOTHAM. BBITycka TPOYKIMH 10 BTOPO# TEXHO-
JIOTHH HE TOJIKHO OBIT.

Knaccuueckoli 3agayeil NTUMHEHHOro NPOrpaMMHPOBAHMS SBJSETCS TPAHCIOPTHAS
3ana4a. [IpuBeneM u Mbl Takoi npumep.
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 Mpuwep 7.12

Mmeetcs ueThipe ck1ana TOBapOB U TPU UX NOTpebuTess. M3BecTHbI Takxke Koluue-
CTBO TOBApOB Ha KAXKIOM CKIale, MOTPEOHOCTH KaXKIOTO MOTPEOUTEINs, a TaKkKe
CTOMMOCTB JIOCTABKM TOBApa J10 KAXKIOTO MOTPEOUTENS.

Heo0xonuMo cOCTaBUTh ONTUMANBHBINA MJ1aH MEPEBO30K, IIPU KOTOPOM CyMMapHas
CTOMMOCTD TIEPEBO30K OyIeT MHHUMAJIGHOM.

HcexonHble naHHble 3a/1a4d NPUBEACHBI B Tadd. 7.2.

Ta6auua 7.2. /lanHbie 0 nepeBo3Kax TOBAPOB CO CKIAA0B 10 NOTpeduTenei

I, 1, I, Z.
C 2 4 1 9
C, 4 1 2 7
C; 2 3 2 7
Cq 1 2 3 7
z, 12 10 8

B Tabnuue o6o3naueHo:
D C[, Cz, C:;, C4 — CKJIaabl,
a 1, I, 11,

O Z, — xonM4ecTBO TOBAPOB Ha CKIALE;

MOTpeOHTEINH;

O Z,— K0au4ecTBO TOBAPOB, HEOOXOAUMBIX NOTPECUTEIO.

In¢pe! B TaOMWIIE 03HAYAIOT CTOMMOCTE TIEPEBO30K B YCIOBHEIX ¢AWHUIIAX CO CKIIaaa
C,; no norpeburens I, i=1,2,3,4,j=1, 2, 3.

B nanrom cryuae meneBoit Oyaer craemyrommas GpyHKIms:
2ny +4n, + 0y +4ny + 1y + 205 + 204, 4305, + 2053 1y + 20y, + 3044,
rae n; — KOIMYECTBO TOBapa, INIAHAPYEMOro Ui TICpeBO3kM co ckmaga C;
norpebureno I1;.
CoopmMynHpyem oTrpaHUIEHHS Q.

Tax xak 9ucna 7; HE MOTYT OBITh OTPHIIATEILHBIMH, TO
n; 20, 5y 20, .., 1y, 20, 2y 20.

CyMMapHOe KOJMYECTBO MPOAYKTOB Ha CKJIaAaxX U NOTPeGHOCTU MoTpeduTeneii Mox-
HO [PEJCTaBUTh CIIEAYIOMMY YPABHEHUAMU:



PeLueHue ontuMmnaaynoHHbIX 3aga4 225

ny +n,+05;=9:

gy + 0y +hp3 =73

Ry +Hyy + i3y =7

Ayt +hys =7,

Ry + 1y 1y + gy =12
Ry + 1y 05, +1y, =10
M3 + Ry +Hy5 + 15 =8

COBOKYITHOCTE HEPABEHCTB W DTHX YPABHCHUH 00pa3yioT OrpaHiieHuUs Q.

3anaua COCTOMT B TOM, 4TOObI HANTU Takue 3HAYCHWS 71; LEIACBOM QyHKUMM, IpH

KOTOPBIX CYMMapHbIe 3aTparhl Ha NepeBO3KU ObL1d Obl MUHUMAILHBIMU. Boconb3y-
emca pyHKUMel ConstrainedMin[£, {Q}, {xi, X2, <1 Za}l.

Pemrenue 3anaun npuseneHo Ha puc. 7.12.

ConstraineddMinf

2*n11+4*nl12+1* Nl 3H4*n2 1+ 1*n2 2+ 24023+
2403143 3242403 H 14nd 1+ 24nd 24- 343,

{n11>=0 ni12>=0,nl13>=0,
n21>=0,n22>=0,n23>=0,
n31:>=0,n32>=0,n33>=0,
ndl>=0,nd2>=0,n43>=0,
nl1+ni124n13=—9 n214n224n23—17,
ni1+n3z+n3I3=7 ,ndl+nd2+nd3="7,
nll+n21+in3l+ndl==12,
nl124n224n3i24nd2==10,
n13+n23+n33+nd3==8},

{n11,n12,n13 n?1 ,n22 ,n23 n3l n32 n33,
ndl n42 n43}]

{41,{n11-+1,n12-0 n13-+8,n21-0 n22-7 n23-0,

n3il-+4, n32-+3, 1330, 1417, 01420, n43 -0} }

Puc. 7.12. Pemienue TpaHCIOPTHOM 3a1aum

W3 puc. 7.12 BUAHO, YTO BCe TOBAPHI CO CKIAI0B AOCTAaBACHbI NOTpeduTeasiM. OHaKko

JTAJICKO HC BCC HOTDCGI/ITCJ’[I/I TOJIyYWJIU TOBAphbI 110 TMPHUYIHUHC BBICOKOW CTOMMOCTH
TICPCBO30K.
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7.5. NMpumMepbl Ha pewieHne
ONTUMM3ALUOHHbIX 3aaa4

Ol'lpCI[CJTCHI/IC MaKCUMaJTLHOTO 1 MUHUMAJIBHOTO 3HAYEHUN YHCEIT:

L3417 3712
Cl77973 271217277 7

2. Le'?. 5sin2. In123. sinn12, S0 21
sinl 3

OnpeneneHue KOOPAUHAT IKCTPEMalbHbIX TOUEK (PYHKUMIMA:
3. 1.5x° +17x-21.
4, x*42x° -1,

x*—4x3 —10x% +3x—4.

W

6. 2sin(Inx).

7. e (x+2)+6/x—x.

8. In(4-2x)+x°—1.

9. 23" —9x+1)—4x3" +36x7 —4x .
10. e*(x-3)-3x2+10.5x-4.5.

1. (x* +2x° =1)-(x—In(7—4x)).
12. x*.

13. x*(lnx-2).

14, (x*+x2)/(x+1).

—5x

15, x"+x
16. xInx+sinx.

17. xlnx-(sinx+cosx).

18. Ux+x+1/x> +x2+1/x* +x°.

2x

19. e*+e " +eX +e X+ e,
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Ilouck rno6ansHOr0 MUHUMYMA:

20.
11, 1, 115 Z,
G 2 4 1 12
G, 3 1 2 7
Cs 3 2 3 10
C, 1 2 3 6
Z, 12 14 8
21.
11, 1, 115 Z,
C, 4 2 1 19
C, 4 1 2 8
Cs 2 3 2 7
Cy 1 3 2 13
Z, 14 16 8
22.
11, 1, 115 Z,
G 1 4 2 12
C, 4 2 1 9
Cs 2 3 2 7
Cy 2 3 2 7
Z, 12 12 8




228 lnaBa 7
23.
"1 nz "3 ZC

C, 2 1 15

C, 1 4 17

C; 2 3 12

Cy 3 2 10

Z, 12 10

lMpumeyaHue

3anaun 20—23 — TpaHCMOPTHEIE HA TTOMCK MNIOOAIBHOTO MUHMMYMa I1EePEBO-

30K.

IlocTaHoBKa 3a/1a4 aHANOrKMuHa 3a]1a4e npumepa 7.12.
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PeweHune anrebpanyeckmnx
U TPaHCLUEeHAOEHTHbIX YPpaBHEHUM

VpaBHeHUs ¢ OAHUM HEU3BECTHBIM MOTYT ObITh anre0pauvyecKUMU U TPAHCLECHEHT-
HbIMU. Tpancyendenmubiv HA3bIBAETCS] TAKOE YPABHEHUE, B COCTAB KOTOPOIO BXOASAT

5
¢ynxummn. Hampumep, ypasuenwe ax” —bx+1=0 sBnserca anrebpandecknM, a

e ™ +2Inx—1=0 — TpaHCUEHAEHTHBIM.,

Cuctema Mathematica no3BoJisieT pelaTh TAKUe YPaBHEHUS B aHATUTUUECKOM M HUC-
JICHHOM BH/I€, OLPEIC/IATh BEIECTBEHHbIE U KOMILIEGKCHbIE KOPHH.

B cucteme peanuzoBaHbl MHOTHE YMCIACHHBIE METO/bL DTO MO3BOJSET UCCIEN0BATH
KX JOCTOMHCTBA U HENOCTAaTKU U BblOpaTh Haubolee pallMOHANbHBIA METOA s pe-
TICHUS JTaHHO#W KOHKpETHOU 3amaun. MIMEIOTCS OpUTHHALHBIC CMOCOOBI TIPOBEPKH
JIOCTOBEPHOCTH OTIPE/ICIICHNSI KOPHEH ypaBHCHHUS.

B nmanmoit rmaBe m3nmaraloTcs alTOPUTMBI M KOMIBIOTEPHBIC TEXHONOTHH PEIICHHS
YpaBHEHWI. Bonbiroe 41cio TPUMEPOB MO3BOIISIET MOTH30BATENO YCBOUTH TEXHOIO-
THIO ¥ TIPHOOPECTH OTIBIT PELICHNS YPaBHEHHH ¢ MOMOINBIO cucTeMel Mathematica.

8.1. PewueHue ypaBHeHUN
B aHaNIMTU4eCKOM Buae

8.1.1. ®yHKumnA Solve

Pemenne ypasHeHM B aHATUTHYECKOM BUE B crcTeMe Mathematica ocymiecTBisieT-
¢S C TIOMOTIBIO BCTPOCHHOH (PYHKIAN Solve, KOTOpas UMEET BUII:

Solvel[f, x]
rae:
[ R — YpaBHCHHE, 3aMTACRIBAEMOC B TIPOU3BOJILHOM BHUJIC;

O x — wckoMoe HEN3BECTHOE.
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Ilpumepsl 3anucu ypaBHeHUI:
ax’+bx-1==0,

ax?+bx== R
ax’==-bx+1,

Texnonorus pelieHus ypaBHEHMI ¢ HNOMOILIbLIO (PyHKUMH Solve[f, x] mpocTa u
COCTOUT B BBIIOJHEHUHU CAEAYIOIIUX IPOLEAYD:

1. BBox ypaBHEHUS C IPUCBOSHUEM €MY YHHUKAILHOIO UMEHH.
2. Bpoa ¢yHkuMu Solve[f, x].rje £ — UMs ypaBHEHUS.

3. TlomydeHwe pemieHWS IyTEM OTHOBPEMEHHOTO HAaXaTHs KOMOWHAIIMH KIIABWIIT
<Shift>+<Enter>.

VpaBHeHUE MOXKHO HE BBOJUTD, & 3aMUCATh €r0 B (PYHKLHUIO Solve BMECTO f.

PaccMOTpUM TEXHOJIOTHIO OTIPENCNICHUST KOPHEH YpaBHEHHS! B aHATUTHYECKOM BHJIIC
Ha IpuMepax.

Mpumep 8.1

Heobxommmo omnpeIenTs KOPHH CIEIYIONINAX YPaBHCHMUI:
¥ 4bxt —atx-a*b=0,
2% —2(a+b)=0,
sinax+cosax=0,
2x% +3x-1=0,

64 1784 50 , + 27037 + 73229 4 208399 + 20035 ¢ 37 =0

—_—

X x X X X
2541 7623 693 7623 15246 30492 2772

Pemenne mpuseneno Ha puc. 8.1.

U3 puc. 8.1 BUHO, YTO Bee 3a]a4d CUCTEMOH pelleHbl. B nepBbIx Tpex 3ajayax no-
Jy4eHbl KOPHU B aHAIUTUYECKOM BUjE. B mpeanociesHeM J0BOJLHO CIOKHOM IIpU-
Mepe 3Ha4YeHUs KOPHEH MOJLyYeHbl B BU/E TOUHbIX YUCE], [PEACTABICHHbIX B PalMO-
HaibHOU (opme. Eciu ke HeoOX0AMMO HOyYMTh PELICHUE B BUJE BELIECTBEHHBIX
YHCEN, TO CIEAYyeT BOCTIONB30BATHCS KOMAHAON N[%]. DTO MOKa3aHO B TMOCIEIHEH
3aga4e npumepa 8.1.

Crienyer UMETh B BUY, YTO pPEIICHUE B aHAIMTHUECKOM BUJIC HE BCETa MPEJACTaBIsi-
eTcd CUCTeMOl B HamboJiee KOPOTKOM BUIE. [/ €T0 ONTHMH3ANNH TIeTeco00pa3Ho
NPUMEHATh KOMaHAbl YNPOLUCHUS BBIPAKCHUN, HANpUMEp, Takue Kak Simplify,
FullsSimplify, Expand. Ilpumep ucnonb3oBanus koMadabl FullSimplify noka-

3aH TIpU penieHun ypaBHerns 2° —2(a+b)=0.
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OyHKIMA Solve UMeET 00JbIIOE KOJIUYECTBO OMUMi. BbiBecTH Ha 3KpaH UX MOKHO
KOMaHJ0M Options[Solve]:

Options[Solve]

{InverseFunctions -> Automatic,
MakeRules -> False, Method -> 3,
Mode -> Genari, Sort -> True,
VerifySolutions -> Automatic,

WorkingPrecision -> o}

Fl1l :=x"3+bhx*4-a“4x-a"“4dh-=-
Solve[F1, x]

{{x—-a}, {x--ha}, {xsna}, {x-a}, {x--b}}
F2:-2"%X_2(@+h) =
Solwe[F2, x]

I TR

FullSimplify[*]

Log[2 {a+h)]
Log[2]

I

Fj :-Sin[ax] +Cos[ax] -0
Solve[F3, x]

b 08

61 1784x 5H0x 27037 x?
So0lvwe| —— - + _
2541 1623 693 7623

73229 %' 208399 x° 20035 ¥

15246 30492 " 2772
{{x—>—8}, {x—> —i}, {x—r—i}, {x—> i
fre 2 e 23 o)

Solve[2x"24+3x_-1--0, x]
{3 -] fxo S 3T

H[%]

({x = -1.78078), {x- 0.280776}}

Puc. 8.1. Onpenenenue kopHeit ypaBHeHuii npumepa 8.1
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IlpuBenem npumepsbl UCIOAb30BAHMS ONLMI PyHKIMHU Solve.
HeobxommMo BBEMHCINTE TpeMs METONAMH KOPHH YpaBHEHHS sinax+cosax=0,

BBIYUCIUTL KOpHU ypaBHeHusi 2* —4x+1=0 c ynucioMm nudp NpoMeRKyTOUHBIX Bbi-
qucneHui, papubiM o, 20, 40, 10.

B JaHHOM  ciyyae  MCIOJB3YIOTCS  OINUMM  COOTBETCTBEHHO Method-> M
WorkingPrecision->. PellleHus npuBeeHsl Ha puc. 8.2.

F:-5Sin[ax] +Cos[ax] ==
Solve[F, x]

{f -5} o 20

Solve[F, x, Method 1]

{{2 coslax]® -1, sin[ax] + -Cos[ax],
ax —- Arctos[Coslax11}, {2 coslax]® —1,
sin[ax] +-Cos[ax], ax—+ ArcCos[Cos[ax]1}}
Solve[F, x, Method - 2]
{{2 Cos[ax]® -1, Sinla x] - -Cos[ax],
ax —- irctos[Coslax11}, {2 coslax]® =1,
Sinfax] —+-Coslax], ax— Iirl:Ons[Cos[ax]]}}

Solve[F, x, Method - 3]

3
{feem 2} fr= 320
F:=2"x-4x+1-=

Solwe[F, x, WorkingPrecision —» Infinity]
Logf2] - 4 Prcn:luctLug[— Leg[2]

EEERL]
{{x N 4 Log[2] }
. Log[2] - 4 Prl:l:lul:tLug[_lr - :ﬂf:[:.,] }}
4 Log[2]

Solve[F, x, WorkingPrecision —20]

[ {2 - 0.63942730657650467952), [x - 3.8466563011530440015) 1

Solve[F, x, WorkingPrecision —-40]

({x 0. 63942780657650467952133533497911394 997966 9529458106140},
{x—3.8466563011330440018333384267424616525908444516827777°40}}

Solve[F, x, WorkingPrecision - 10]

{{x+0.632428), {2- 3.54666) )

Puc. 8.2. Pemenue 3a1a4 ¢ npuMEHEHHEM OMNuMii PyHKLUMU Solve
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W3 puc. 8.2 BuaHbl neiictBus onuuii GpyHkuuu Solve. Oniusa Method A3eT BO3MOX-
HOCTb pellaTh ypaBHeHue TpeMs MeTojamMu. Onuuu Method->1 U Method->2 He
MO3BONVMIH (hyHKIMM Solve HalWTH KOPHW ypaBHEHUS sin ax + cosax = (0. OHU TOTB-
KO IIPEACTaBUIM UCXOJHOE ypaBHeHMe B uHOH (opme. Toabko omuus Method->3
MO3BOJIAIIA ONPEJACIIUTE KOPHH YPAaBHEHMS B aHAJIUTHYCCKOM BHIE, IIPH 3TOM pelIe-
HWE TO XK€, 9TO U O€3 OTIINN.

Onuus WorkingPrecision->n YCTaHaBIMBAET YMCIO LU(P OTBETA, B HAIUEM CIy-
uae 20, 40, 10. I[Ipu n== (Infinity) BblAaeT aHanUTUYECKOE pPEllIEHUE C NPUMEHEHUEM
CIeUUaNbHBIX (PYHKLMH, @ IpY n=10 BBLAAET PELLIEHUE C LIECThIO LUdpamu.

Onuuu GyHKUMU Solve MOKHO UCIOJB30BATh TAKKE IPU PELLEHUH CUCTEM YPaBHE-
Huil. HekoTopble u3 HUX OyAyT paccMOTpEHbI B 21age 9.

8.1.2. ®dyHKumua Roots

Ota (yHKUUS [IpeHA3HAUCHA 11 ONpeAeaeHUs] KOPHEH NOIMHOMA, OHA UMEET BUJL!

Roots[f, x]

re:

0 f— noaMHOM, KOPHH KOTOPOTO HEOOXOAMMO HAWTH (MOMKET OBITH MPECTABIEH
B BUJIC YPaBHEHHUS);

O x — aprymenT mosmHOMa f.

OTknuKOM (PYHKUMU Roots [£, x] SBISIIOTCA BEIECTBEHHbIC U KOMILIEKCHbBIE KOPHU
ypasHeHus f(x)=0. [Ipw 3ToM pereHre MOXKET OBITEH MOMYYEHO B aHATMTHICCKOM
U YUCIEHHOM Buje. PellieHue B aHATUTUUYECKOM BUJE B OOLIEM Cllydae MOXKET ObITh
[OOMYYEHO JJsi MOJMHOMA HE BblLIE 4eTBepTol creneHu. PelieHue ypaBHEHUs
f(x)=0 He cyuiecTByeT, eciu f(x) — HOJMHOM MATOU U Bbilie cTeneHu. OHAKO
€CITM TIOJIMHOM MOJXET OBITh Pa3JoKeH Ha MHOXKHTENHN, TO QyHKIMS Roots[f, x]
HalIEeT BCE KOPHU COOTBETCTBYIOLIECTO YPABHEHMSI.

Pemenns ypaBHCHI/Iﬁ B YKA3aHHLBIX CJIyTadX MOKaXCM Ha IMpUMepax.

Mpumep 8.2

HeobxommuMo pernTh CIEAyIONre ypaBHCHUSL:
ax’ +bx+c=0,
ax* +bx* +¢=0,
ax* +b=0,
5 4
ax’ +bx" +ex+d =0,

(a+x)(b+x)(x+ac)(x+D)(x-1).
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Rootslax*2+bx+c =0, x]

-bh-+ IR —-dac d+ef b -dac

Z2a Z2a

b 4 B -dac
+— |lx
2a

2a

Roots[ax"3+h =0, x]
[—1y3f3 /e (-1)ri3pss Lz
_ | K==

H==

=173 = E] VL]

Roots[ax*9:+bx"4,cx+d-- 0, x]

x==Root[d+c#l+b#1" +a@1® &, 1] |Ix==Root[d+c #L+b #1° +a 41 &, 21|
Ix==Rootld+cHLl+bH#1" +a#1® &, 3] |lx==FRoot[d+cH1+b #1" +a 1" &, 4] |
|x==Root[d+c#lL+b#1" +a$1’ &, 5]

(a+x) (b+x) (x+ac) (x+1) (x-1)

(—l+x) (1l+x) (2+x) (ac+x) (b +x)

Expand[0ut [23]]

_aach_aacx_abx_achx_ax _acx’ _hx

aachy -¥ +aacx’+abyx +achx +ax' +acx' +by' ¥

Roots[0ut [24] == 0, x]

==-b||H==-aC||X==-a||Xx==-1]|| x==

Puc. 8.3. Petuenue npumepa 8.2

Pemenne nmpumepa npuseneHo Ha puc. 8.3.

U3 puc. 8.3 BUAHO, YTO B MEPBLIX TPEX IIpUMEpPax KOPHU Hail/ieHbl B aHAIUTHYECKOM
Buje. B uerBepTOoM mpuUMepe NPEACTABIEH IOJMHOM ITOH CTENEHH, MO3TOMY ero
KOpHM HE HaiifIcHsl. B TIocnennem mpuMepe MpUBEICH MOTHHOM TISITOH CTENeHN, TIpH
ITOM pEIICHNE TTOMYIEHO B aHAIMTHIECKOM BUJE. DTO OOBSCHIETCS TEM, ITO MHOTO-
uieH f(x) MOXeT ObITh PA3NOkKEH Ha MHOKUTENIU, KaK U MoKazaHo Ha puc. 8.3. Ha
puc. 8.3 pUBECH MHOTOYIICH TISITOH CTETIEHH, pa3ioXKeHHbIH Ha MAOKHUTENHN. C T10-
MOILBIO PYHKUMU Expand PacKpbIThl CKOOKM MHOIOWIEHA, U HAl/ICHbl BCE €0 KOPHU
¢ NOMOILBK (YHKUMUM Roots[Out([24], x]. 3aech Out[24] — HOMEpP CTPOKHU,
B KOTOPOI HAXO/IMTCSL [IOJIMHOM B PACKPLITOM BUJIE.
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Roots[x*2, 13 /28x% -3 714 -- 0, x]

Roots[2x "7+ 3x"6-12x*2+7x+5==0, x]
==Root[5+7T#HL-12 81 +3#1° + 2417 &, 1] |
|x==Root[5+7T#1-12 41" + 341"+ 24117 &, 2] |
|x==Root[5+7#1-1241° + 3 82°+ 2 9417 &, 3] |
|%==Root[5+7T#1-12 417 + 34"+ 241" &, 4] |
|x==Root[5+7#1-1241° +342°+ 2 941" &, 5] |
|x==Root[5+7#1-1242° +342°+ 241" &, 6] I
x==Root[5+7T#1-1241° +341° + 24117 &, 7]

H[%]

¥ == -0.4173393384413579" |
lx ==-1.6147152613957173" - 0. 71294064649822042" 1 |
lx ==-1.6147152613957173" + 0. 1294064649622042" 1 |

lx ==10.114719554 7572578 - 1. 3716602153531235 1 |
lx==10.1147195547572578" + 1. 3716602453531235" 1 |
| ==0.9586653958591383" - 0. 2968262106007846" 1L |
I3 == 0. 9586653958591383" + 0. 2968262106007846" 1L

Roots[x*10-1::0, x]

X==l]|x== -1 [1x==(-1)°F |
[%== (-1 X (-1 X == -1
[ == - -1 == -(-1°7 |
[%==--13""% |1x== (-1)*F

HI%]

x==1." |lx == 0.8090169943749475" + 0. 5877852522924 731" 1L |
% ==0.3090169943749474" + 0, 9510565162951535 1| |
X == -0.30901699137494734" +0.9510565162951535 1| |

== —0.5090169943749473" + 0. 5877852522924731" 1 |

lx = "

% ==-0.8090169943749475 " - 0. 5877652522924731 1| |
== -10.3090169943749474" - 0. 9510565162951535 1| |

X ==0.30901699437494 734" - 0.9510565162951535 1| |

X ==0.8090169943749473" - 0. 5877852522924 731" 1L

Puc. 8.4. Pemenue ypasuenuii npumepa 8.3
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Ecnu ko3¢ Quuventsl noaMHoOMa 3a/aHbl B BUAE 4yucel, TO QyHKIMSA Roots[F, x]
BbLIAET PELICHUE B BUJE TOYHOrO WM OPUGIMIKEHHOrO 3HaueHusi KopHed. Tounoe
3HAUCHNC KOpPHEN TNPEACTAaBIACTCS UHCIAMH B PaIlOHANBHOM (opme, MprOImKeH-
HOe — B (hOpMe BElECTBEHHbIX uucell. [IpuBeaeM npumep.

Mpumep 8.3

Heo0xonumo onpenenuts KOPHU CAEAYIOUIMX YPABHEHUIA:
x? +13/28x-3/14=0,

2x7 +3x° —12x% +7x+5=0,

Peunenus npuBeaeHsl Ha puc. 8.4.

W3 puc. 8.4 BUAHO, 4TO (YHKIMS OMpEnenuia TOYHOE 3HAUE€HHE KOPHEH IepBOTO
YPaBHEHUS, HE CMOI/A HANTU B SBHOM BUJAE KOPHU BTOPOIO ypaBHEHUA U Hallla
KOPHU TPETLETO ypaBHEHUsl, HO B BUAE, HEYA00HOM JUISl [OJ1B30BATENs: OTCYTCTBYIOT
KOPHU B KOMILNEKCHOU (opme. [lns monydeHus pelieHust BTOPOro U TPETLero ypas-
HEHUM NPULIIOCH UCIONB30BAaTh KOMAaHAY N[%].

@yHkuMa Roots[f, x] MbITACTCS PELIATh TAKKE TPAHCLEHJCHTHbIE YPaBHEHUS.
IIpu 3TOM pelieHUst MOKET He ObITh, @ MOKET ObITh OLIMOOUYHBIM. Takue npumepbl
[OKa3aHbl Ha puc. 8.5.

Bootz[a“x+b =0, =]
Roots[a* +b == 0, x]

Boots[2 x -4 x+1:--0, x]

Puc. 8.5. [Tpumeps! OIMOOUHBIX PEIICHUIT

W3 puc. 8.5 BMAHO, YTO NEPBOE YPABHEHUE HE PELICHO, 4 BCE OCTAIbHbIC PELICHMS
OUIMOOYHDI.
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8.2. YucneHHble MeTOAbI peLUeHUA
anrebpanyecknx n TpaHCUEHAEHTHbIX
ypaBHEeHUMU

CyuiecTByeT 00JbIIOE KOIMYESCTBO YUCASHHBIX METOJ0B PeLeHUs aire0paniyeckux u
TPaHCLEHACHTHbIX YPaBHEHUM.

AHFOpI/ITM M000TO W3 3THUX MCTOOB ABJIACTCI COBOKYITHOCTBIO yCHOBI/Iﬁ BLI60pa
Ha4yajabHOI'O HpI/IGJll/DKeHI/Iﬂ, PacuCTHLIX COOTHOLUCHUNA U [pU3HAKA OKOHYaHUs BbI-
HYUCIUTE/ILHOIO npouecca.

ANTOPUTMEI HEKOTOPBIX HanboJIee TOMYISPHEIX METOJOB PEIICHHS anredpantdeckux
Y TPaHCLIEHICHTHBIX ypaBHeHUi onucanbl B [ 16, 17, 18 ]. B Hacrosiueii rnae uzna-
[AKOTCSL JIMLIb KOMIIBIOTEPHBIE TEXHOJIOTMU YUCICHHBIX METOJI0B pelleHus anrebpau-
4eCKMX U TPAHCLIEHIEHTHBIX YpaBHEeHUH B cucTeme Mathematica

Cuctema Mathematica uMeeT MHOrO BCTPOEHHbIX (PYHKUMN peuleHus anredpauuie-
CKMX U TPAHCLEHJCHTHbIX YPABHEHUH B 4uCAEHHOM Bujae. OCHOBHBIMU U3 HUX SIBIIS-
10TCcsl: NSolve, NRoots, FindRoot. PaccMoTpuM moapoOHO 3TU (pyHKIIMU U IpUBeE-
JIeM IPUMEpBL.

8.2.1. ®yHKumna NSolve

@yHKLUSA NSolve UMEET BUA:
NSolve[f, x]

roe:

O £ — pewaemoe ypaBHeHue;
O x — MCKOMOE HEM3BECTHOE.

OTkKOM 9TOH (DYHKIMH SBASTIOTCS KOpHW ypasHenws f(x)=0. Kopusmu moryr
OBITh BELICCTBEHHbIE U KOMILIEKCHBIE YUC/A, [IPE/ICTABICHHBIC B €CTECTBEHHOM (hopme.
@yHkuuMa NSolve [f, x] MOXKET pellaTh BCe YPABHEHUS, KOTOPbIE peliaer PyHKuus
Solve. Ee orauuue auib B popMe NpeacTaBieHus: OTBETOB.

Tlokaxkem meficTBus 3ToH (PyHKIMM Ha MPUMEpax, CPAaBHUBAS €€ OTBETHI C OTBETAMH
¢$yHKIMYM Solve [f, x].

Mpumep 8.4

Heobxommmo onpeIenTs KOPHH CIEIYIONNAX YPaBHCHMI:
x*—9/4x* -3/4x+5/16=0,

2 —dx+1=0,
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Solwe[x"3-2.25x"2-0.79x+0.3125 ==0, x]
flx-s -0.5}, {x=0.25}, {x>2.5}
Solve[x"3_974%x"2_3 ;4x+5 #16 -0, x]

e 2 g 23, 1 51

HSolve[x*3-9f4x"2 -3 f4x+5Ff16=:0, x]
{{x=-0.51, {x=0.25), {x=2.5}
Solve[? "x-4x+1==0, x]

Logl2] —4Produ:tLDg[— Lugd?]

Loglz] -4 Produ:tLDg[ -1, -

Lug2]

!
{fx- 4Loglz] = b fe

HSolve[2°x-4%x+1:--0, x]
{{x - 0.6324258}, {x-+ 3.84666}}
Solve[E~{-2x) +3fx-1, x]

Solve[—l +ETTH +E, x]
x
HSolve[E~{-2x) +3fx-1=:0, x]
NSDlVE’—l +ET +i== a, x]
X
Solve[ax"3-1::0, x]
1 (-1)1/3 (-113/3
{{XQF}’ {x_}_ aiiE }’ {x_} ald? }}

Hsolvelax"3-1-==0, x]
0.5 +0.8660254037844387" 1

© - 0.8660254037844388 0

4 Loglz]

]

{fre-- e

el

Solvwe[2x"5-3.2x"3+7.3x-14 -0, x]

{{x—-1.430088700021456" - 0. 9042760720039539"
{x >-1.430088700021456" + 0. 9012760720039539"
{x —+0.6995754953748784" - 1. 0881835171460546"
{x —»0.6995754953748784" + 1. 08818354771460546"
{x +1.4610264092931553" }}

HSolvel[2x*5-3.2x"3+7.3x-14 ==0, x]

{{¥ 5 _1.430088700021456" _ 0.9042760720039539"
{x -+-1.430088700021456" + 0. 9042760720039539"
{X - 0.6995754953 748784 — 1. 08518351 771460546°
{x —»0.6995754953748 784" + 1. 0881835171460546"
{x 1.4610264092931553" 1)

i},
i},
o},

@},

i},
i},
1},

i},

alil

L

Puc. 8.6. Pemenue npumepa 8.4
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e +3/x-1=0,
ax’ -1=0,
2x° =32x° +7.3x-14=0.

Pemenne nmpumepa npuseneHo Ha puc. 8.6.

W3 pwuc. 8.6 BUAHO, UTO TEpPBOC YPaBHEHWE pCIICHO € TIOMOIIBIO (DYHKITHH

Solve[f,x] ¢ TIpeACTaBICHHEM KOpHEH B HOpMalbHOM dopme.

OyHKIUS

NSolve[f,x] WX BBIHaNa B ecTecTBeHHOH (hopme. OTMETHM, UTO €CM ypaBHEHWE
COTEPKUT KOIPPHIMEHTH B €CTECTBEHHOI (opMe, TO M KOPHHU OyIyT OTpENeICHBI
B BHJE 4UCE], NPEACTABICHHBIX B €CTECTBEHHON (opme, U He OyAyT OTIMYAThCA OT

pelieHys, NOLyYEHHOI0 ¢ MOMOLILIO (pyHKIMU NSolve [ £, x].

8.2.2. dyHKkuma NRoots

@yHKLUSA NRoots UMEET BUA:
NRoots[£f, x]

re:

O £ — pewaemoe ypaBHeHue;

O x — ucKkoMoe HeU3BECTHOE.

OTKIMKOM 3TOH (PYHKUMM SBIAIOTCS KOPHU nonuHoma f(x)=0, npeacTaBieHHbIE

B ecTecTBEeHHOH dopme. TIprBenem mpumepsL.

Mpumep 8.5

Haiitu xopHu ciienyioluX ypaBHEHUMA:

x? +13/28x-3/14=0,

257 +3x° —12x2+5=0,

2% —4x+1=0.

Pemenns npuseneHs! Ha puc. 8.7.

W3 puc. 8.7 BUIHO, UYTO BEIIECTBEHHbIC U KOMIUIEKCHbIE KOPHU HAWNEHbI B UUCIECH-
HOM BMJE C MPEACTaBICHUMEM YHUCE]1 B ecTecTBeHHOH (opme. [lombiTka peliuth

TpaHCleHAeHTHOE ypaBHenue 2* —4x+1=0 k ycrnexy He MpuBeia — pelieHue He

TIOJTY4EHO.
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HRoots[x"2 +13 7/28x-3 /14 =0, x]

= -0.75 || x = 0.285714

HRoots[2%" 7+ 3%"6_12%"2 . T3, 5 --0, x|

X ==-1.6147152813957173" - 0. 7294064649822042" 1|
==-1.6147152813957173" + 0. 7294064649522042 " 1 |
==-0.4173393384413579" |
lx==0.11471955247572578" - 1. 3716602453531235 1 |
|x ==0.1147195547572576" + 1.3716602453531235 1 |
lx==0.9586653958591383" - 0.2968262106007846" 1 |
lx ==0.95866653958591383" + 0. 2963262106007846° L

Ix
I=x

HPpot=[x"10-1:-0, x]

X ==-0.99999999999999993" |

==-0.80901699137494 75" - 0.5877452522921731" 1|
=-0.8090169913149475" + 0. 3817452522924131" 1 |
=-0.3090169943749474 " - 0. 9510565162951535° 1|

| % ==-0.30901699437194741" + 0. 9510565162951535 1 |
|%x==0.3090169943 749473 - 0.9510565162951535 1|

|% ==0.3090169943749473" + 0.9510565162951535" 0 |
|%x==0.8090169943 749476 - 0.5877852522924732" 1|

Jx ==0.8090169943749476" 4+ 0.58778525229M732 2 || x ==1."

Ix
I1x
Ix

HRoot=[2x-4x+1==0, x]

NEoots[1l +2" - 4% ==0, =]

Puc. 8.7. Pemenue npumepa 8.5

8.2.3. ®dyHKumna FindRoot

@OyHKIMA FindRoot UMEET BUIL:

FindRoot [f, {x, Xo}]

rae:

O f— ypasnenwe;

O x — UCKOMOE HEU3BECTHOE (KOPEHDb (KOPHM) YPABHEHMS;
O x, — HayanbHOE NPUOIMKEHKE.

@yHk1MA FindRoot [, {x, Xo}] HaXOAUT KOpeHb ypaBHeHus f(x)=0 u3 obaac-
TH 3HAUCHWUH x, OIM3KUX K xo.

PexomeHmyeTcs cnemyromas TEXHOJIOTHUSA OTPEACTCHUS KOpHEH aireOpandeckux U
TPAHCTICHACHTHEIX YPABHEHHUH C MMOMOTIBIO PYHKIAN FindRoot [ £, {x, xo}]1:
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1. Onpenenenue 001acTU U30IALUU UCKOMOTO KOPHS M BbIOOp 3HaueHUs Opuliu-
WEHHS Xo.

2. Beonx ypasuenus f(x)=0 c IpUCBOCHWEM €My YHUKATHLHOTO UMEHH.

3. Bpoa ¢yHkuMU FindRoot [£, {x, X¢}] C BHIOPAHHBIM 3HAYEHUEM Xo.

4. Tlomydenune pemeHns HakaTneM koMOnHanmy knasuin <Shift>+<Enter>.

IlpuBenem npuMepsL.

Mpumep 8.6

OnpeieniuThs KOpHH ypaBHeHUs 3° —9x+1=0, BLIOpap 3HaYCHNUS TPUOIIDKEHUN W3
rpaduxa Qyuxkumm f(x) =3 -9x+1.

Pemenne mpuseneno Ha puc. 8.8 u 8.9.

Plot[3"x-9x+1,{x,0,4}]

10

Puc. 8.8. I'padux Qpynkuun f(x)=3"-9x+1

W3 puc. 8.8 BumHO, 4TO ypaBHCHNEC UMEET NIBA KOPHS, 0OJACTIMH U30JIATIHA KOTOPBIX
MOTYT ObITh: xo — [0, 1] u x, — [2.5, 3].

Pemenne ypasuenus npuseneHo Ha puc. 8.9.

IIpu BbIOOpE HayalbHOrO MPUOIMKEHHS HYKHO ObITh BHUMATENbHbIM, OCOOCHHO B
TEX CIydasx, KOTAa ypaBHEHHUE CONSPKHT HECKOIBKO KOpHEH. MoXKeT oka3aThscs, 4To
MIPY YCTaHOBJICHHOM TT0JTB30BATENIeM TIPHOIIMKEHIH x, OYAET ONpeneNieH He TOT KO-
pEHB, KOTOPEIH okHancs. B Hamem nmpuMepe He3HaUUTENBHOE M3MEHEHNE X, TTPHBE-
70 K WHOMY PpEIIEHWIO: TIpH x0,=1.9 ¢yHKOWS FindRoot HaIIIa KOPEHb
%0=0.258755, @ yKe TIPH x,=2 — x=2. 94964,
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3aMeTuM, 4TO 00IACTh M30JSLMU KOPHS MOXET ObIThb OueHb LIMPOKOH. B Haiiem
MIPAMEPE PEIIEHHE MOIYYEHO NPU x,=-50. OJHAKO NPH x,=20 CACTEMA BBIIANA HE-
CYIIECTBYIOIIEE PEIICHUE: x=6.3764 6. YT0OBI M30ekaTh TTOXOOHEIX OMIHOOK, CIETy-
€T BEIOWPATH x, U3 y3KOH 067aCTH M30ISIINH KOPHSI.

F:-3"%x_9%+1:-0
FindRoot [F, {x, 0}]
{x + 0.258755}
FindRoot [F, {x, 3}]
{x+ 2.94964}
FindRoot[F, {x, 1.9}]
{x > 0.258755}
FindRoot [F, {x, 2}]
(%= 2.94964)
FindRoot [F, {x, -50}]
{x = 0.2537551
FindRoot [F, {x, 20}]

[%+ 6.37646}

Puc. 8.9. Pemenne ypaBHeHust 3% —9x+1= 0 npu pa3auuHbIX 3HAYEHUSIX Ko

8.3. UHTepBanbHble MeTOAbI peLueHuns
anre6panyeckMx U TpaHCLEHAEHTHbIX
ypaBHEeHUM

HHmepeaﬂbemu Ha3bIBAKOTC TAKUE METOAbL, KOTOPLIC TpCGyIOT JJ1 MX peaid3aluu
3aJaHus obaacTu U30JB1MU KOPHSL.

JIns 5TUxX TIene B TIOAMakeTe IntervalRoots TAKeTa PaciuPEeHus NumericaiMath
AMEIOTCS CTICYIOTIHE (DyHKITHH;

IntervalBisection[f, x, int, eps]
IntervalSecand[f, x, int, eps]
IntervalNewton[f, x, int, eps]

B ¢yHxumsx mpuHATE chnexytomye 0003HAUCHHS:
O f— pemaemoe ypasHeHHe;

O x — “CKOMOE HeU3BECTHOE;
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O int — WHTepBAN M3ONAMHN KOPHS;
O eps — MOrpemIHOCTh BLIMUCIEHUS KOPHSL.
PaccmoTpuM Tonpo6HO 3T GYHKIMH ¥ IPUBEAEM NIPAMEPH! PETIICHHS YpaBHEHHHA.

a IntervalBisection[f, x, int, eps]— HAXOAUT KOPCHbL YpaBHEHUS
f(x)=0 MeTomOM AUXOTOMWH (TIOJIOBHHHOTO JICJICHHUS) B WHTCPBAIC W3OJISATINH

[x1, x2] C TTOTPEIIHOCTBIO, HE TTPEBBIIIAIONIEH eps.

O 1intervalSecand[f, x, int, eps] — HAXOIUT METOIOM XOpH (CeKkyIuei)
KOpEHB ypaBHeHUS f(x) =0 B WHTEpBaCc M3OJAIVNH [x1, x| C MOTPEITHOCTEIO, HE
NPEBBIIAOLIEH eps.

O IntervalNewton[f, x, int, eps]— HaXOJUT METOJOM KacaTelIbHOM
(HotoToHa) kopeHb ypaBHeHUs f(x)=0 B MHTepBaje U30JSLUHU [x:, X2| C HO-
TPENTHOCTEHIO, HE MPEBBIMIAIONIEH eps.

TexHoMmoOTHS OMpeneneHns KOPHEH ¢ MOMOIIBIO TIEPETHCICHHBIX (FyHKIHMH creaytomast:
1. OmnpeneneHue YMCTa BEMECTBEHHBIX KOPHEH M 00IacTeit NX W30ISIIHL.
2. OOpaiueHue K NaKeTy pacuiupeHus.
<<NumericakMath IntervalRoots"
3. Boibop Buaa pyHKuMH Interval.
4. Bpoa ¢pyHKuMU Interval.

Tlomyqaenne pemennst myTeM HakaTHst KoMOWHarwH kiasum <Shift>+<Enter>.

Mpumep 8.7

Heo6x0amuMo OnpeieninTh KOpHH ypaBHeHus 2° —4x+1=0 ¢ MOMOTIBI0 BeeX (PyHK-
UMH HHTEPBAIbHBIX METO/I0B.

OnpenendM YUCIO0 BELISCTBEHHBIX KOPHEH M 00JaCTU UX MU30JS1MU METOJOM BU3Yya-
TTU3AIIAA BEIYHACIICHHM.

Ha puc. 8.10 mpuBeaena ¢pyukmus y=2" —4x+1.

W3 rpaduika BUIHO, 9TO (PYHKINS TBAXKIBI IEPECCKACT OCh X, T. €. YPaBHCHUEC UMEET
JIBa BEIECTBCHHBIX KOPHS. OOIaCTIMA WX M30JIAIUN MOTYT ObITE: [0, 1] w1 [3, 4].

Pemmim Temieps ypaBHEHNE B COOTBETCTBHM ¢ OITUCAHHOM paHee TEXHOIOTHEH.
Pemrenne npuseneno Ha puc. 8.11.

TIpoananm3npyem MoTy<IeHHEIE PE3yTBTATEL

B mepBEIX ¢Tpokax MPUBEICHO PEIICHNUE YPABHEHUS ¢ TIOMOTIBIO GYHKIMH Solve.

Pelenue IOJIYYE€HO B aHAJIUTUYECCKOM BUME U SBJIACTCA TOYHLIM. HOFpeLL[HOCTb MOrI-
Jla BOSHUKHYTb TOJILKO IIPpU npeo6paSOBaHy1y1 €I'0 B YUCJICHHBIC 3HAYCHHS € IIOMOLIbBIO
KOMaHIBI N (%) . C atum PCHICHUCM 6yIICM CpaBHUBATH BCC OCTAJILHLIC.
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Plot[2”x-4 x+1,{x,-1,5}]

8

Puc. 8.10. I'paduk pynkuuu y =2" —4x +1

F:=2"x-4x+1
Salvef F'== 0, x]
Logl2] - 4 ProcuertLog| - 2242 Loglz] - 4ProductLog| -1, - 142l

{fx- ) e =)

4 Loglz]

4 Loglz]
N[®]

{{x > 0.6394928), {x—+ 3.84666}}

<= Humericaltath IntervalPoots”

IntervalBisectimm[F, x, Interval[{0., 5.3}, .001]

Intervall {0.625, 0.664063}, {3.78906, 3.90625}]
IntervalSecant[F, x, Intervall{0., 5.1, .001]

Interval] {0.639415, 0.639433), [3.34665, 3.34674)]
Intervallewton[F, x, Intervall{0., 5.3}1, .001]

Intervall {0. 6355302, 0.639504}, {3.54666, 3.54686)]

Puc. 8.11. Pemenne ypaBHeHus 2* —4x+1=0 ¢ IOMOIIbIO HHTEPBATLHBIX METOIOB

OOparrM BHUMaHHE Ha TO, YTO NIPH PELICHUHN YPAaBHEHUS! UHTEPBAILHBIMU METONAMH
OTBETOM SBJISETCS MHTEpPBAl 3HAYCHUN X, BHYTPU KOTOPOIO €CTb TOUHOE 3HAUCHHUE
KOpHsl. YeM yxe 3TOT MHTepBajl, TeM TOUYHee peuleHue. Ecny uHTepBal paBeH Hyllo,
TO OTBET MOJIYU€H C Haepe] 3aJaHHOM TOUHOCTEIO.

AHanu3upys OTBETbL, BUJUM, YTO KOpeHb U3 o0nactu uzonsuuu [0, 1], Tounoe 3uaue-
Hue kotoporo 0.639428, nonyyeH ¢ HanboJee BHICOKOM TOUHOCTBIO METOAOM X0, a
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KOpeHb U3 obnactu [3, 4] — MeToJA0M KacaTelbHbIX. MeTOJ KacaTelbHbIX BblAad
peIcHIE, COBMANAIOIICE ¢ TOYHRIM. METOI TUXOTOMHHN OKa3aJiCs HAMMCHEE TOUHEIM.

Caeayer uMmeTh B BUIY. UTO 3TU BLIBOJbI UMEIOT YacTHblH Xapakrtep. Ilpu pelnenun
JOpYroi 3a7aud OHU MOTYT OBbITh COBCEM MHBIMM, HAIPUMED, METOJ, AMXOTOMUM OKa-
HKETCS HAWITY IIITHM.

8.4. OnpepeneHne KOpHEU ypaBHEHUU
C NPUMEHEeHMUEM UHTEepPNonALUU

CyLIHOCTb METO/a COCTOMT B ciedytoiieM. @yHkuusi f(x), COOTBETCTBYOILAS
ypaBHeHuto f(x)=0, uHTepnoaupyercs B o01acTU H30Js1MM KopHA. OOpasyercs
HoBast pyHKLMS f,(X), KOpEHb KOTOPOi U siBisieTcs: peweHueM. IloBpliienue TouHO-

CTH pe3yNibTaTa ¥ COKpAICHAEC BPEMCHH PEIICHUS JOCTHTACTCS 34 CUCT YMCHBIICHUS
0o0beMa BbIYMCIICHUN.

Merton peannsyercs BCTpoeHHOU GyHKIMEH InterpolateRoot, IMEIOMICH BUII:
InterpolateRoot[£f, {x, a, Db}l
rie:
O £ — (yskums ncxoxHoOTO ypaBHeHUs f(x)=0;
O x — “CKOMOE HeU3BECTHOE;
O a, b — 06MaCTE W3ONSTIAN KOPHS.
TexHonorus peleHus ypaBHeHusL:
1. OOpaieHue K NakeTy paculupeHus
<<NumericalMath InterpolateRoot"
2. OnpeneneHue 001aCTH U30ALUU KOPHSL a, b.
3. Beox ¢yHKIMH InterpolateRoot[f, {x, a, b}].
4. TlonyueHue pelieHUa MyTeM HaxaTus koMOMHauuu knapuul <Shift>-+<Enter>.

IIpuBenem npuMepsL.

Mpumep 8.8

Heo6xonumo pemuts caeayonye ypaBHeHusl:

x+Inx-0.5=0,
2% _dx+1=0,
e +3x°-125=0

Peuenue npuseneHo Ha puc. 8.12.
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Fi=x+ Logfx] -0.5
FindRoot[F, [x, 0.51]

{x- 0.766249)}

<+ HumericalMath InterpalateRoot’
Interpol atePook[F, {x, 0.5, 1}]
{®- 0.76R24360316 1750245759587}
Fl:=2"%x- 4x+1

FirndPoot[F1, {x, 3]

[¥ =+ 3.84666)

InterpolateRoot[F1, {x, 3, 1}]
{® -+ 3.5406563011583044001533}
F3:=E"(2x) + 3x"3- 125
FindPoot[F3, {x, 2, 4)]

[+ Z,253581

InterpolateRoot[F3, {x, 2, 4}]
{® = Z.2535834563277333009152 6254}

Puc. 8.12. Pemenue ypaBHeHus npumepa 8.8

q)yHKLH/IH InterpolateRoot UMECT CICAYIOIMUNEC OTILNH:

WorkingPrecision->n
AccuracyGoal-> n
ShowProgress->True

(False)

B OMMIUAX N — YHUCJO0, ONPCACIIAOMCE TOTHOCTE 3a1aHd U BLIMUCIICHUS KOPHS.

Mpumep 8.9

HeoGxommMo oTipene/mTh KopeHb ypasHenust 3° —9x+2=0 ¢ MOMOIIGI0 (GyHKITHH

InterpolateRoot [f, {x, a, b}] W ec OMIHH, eClM 00JIaCTh U3OMSIIMN KOpHS [2, 4].

CpaBHUTB OTBETHI C PELISHUEM, [I0IYyUEHHBIM C IOMOLIBIO (PYHKIMHU FindRoot.

Pemrenue 3anaun npuseneHo Ha puc. 8.13.

W3 cpaBHEHMS pe3ynbTaTOB pacueTOB BUIHO, YTO OTLMH MO3BOJISIIOT TIOBBICHTE TOU-
HOCTB ONpelesicHAs KopHs. OIHAKO INMpH NPaKTUYECKUX pacyeTax BCE IOJIydEHHBIE
PEILIEHUS] MOXKHO CYNTATH PABHOLICHHBIMH. OTIpEeNeNNTE KOPEHb C TOYHOCTBIO 5 3Ha-
KOB IIOCJIE 3aIITOM, Kak 3TO MOJyYeHO € MOMOLIbIO (PYHKUUMM FindRoot, BIOJHE
JOCTATOUHO [/l UH)KEHEPHBIX PACYETOB.
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F:-3%_9x, 2

FindRoot[F, {x, 2, 3}]

{x -+ Z2.89481}

<< HumericalMath Interpalatefoot’

InterpalateRoct[F, {x, 2, 3}]

{¥— 2.8948071 695006628597 5839701

InterpolateRoot [F, {x, 2, 3}, WorkingPrecision - 100]

fx 2. 8%18071649569669899715839695261104056817 751
55901059096634848272931180757191 71651 188964393
T16155624867365929103638}

InterpolateRoot [F, {x, 2, 3}, hocwacyGoal —100]

{x 2. 8%1807164956966989975839695261 10105681773
455901059096634846272931786075791 7185118696439
371615562486771365929103681276262569200845 72639252}

InterpolateRoot [F, {x, 2, 3}, Showdrogress - False]

[x - £.59450716455650625597553970)

InterpolateRoot [F, {x, 2, 3}, Showdlrogress - True]

{10, 2.7 TTTTTTe)

{21, 0, -0.205412444743 7385647}

{1, 2.92282971783 602406378 64562 4443516912 680595}

{21, 21, 0.07546564015558680053386508133521)

{6, 2.8948071A4725532 644958715553 1168619185141455205540}

128, 21, -2.31136140988351275619094575704 . 10-1 0}

{14, 2.894807164956966F825A563 5595634003 62612 6922 3258772307440352313 )
{40, 21, -4.101951810010C 567 7235300737598:x 10-1 9}

{27, 2.8948071649560 6658097553 000952 617040620701 155919402 2063760752 )

{x+ 2.59430716405 696695597 553970)

Puc. 8.13. Peuienue ypasHeHust ¢ moMouibto onuuii pyHkumn InterpolateRoot

8.5. NpoBepka [OCTOBEPHOCTU peLueHUs
ypaBHEHUM

D(PPEKTUBHEIM CMTOCOOOM TIPOBEPKM TOCTOBEPHOCTH PEMICHWS anreOpantecKiux o
TPaHCLEHACHTHBIX YPaBHEHUHN SBISCTCS TOACTAHOBKA BBIYUCICHHBIX 3HAYCHUHA KOP-
HEH B UCXOJIHOE YPABHEHUE.

KomnbioTepHas TeXHOIOIUS PELLEHUs] yPaBHEHUs] ¢ IPOBEPKON 1OCTOBEPHOCTH OTBE-
Ta COCTOWT B BBITIOJIHCHHAU CIEIYIOMMX ONCparnii:
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1. BBox pelaeMoro ypaBHEHUs C IPUCBOGHHEM €My YHUKAIbHOIO UMEHM, Halpu-
Mep £, MyTeM WCTIONB30BaHNs CHMBOIa "=" (paBHoO).

2. BrIBoa Ha 9KpaH ypaBHEHWS MyTEM OTHOBPEMEHHOTO HAXaTHS KOMOWHAIMN KJla-
puill <Shift>+<Enter>.

3. BBox cOOTBETCTBYIOMIEH BCTPOSHHOM PyHKIMN PEIICHNS ypaBHEHUS MO0 C TIpH-
CBOCHHMEM €l YHUKAJIbHOr0 UMEHH, 1100 0e3 NPUCBOCHHUSL.

4. Perrenuie ypaBHCHUS TyTEM HAKATHUs KOMOWHAIMA kjiasum <Shift>+<Enter>.

Brox 3naka nipoBepku pemieHus £/ .z, TIE z — WMS BCTPOCHHOM (PYHKIIMH WIH
CTpOKa BbIBOJIA pellleHUs Buaa Out[].

6. Tlporepka pemeHus MyTeM HaKaTHs KoMOWHAIMA kiasum <Shift>+<Enter>.

Pesynerar npoBepky MOXKET UMETH Pa3lMIHBIN BHI, 3aBUCAIINAN OT BUIA CaMOTO pe-
uieHus. Bee BO3MOKHBIE Clydyan YBUAUM Ha NpUMeEpax.

Mpumep 8.10

Heo6X0AMMO PEILUTD CEAYIOLINE YPABHEHUS:
ab*—-c=0,

254 =333 +2x2-1=0,

x'-1=0,
3¥—9x+1=0,
2% _4x+1=0,

MTPOBEPHB TOCTOBEPHOCTH OTBETOB.
Pemenne ypasuenwmii npusencHo Ha puc. 8.14.

W3 puc. 8.14 Buano, 4TO pemieHWE ypaBHEHWH ¢ ToMomplo (yHKIMit Solve W

NSolve BBIIIOJIHEHO BEPHO: TIPH MOJICTAHOBKE KOPHEHW B MCXOIHOE YPABHCHUE OTBE-

TOM SIBJISIETCSl HOMb JJISL clydas Kaxaoro xopus. IlpaBaa, mpu pelieHuy ypaBHEHMS
3 2 , ,

2x* =3x% +2x* —1=0 npumnocs, obparutees K GyHKUMK Simplify s ympoiie-

HUS! pE3yJIETaTOB IPOBEPKH.

IIpoBepka peuienust ypaBHenus 3 —9x+1=0, NOIYYEHHOro ¢ NOMOIIBIO PyHKLUU
FindRoot, HE Jala HOJ0KUTEILHOr0 OTBETA: OH HE paBeH Hyjo. [1pasaa, Mbl MO-
EM JOTaBIBATECS, UTO PEIICHNE BEPHO, T. K. pa3HUIA CIWIIKOM Majla ¥ COCTaBISIET

npumepro 1.5x1071°

AHanu3 pelueHus aireOpaudeckux M TPAHCUCHACHTHbIX YPABHEHUH U IPOBEPKU pe-
3yJIETATOB BEIMUCICHUS KOPHEH 1MOKA3bIBAcT, YTO TIPOBEpPKA JACT BCETIA MPaBHUITLHEIH
pE3ybTaT, €CIM PENICHUE TOYHO. JTO MMEET MECTO TP aHATUTHISCKHX METOIaX
peleHnst ypaBHEHWH. Ecin pelenne ypaBHEHWS WINETCS B TMCICHHOM BHIC W SBIIS-
€TCS IPUOTKEHHBIM, TO PE3YITBTAT TPOBEPKH MOXKET OBITH HE TPUBHAILHBIM HITH €TO
He OyJeT BOBCe.
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fl=abh"x-c
ab* —c
z1 =Solve[£f1:=0, x]

Logr| &«
(R

o [1a]

f1/.z1
{0}
f2 =2x"4-3x*F+2x"2-1
—l+2x? -FxF+2wt

2 =Solve[£2 == 0, x]
{{“_E}, o 13, (s (-0, (s -0
2

£2 /. 22

(0,0, 2-2 (-LY2 sz -0¥2, 22 (-ntiaz -
Simplifyl%]

{0, 0, 0, O

£3-x"7_1

14

23 =Solve[£3 == 0, x]

(s 13, Ges —DYY, s (G0, (s o-n ¥,
(s 07, oo 0¥, (xs DV
£3 7. z3

{0, 0, 0, 0, O, O, O}

f4=3"x-9x+1

1+3%-9x

z4 = FindRoot [£4, {x, 3}]

{x -+ 2.94964}

£1 7. z4

1.49321x 107 °

f5=2"%x-4x+1

1+2%—4x

25 = HSolve [£5 == 0]

{{x -+ 0.639428}, {x-+ 3.54666))

£5 7. 25

{0., 0.}

Puc. 8.14. Pemenue ypaBHenuii npumepa 8.11
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TTokaxxem 3T0 Ha IpUMEpaX.

. Mpumep 8.11

s 5
HeobxoauMo pemuth ypauenue x° —ax® +2x% —2a=0 1 NpoBEpUTb €ro pesyiib-
TaTel. Permenue momyueHo ¢ moMomnTsio (PyHKITHE Roots W TIPUBEICHO Ha puc. 8.15.

W3 puc. 8.15 Buano, uTo TpoBepka HE Jajia jKENacMOTO pe3yibTaTa, XOTS pEIIeHHS

BEPHO, B 4YEM MbL y66£LI/IJH/ICb, NOACTABJIAA Ka)K10€ 3HAYCHUE KOPHS B UCXOJHOC ypaB-
HCHUE Y 0JIyvas BCerja HOJlb.

sl-x"5_ax*3j+2x"2_12a

Za+2¥ —ax +¥

rl=Roots[sl =0, x]

k= — (-2 || xem (-2 | w== -2 [k == a [ == a

=l7.rl

—zaszd —axt 4 fox==— (-1 2V | xem )V | k=2t ||x==\f; ||x==_\f;

x =Sgrt[a]
s1

x=_2¢1; )
s1

_21.l’3

u}

x=(-2)"{1/ 3)
51

(_2)1."3

u}

X=—{-13" (273 2(1 %)
sl

_(_1):."3 21."3

u}

Puc. 8.15. Pemenue ypapHenus npumepa 8.11
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Hmelor MecTo ciyuyau, KOrAa pe3ynbTaTbl MPOBEPKU 3aBUCAT OT BUJA BCTPOCHHOM
(yHKIMY pemenns ypaBHeHHS. [TokaxkeM 3To Ha CIEIyIOmEM TpUMeEpeE.

Mpumep 8.12

Heo6x01MMO ONpeAeuTh KOPHU CAEAYIOLIEr0 YPaBHEHUS:
25 +4xt +5x° —TxP+x+1=0.
Pemenne npuseneHo Ha puc. 8.16.

W3 puc. 8.16 BuaHO, 4TO TIPOBEpPKA PEIICHUS, TOJYICHHOTO ¢ TIOMOIILIO (YHKIMH
NSolve, Jajia OTBETHI, TO3BOJISAIONINE CUNTATEH PEIICHUE BEpHBIM. DYHKINS NRoots
BhIZIAJIa TC K€ OTBETHI, OJHAKO OCYIICCTBUTH MPOBEPKY CTAHMAPTHRIM METOIOM HE
Y210Ch.

f=x"5+4x"4+5x*3-Tx"2+x+1

1ax—7x +5x° +4x* +%°

Zz =HSolve[f --0, x]

{{x—>-2.412273378 141147 - 1. 1628166835194017" 0},
{x—+-2.212273376741147" + 1. 7628166835194017" 1},
{x—-0.2926055789514936" },

{x —0.5594036576888717" - 0.2603215017839416" 1},
{x—+0.5594036576883717° + 0. 2603215017839416° i} }
£/.z

{-5.684341866080802 *~-14 + 2. 1316282072803006 *~-14 1
-5.664341866080802 %" -14 - 2, 1316282072803006 *"-14 1,
-6.331740667315346 " *"-17,

-6.938893903907228 % -17 + 3. 608224830031759 +*-16 11,
-6.938893903907228 *"-17 - 3. 608224830031759 +"-16 1}

21 = HRoots[£ == 0, x]

X ==-2.412273318741147" - 1. 7628166835194017" 1|
lx==-2.412273378741147" + 1. 1628166835194017" 1 |
|x ==-0.29426055789514936" |
| x ==0.5594036576888 717" - 0.2603215017§39416" 1|
Ix ==0.5594036576885717" + 0.2603215017839416 1 |

£l z1

Lax_ T30 453 4%’ 43 7o _2.412273376T41147° _ 1. 162816683519%4017 @1 |

| % ==-2.412273378741147" + 1. 7628166835194017 4 |
| X == _0.29426055789514936" |

| % ==0.5594036576885717" - 0.2603215017839416" 11|
| X ==0.5594036576888717" + 0.2603215017839416" #

Puc. 8.16. Pemenne ypasnenus npumepa 8.12
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PeweHue cucrtem ypaBHeHUN
B cpene Mathematica

9.1. MeTtoab! N anNropuTMbI peLleHus
cuctem anrebpanyecknx ypaBHeHUN

CucTeMBl ypaBHEHWH MOTYT OBITH JTHHEHHBIC W HEJIMHEHHEIE, C TIOCTOSHHBIMA U TIe-
PEMEHHBIMI K0d(pdureHTaMH. PeleHne TakuxX ypaBHCHHI BO3MOXHO aHATUTHYC-
CKUMU U YUCIEHHBIMU METOAMHU.

9.1.1. PeweHue cuctem
JNINHEeNHbIX anredbpanvyeckux ypaBHeHUN

CucreMy m NUHEHHBIX YPAaBHEHMI C 7 HEU3BECTHBLIMU MOXHO IPEICTAaBUTb B Clle-
JYIOLEM BUJE:

ap X+ apXy + .t ay,x, = b

Ao X) + Ay Xy + .o+ Ay, X, = by

.1
amlxl + an12x2 to.t amnxn = bm
B oro#t cucreme Xy, X, .., X, — HCM3BECTHBIC, a; — K0d((QUUMCHT B /-M ypaBs-
HEHWH T1pH j-M HemsBecTHOM (i =1, 2, ..., m; j=1,2, ..., n), b, — cBOOONHBIH 4IEH i-
ro ypapHenus, i = 1, 2, ..., m.

B cucremax ypaBHeHWMIT BO3MOXHBI CIydad, KOTIa YHCIO ypaBHEHWH paBHO THCITY
HEHM3BECTHEBIX { m =1 ), MEHBINE YHCIa HEM3BECTHERIX ( m < 1), OOMBINE UHCcTa HEW3-
BeCTHBIX ( 711 > n). [lpu 3TOM pelieHueM cuctembl (9.1) apasercs moboit Habop uucen
Xys X. .., X,., KOTOpBIE MPU HOACTAHOBKE B cucTeMy (9.1) oOpaiuator kaxaoe u3
YPaBHEHWI B UMCIOBOE PABEHCTBO.

KonmdecTro pemenwit MOKeT OBITE paBHO, MOXKET OBITH MCHBITIC WITH OOJBINC YHCTA
HEHM3BECTHBIX. B 3aBHCHMOCTH OT 3TOr0 CHCTEMa YpaBHEHWH KiIacCHOMIMpPYyeTCS
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cneaywomuM o0pazoM. CUcTeMa Ha3bIBACTCS COBMECHIHON, €CIM OHA UMEeT XOTs Obl
OJIHO PEIICHNE, B TMMPOTHBHOM CITydae OHA HA3bIBAETCS HecoemecmHoli. COBMECTHAS
CHCTEMa MOXET MMETh SIWHCTBEHHOE pPEIIcHHE WM OcckoHeuHoe WX wncio. Ecim
cucreMa nMeeT OeCKOHEUHOE YMCITO PEIICHHH, €6 Ha3BbIBAIOT HeompeneneHHoH. Pac-
CMOTPHM TIPUMEPHI TAKUX CHCTEM.

CrcreMa ypaBHEHUH
X +2x, —x3 =1
2x 4+ X, +x3=2
3%, +2x,+3x; =5

HUMEET €AMHCTBEHHOoe pewenue: x; =0, x, =1, x; =1, T. €. OHa ABIAETCA COBMECT-

3

HOH 1 ONPEIEICHHOM.

Cucrema
X+ 2%, —x3 =1
2% +4x, —2x; =2
3%, +2x,+3x; =5

uMeeT OECKOHEYHOE YMC/IO PEelUEeHUH, KOTOpble YIOBIETBOPAIOT CIEAYIOLUM PaBeH-
cTBaM: x, +2x; =2, 2x, —3x; =—1, T. €. cuCTEMA ABIAETCA COBMECTHOH U Heomnpe-

neneHHol. OnpeneneHbl Nulllb yCI0BUS pellieHus. B 3Toil cucteme nepBoe u BTOpoe
YPABHEHUS UASHTUUHDL.

Cucrema
X +2x, —x;=1
2%, +4x, —2x; =2
3x, +6x, —3x; =3

HE UMEET HU OJHOIO PEUIeHUS U SBISETCSl HECOBMECTHOH. JleHCTBUTENBLHO, B 3TOH
cucreMe Oy/leT TpU OJMHAKOBBIX YPAaBHEHHUS IOCHE JENeHHs BTOPOrO YpaBHEHUS Ha
2, a TpeThero Ha 3.

CyuiecTByeT OOJBIIOE YMCIO PA3AMYHBIX METOAOB PELICHUS CUCTEM JIMHEMHBIX
ypaBHeHui. Bce OHM MOTYT OBITb pa3ieNeHbl Ha ABE IPYIIbL TOUHbIE METOABI U Me-
TOJbl NOCIEA0BATENbHBIX NpUOMbKeHU. CliegyeT npy 3TOM UMETh B BUY, YTO TOY-
HBIMU METOJaMU BJSIOTCS TOJIbKO aHAIMTUYECKUE METObl. Ecnu ¢ moMolbio 3Tux
METOJI0B pellaTh CUCTEMY YPAaBHEHUN C YHUCIOBBIMHU KOI(PULIMEHTAMU, TO TOYHBIX
pelieHUi MOXKHO He HOMY4UThb 33 CUET OLIUOOK BLIYMCIEHUH, CBA3aHHBIX ¢ KOHEYHOM
[aMATHIO KOMIBIOTEPA.

AHanuTuuyeckue metoabl

HaubGonee nomyaspHbIM U3 TOUHBIX METOJOB PELICHMS JIMHEHHBIX anre0panvyeckux
ypaBHeHuil sBisgercs meroj ['aycca. Merog 'aycca usyuaercs B MaTeMaTuKe, U HET
Ha7100HOCTU 37ech ero u3narath. Hanomuum tonbko Teopemy Kpamepa.
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Teopema Kpamepa
Ecau onpenenurens |A| MaTpulibl KO3(QQUIIMEHTOB CUCTEMbl 72 JTMHEHHbIX

ypaBHCHl/lP'l C 77 HCU3BECTHBIMU OTJIUMUYEH OT HYJI1, TO CUCTEMA UMEECT PELICHUE,
U IPUTOM €JIMHCTBECHHOC.

Meroa 'aycca MOXKET NPUBECTH K CYLECTBEHHBIM OIIMOKAM [IPU OIpee]eHUN Heu3-
BECTHbIX X;. X,, ... X, B Clydae IJI0X0 OOYyCIOBIEHHBIX cCUCTeM. [Lioxo 06ycros-
JIeHHOU HA3bIBAETCSl Takas CUCTEMA, Y KOTOPOH MOJyNb ONpeleauTes MaTpUllbl KO-
s drmmenToB Man o CpaBHEHHIO ¢ kKako#-m60 n3 HopM Marpuisl. Hopmoit matpu-
Bl MOXKET OBITH MaKCHMaJbHas W3 CyMM MoAyleH KOIDQPUIIMEHTOB CTPOK WIH
cTonb1oB. [I70X0 00YCNOBICHHBIE CHCTEMBI WyBCTBHTEIEHBI K OIIHOKaM OKpyTIIe-
HUS, KOTOPHIE HEW3OSIKHBI MPH KOMITBIOTEPHBIX METONAX PEaln3aliy alropuT™Ma
T"aycca.

MeTonbl utepaumnn

PaCCMOTpI/IM peumicHuc JTMHEUHBIX anre6panqec1cnx ypaBHCHI/Iﬁ MCTOAOM HpOCTOﬁ
WUTCpalnu.

Pazpemmm ncxoanyto cucremy ypaBHeHu#H (9.1) OTHOCUTENEHO HEU3BECTHBIX:
Xy =0 pXy 03X+t 0, X, T0

Xy =0 X F 03X+t 0y, X, +0,,,

9.2)
xn = an,Z'xl + 0Lnlxz +..+ an,n—lxn—l + aLnH
ik .
B cucreme IpUHSTET 0003HadeRns: o, , =——,i= 1,2, .., n k=1,2, .. n n+1.
ii
3anuiieM cucteMy ypaBHeHuii (9.2) B caeayrolleM Buje:
X =0 (X, X5, .00 X,
2 =@, (X, Xps s X
" (9.3)

Xp = (pn('xl* KXo e 'xn)

(0)

(0) (0) X
’ n

nyCTB Xi 7, Xy ABJIAIOTCA HaYaJIbHBIMHA l'[pI/I6JTI/I)KCHI/I$[MI/I. Tor):[a, moa-

CTaBIIsIst UX B CHCTEMY ypaBHEeHHH (9.3), mosyunm:

1 0 0 0
50 =0, (02, e x0)

1 () 0 0
2 =, (2@, 0, .. x©)

(9.4)

1 0 0) 0
“—tp GO, x0, . x®)
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Ilpunumas xl“), xgl),..., x,(,l)

B Ka4yecTBe MEPBbIX NPUOIMKEHUN U HOACTABISS HX
B HCXOJHOC YpaBHCHHE, TONYYMM BTOpBIC TIpuOImKeHns. [TOBTOpsS BBIYHCICHHS,
MOYHO TOJTYYHTE 3HAYCHHST HEW3BECTHBIX Ha JIIO0O0M V- Hrepanm.

TIpy KOMTIEIOTEPHOM peam3aliii UTEPAIMOHHOTO METOAA BOZHHKAIOT CICAYIONIHE
BOIPOCHIL:

0 0
O Kak BbIGparh HaualbHble OPUOIMKEHUS xl( ) R x; ) s s x,(,o) ?

O KakoBsl yCIIOBHS CXOAMMOCTH HTEPALMOHHOTO TIporecca’?
O Ha kakolf nTepamy 3aKOHYUTh BEIMUCIIEHHAA?

OTBeTbl Ha 3TU BONPOCHI COBMECTHO € PACYETHLIMU COOTHOLUEHUSIMU U OyAyT anro-
PUTMOM DELICHUS CUCTEM JIMHEHHbIX ypaBHeHUH MeTojoM uTepauuu. OTBETUM Ha
MOCTABJICHHBIE BOTIPOCHI IJIST CITydast JITHEHHBIX CHCTEM aNreOpanvdeckuX ypaBHEHHUI.

Bbi160p HavanbHbIX NPUGNMXKEHUA

Ecnm obnactn, B KOTOPBIX HAXOMATCS HEW3BECTHBIE X;, i =1, 2, ..., n, W3BECTHEI, TO

HayalbHbIE 3HAUEHUS! BLIOMPAIOTCA MPOU3BOJILHO U3 3TOH oOmactu. Eciu TakoBble
HEHM3BECTHBI, TO 3a HAYAIHHBIE TIPHONDKCHUS MOKHO B3STh CBOOOIHBIC TIICHBI

bbb

Ycnosusi cxoauMOCTU UTEPALIMOHHOIO npouecca

VciaoBueM €XOAMMOCTU UTEPALMOHHOIO IIpOlLecca SIBASETCA: CyMMa aOCOMIOTHBIX
3HAYEHUM oTHOMIEHU KOA(PQUIHMEHTOB B KAKAOM yPaBHEHUU CUCTEMbI K JUArOHalb-
HOMY JOJKHA ObITb MEHbIIIE SAMHUIIBL.

O0ecIeunTs CXOMUMOCTh HTEPAIIMOHHOTO TIPOIIECCa MOKHO ITyTEM TIpEoOpa3soBaHus
UCXOAHON CHUCTEMbl K SKBUBAJIECHTHOH. OTH MpeoOpa3oBaHUs MOXKHO BbIIOJHUTH
IIyTEM IIEPECTAHOBKU YPABHCHUMN, ONECPALMM CIIOKEHUS W BBIYMUCICHUS YPABHEHUH,
YMHOXKEHHS Ha TTOCTOSHHBIH K02 ¢HIHEHT.

PacemorpuM mipuMep  obecriedeHus cxoaumoct urepannit. HeoOxoxmmo pemmts
METOJOM HTEPALNH CIIEAYIOLTYIO CUCTEMY YPaBHEHWIA:
2% +3x, +x; =1
—T7x,—2x,+4x;=6
8x, +x, —3x;, =12
11 15
Dra chcTeEMa UMEET PEIIEHNE: X =5, X, =——, X3 =—
2 2
OnHako pemars 3Ty CHCTEMY YPaBHEHWH METOJIOM HTEpalWii OMacHo, T. K. 31€Ch HE
00€eCIICYEHBI YCIIOBASA CXOIUMOCTH UTEpalnif. JIeHCTBATENEHO, B ITEPBOM YPaBHEHWN
3

2

1 7
+|= — +

>1, BO BTOpOM

4 8| |1
>1, BTpeTseM |—|+|—|>1.
2 31 |3
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s obecneueHus: yclnoBuil CXOAUMOCTH HPeodpa3yeM UCXOAHYIO CUCTEMY ypaBHeE-

2| |4
Huil. Bropoe ypaBHeHue mocTaBuM B mepByro cTpoky. Torma |—|+|=|<1. 3amerum,

4TO IEPBOE YPABHEHUE MOXKHO 3aMEHUTh TAKKE TPETHUM.

VMHOXUM [EPBOE ypaBHEHUE HAa 4 U CIOXKUM ero co BTOpbM. Toraa momyuum

x; +10x, +8x; =4 . Teneps |—|+|—|<1.

10
OTO ypaBHEHUE MOXKHO CJEIaTh BTOPBIM.
Jlas nony4eHus TPEThEro ypaBHEHUS BBUIONHUM CEAYyIOLIMe Npeodpa3oBaHus: cl10-

JKUM BCE ypaBHEHUs, NOJYUEHHOE yPaBHEHUE YMHOXKUM Ha 2 U CI0KUM CO BTOPBIM.

1 |2
Torma momyunm: —x; +2x, +8x; =44 . Terneps 3 + 3 <1, ycnoBue CXOIUMOCTH

uTepalMii BbIIONHEHO. B pesynbrare Bcex 3TUX omepauuii MoJdydyeHa Cleayiolias
JKBUBAJICHTHAS CHCTEMa YPaBHEHHI:

—Tx;, —2x, +4x, =6
X +10x, +8x; =10
—x +2x,+8x; =44

Teneps ycnoBust CXOIUMOCTH UTEPALMi BBITIOJIIHEHBI TIOJIHOCTBIO. PElICHHE CHCTEMBI
YPaBHEHUM UTEPALIMOHHBIM METO0M BO3MOKHO [IPU HAYAIBLHBIX YCIOBHUIX

44
A0 =8 oy oM s

Mpu3Hak OKOHYaHUs1 BbIYUCIIEHUNA

IlpuznakoM OKOHYAHMSI UTEPALIMOHHOIO MPOLIECCA U3 YCIOBUH TOYHOCTM MOXKHO B

W _xWi<e, e x,((””) . x(") — 3ma-

[EPBOM NPUOIMKEHUU CUUTATH YCIOBHE: |x

4YeHUE k-I0 HEU3BECTHOIO COOTBETCTBEHHO Ha (L+1) u (V) uTepauusx, € — JAOMYCTU-
Mas TIOTPENTHOCTE BEITUCICHNS HEW3BECTHBIX.

CylecTByYIOT JBa crnoco0a pelieHus] YpaBHEHUH METOI0M HTepaluii: MeTO/ IPOCTOi
nrepaunu ¥ Merof 3eiinens. [Tons3oBarens He IMEET BO3MOXKHOCTH BBIOMPATH METOX
WTepanyif, T. K. QYHKIWH W KOMAHIBI, PEalN3yroOIINe METON WTEpaIlMii B CHCTEME
Mathematica, He pa3nM9arOT 3THX METOJOB.

AnropuTMbl MeTOAA UTEepaLUm

ANTOPUTM METONA TIPOCTO# WTEpaIdi COCTOWT W3 COBOKYITHOCTH YCJIOBWI BBIOOpa
HAYaTLHBEIX TPUOMKEHNH, PacUCTHBIX COOTHOIICHWH W MpHU3HAKA OKOHYAHUS BhI-
YUC/ICHUHN.
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YcnoBue BbIOOpa HAUaNbHbIX NPUOAMKEHUM:

0 _ bl 0 _ bz 0 _ bn

X =, Xy = ——, ., X, =——

all a22 ann

PacuerHble COOTHOLLICHMS:

v+l _ Y] v v
Xp =0 (%, Xy, X,
v+l _ v v v
Xy =0y(X) Xy, X,

v+l _ v v v
Xn _(pn('xl v'x23"'*'xn)

an/BHaK OKOHYAHUS BBIUYUCIICHHIM:

B anropurme mpocroit urepanuy Bce 3HAUCHHS HEM3BECTHBIX Ha mare v+1 BEIYHC-
JSIOTCA IO MX 3HAYEGHMSM Ha OpenbliylieM lare v. B anropurme 3elinens pesynb-
TaTHl BEIYACIICHUS X; HA Iare L+ 1 WCMONB3YIOTCS JUIS BBIMUCIEHHAS Xy, X3, ..., X

n
Ha 3TOM K€ 11are; pe3yybTaTbl BbIMMCICHUSA X, Ha l1are v+l HCIONB3YKOTCA AJ1A
BBIYUCIICHASA HCU3BCCTHBIX X3, X4, ..., X, HA DTOM XKC IIarc v T. 1. Pacuernrie coot-

HOMICHWUSA UMCIOT BUI:

v+l _ v v v
X =o)Xy,

v+l _ v+l v v
Xy =0 L Xy X))

v+l _ v+l v+l v+l v
Xn _(Pn(xl s Xy s Xy Xy

OueBUIHO, YTO aNrOpUTM 3eiens MO3BOMSET MOJNYUYUTh pelleHHe ¢ Ooublileil Tou-
HOCTbIO, 4€M a/IrOPUTM NPOCTOM UTEPALIUHU [IPU TOM 3KE YUC/Ie UTepalUid.

CpaBHMTeﬂbHaﬂ OLUEeHKa TOYHbIX U UTePAaUUOHHbIX MeTOAOB

B meroae npocToil urepanuu Ha OJHY UTEPaLMIO HEOOXOAUMO BbIIOIHUTHL MpUOIU-

3UTeNbHO 2n° apuMETHUECKUX ONEPALHH THITA CITIOKEHNS N YMHOXKEHHS, B TO BPe-
Ms Kak 1o Merony I'aycca A1 pelieHus CUCTEMBbL 1 ypaBHEHUM HEOOXOAUMO BbINOJI-

2 3 N . .
HUTH gn oneparmit. Toraa OueBHIIHO, YTO METOJI UTEpaLiii Golee nenecoobpasHbIil

1
I Cjrydasi, KorJa BO3MOXKHO TIOTYYUTh PCIICHUC 3a1a49U HC OoJree UeM 3a gl’l ure-

palluid, T. €. OH BBLIFOJICH NPH PEIICHUM YPABHEHUI 0OIbUIMX PAa3MEPHOCTEH.

Jloruyeckas cxema UTEPalMOHHBIX METO/10B OYEHb [IPOCTA, I0ATOMY KOMIbIOTEPHbIE
[porpamMmmbl kopoue, 4em B Metoje ['aycca.
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MTepaLll/lOHHble METOAbl NO3BOJIAIOT pacnapauie/iuBaTh aJlrOPUTM, 4YTO JAET BO3MOXK-
HOCTH 3(1)(1)CKTI/IBHO pemIaTh YpaBHCHUA HA MHOTOTIPOIICCCOPHBIX KOMITLIOTCPax.

Henocrarku urepaluoHHBIX METOA0B B TOM, YTO OHM TPeOYIOT OT MOJIb30BaTENs MPO-
BEPKU YCJIOBUI CXOAUMOCTH MTEPALIUM, U €CIIU OHU HE BBHINOJHSIOTCS, TO Ipeodpaso-
BEIBaTh WICXOJHGBIC YPaBHEHUS K BHIY, KOTA 0OECTICUMBACTCS CXOAMMOCTD MTEPAIH-
OHHOTO TIpoliecca. Kpome 3Toro, UTeparMoHHBIE METONBI TPEOYIOT BBIOOpa HAYaAIb-
HBIX TIPUOMKEHUH. Bce 3T0 CyIMECTBEHHO YCIOKHSIET KOMIBIOTEPHBIE TEXHOTOTHH
pEIeHNs ypaBHEHHI.

9.1.2. PeweHue cuctem

HeNIMHEUHbIX anredpanyvyecknx ypaBHeHUN

Peuenue cucteM HenuHeWHbIX anre0panueckux YpPaBHEHHH aHATUTUHECKUMHU METO-
JaMHW BO3MOXHO JIMIIb B PCAKUX CIIyHdadx. 3Z[CCB 06H_II/IX MCTOAOB U AJITOPUTMOB HC
CYMCCTBYCT. Hemmneinnie YpaBHCHHS PCIIAIOTCS O0OBITHO YHCITCHHBIMHU MCTOAaMH.

Hanbonee momynsspHEIME W3 HUX SBISIOTCS MeToAb! HploTOHa, MTeparmif, HaucKo-
peiiero crycka.

Bcee 3t MeTonn! SIBISIOTCS WTEPALMOHHBIMK, PEATH3YIOIIUMHM METOX TOCIIEN0BA-
TENBHEIX TIPUOIMKSHIIH.

ANTOPUTMOM YHUCIICHHBEIX METONIOB SBJISICTCS COBOKYITHOCTH TIPABHIT BEIOOpA HAYAIb-
HBIX TIPHOIIMKCHAHM, pacueTHBIX COOTHOMCHMH ((opMys) M TIpU3HAKa OKOHYAHUS
BBIYUCIICHUH.

Meroasr HetoroHa, nrepanmit 1 HanCKOpeHIIEro CIycka OTIMYAIOTCS JAIE GopMy-
JTaM¥ BEIYUCITCHAS TTPHOIMKEHUIA.

B cucremax cMMBONBHON MareMaTHKW HauOoJiee TIOITYJIAPHBIMHA  ABJIAIOTCA MCTOIBI
Hrrorona n I/ITCpaLH/If;I. PaCCMOTpI/IM BKpaTue 3T MCTOEI.

OnpeaeneHue HavyanbHbIX NPUGITMKEHUI

Henuuelinbie anreOpauueckue ypaBHEHUS MOTYT UMETh OOJBLIOE UUCIO PELICHUM.
IlosTomy BBIOOp HauyalbHBIX NPUOIMKEHMIH, OT KOTOPLIX U 3aBUCUT BUJ, PEIICHUS,
JOIDKEH OCYIIECTBIISITBCS BEChMa TINATENbHO. JIMaa3oH, W3 KOTOPOTO BEIOMpAOTCS
MPAOITKEHNAS, 1OJDKEH OBITH JOCTATOYHO Y3KHM.

CyTmecTBYIOT Ba OCHOBHBIX criocofa BBIOOpa HavdalbHBEIX TPHOIIKEHHH: Tpadute-
CKWIf ¥ TAOIMIHBIHA.

Fpacdmyueckuit cnocod
DTOT c0co0 JErko Peanu30BaTh B CAy4ae CUCTEMbI JBYX YPABHEHHUIHA.
Ilyctb umeercd cucrema ypaBHEHUH:

Ji(x:x,)=0

Ja(x1.x,)=0.
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Kaxnoe w3 3THX ypaBHEHMiT Ha TIIOCKOCTH MpEACTaBiseT coboit mummmo. Toukn nx
HepeceyueHust BISIOTCS PELISHUAMU CUCTEMbl ypaBHeHUH. VX U MOXHO B3sTh 3a Ha-
4anbHble NPUOIMKEHUS /171 YTOUHEHUS PEISHUM MI00bIM U3 UHUCICHHBIX METO0B.

Hcnonb3oBanue rpaduueckoro MeToaa Ans ONpeleeHUs HauyalbHbIX NPUOIMKEHUi
B CJIy4a€ CHCTEM YPAaBHEHUI BBICOKOIO TIOPSIKA 3aTPYAHUTEIBEHO, HO BO3ZMOXKHO.

TabnuyHbIn cnocob
Ilo stomy cnocoOy ¢ynkuus f;(x,,x,) OpeicraBiasercs B Buae TaOnuubl. Tabmuu-
HBIC 3HAYECHUS TIOJCTABIAIOTCA B f, (X, x,)=0 . Ompenensrorcss 3HAUEHAS X, X,,
IpY KOTOPBIX QyHKUUS f, (X, X,) MEHSeT 3HaK. DTU 3HA4YeHUS U NPUHUMAIOTCS 32
HavanbHble NPUOIMIKESHUS.

T'padwkit m TaGMMIBT TETKO CO3/AIOTCS ¢ TTOMOIIBIO KOMITBIOTEPHBIX TEXHOIOTHH, B
4ACTHOCTH B cpejie cuctembl Mathematica.

Metoa HbroTOHa

Merton siBisiercss uTepalMOHHbIM. Ha Kak[oM luare 1o M3BECTHOMY IPEAbLAyLIEMY
NpUONMKEHUIO X;_; ONpeAeseTcs caeayloliee 6o1ee TOUHOE 3HaYCHUE

X; =%, +h;.
rjae f;, — nonpasKa K [peblIyleMy PELLEeHUIO.

Jlns onpeaeneHus: NONPaBKU HEAUHEMHAs CUCTEMa YPAaBHEHUH 3aMEHsIETCsl HEKOTOpPO
JIMHEMHOM CUCTEMOI, pelLleHUs] KOTOPOH U SIBISIOTCS nonpaskamMu /1, i=1,2, ... n.

Takum 006pasom, IS OTPENEIICHNs TIONPaBOK HEOOXOAMMO PEIIATh CHCTEMY JIMHEH-
HbIX YPaBHEHUH CTOJbKO pa3, CKOJbKO TpeOyeTcs uTepaluii Ans odecrneveHus Heod-
XOJUMOM TOUHOCTU ONPE/ISICHUS HEU3BECTHbIX.

MCTOL[ Hretorona sBasiercs Hanbosiee 6LICTpLIM 0 CKOPOCTH CXOOAUMOCTH HTCpaL[PIﬁ.
Becbma 4acTo 3a HECKOJLKO LIArOB MOMKHO [OJYYHUTh PEUIEHUE C BBLICOKOH TOY-
HOCTBIO.

OaHako 3TOT MeToJ Haubosee TPYJOEMKUM, T. K. OH TpeOyeT pPelleHUs] CUCTEMbI JH-
HEWHBIX ypaBHEHMI Ha KaXkIOM ITare NTepanioHAOTO TIpoTiecca.

Merton siBnseTcs 10CTaTOYHO KPUTUYHBIM K BbIOOPY HauyalbHbIX 3HAYCHUI HEU3BECT-
HBIX. ECNi HauamsHBIC 3HAUCHWS BHIOpPAHBI HEYIAUHO, TO MOKHO TIOJY9IHTE PEIICHHC
HE TO, UTO HY>HO, WJIH BOBCE €T0 HE TTOTYIHTE (PaCXOMSAIIHHACS TPOTIECC).

MTtepaumoHHbIe MeToabl

Peaﬂmamm UTCPAUOHHBIX MCTOHNOB TTPU PCIICHUU CUCTCM HEJIMHEWHBIX ypaBHCHI/Iﬁ
HC OTJIMYACTCA OT MCTOJI0B I/ITCpaLH/Iﬁ It cryvast JIMHEUHBIX CUCTEM. 3Z[CCB TOJBKO
BO3HUKAIOT OOJTBIIINE TPYAHOCTH MPUBCIACHUA CUCTCM ypaBHCHI/Iﬁ K BUOY:
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x; = fi(x, Xp5 e X))
1 0COOCHHO K BUJY, 00€CHeYMBAIOIIEMY CXOAUMOCTh UTEpALIUi.

Kak u B ciyuae nuHEWHbIX CUCTEM, 3/1€Ch OPUMEHSISTCSl METO/ [IPOCTOM UTepaluu u
meroa 3eiaens.

JIOCTOMHCTBOM METO/A SIBIISIETCSl TIPOCTOTA AJTOPUTMa, YTO W SBISIETCS OCHOBHOM
[OPUYUHON LIMPOKOTO ero MCIONb30BaHUSl B CUCTEMax KOMIBIOTEpHOH anreOpbl. He-
JIOCTATOK MeTOa — 00Jibllas TPYIHOCTh 00€CeUeHUs CXOIMMOCTU UTEPALUA.

Mpu3Hak OKOHYaHUA UTepaumin
Bo Bcex uncneHHBIX METoIax MPA3HAKOM OKOHTAHHS UTEpaLHif SBISIETCS YCIIOBHE:
(k .
h; Vg, i=1,2, ... n,
T. €. MONPABKU BCEX HEU3BECTHBLIX HA A-M IUare JOJKHbI ObITh MeHblie TpeOyemMoi
TOYHOCTH.

PaccMoTpuM TEXHOJIOTMM PEIICHUST CHCTEM JIMHEHHBIX W HEJMHEHHBIX YpaBHEHWI B
cpeae cucrembl Mathematica.

9.2. KoMnblOoTEepHbIEe TEXHOMOINMU peLleHns
ypaBHeHuM B cucteme Mathematica

Cuctema Mathematica uMeer Ooratble BO3SMOKHOCTH pelIEHUS CUCTeM ainredpauuie-
CKMX ypaBHeHUH. BerpoeHHble (yHKUMU MO3BOJSIOT PEILaTh CUCTEMbL JHHEMHbIX U
HENMMHEHHBIX YpaBHEHWH B aHAIUTHYECKOM M YHUCICHHOM BHAE. [laloT BO3MOXKHOCTH
JIocTaTouHo 3P (PEeKTHBHO M OPHUTHHANIBEHO TPOBEPSTE AOCTOBEPHOCTH PE3YITBTATOB.
B mponecce (yHKIMOHMPOBAHMS CHCTEMa BBIIAET KOMMEHTAPWH, ITO3BOJISIONINEG
TMOJTE30BATENIO TIPHHAMATD PEIICHHS B OTHOLICHHH MTOIYYEHHBIX OTBETOB.

OCHOBHBEIMHA (])yHKuH;IMI/I pEIICHUS] CHUCTEM YPaBHEHWH SBISOTCA: Solve[F, X],
Solve[F,X,Y],N[Solve[F,X]], FindRoot [F, X].

Paccmotpum 3T1 QyHKIMY, ONUIIEM TEXHOJIOIUIO UX Pealu3alyu, NPUBEJEeM IpUMe-
PBI M 331241 JJIsl CAMOCTOSITENIBHOTO PELICHUSL.

9.2.1. ®yHKuma Solve[F,X]

OyHkuMs Solve [F,X] MO3BOJSET PELIATh CUCTEMbI TUHEHHBIX M HEMTMHEHHBIX YpaB-
HEHWI B aHaMTHIecKkoM Bre. OHa MPEICTABISIETCS CIEAYIONM 06pa3zoM:

Solve[{f:, f2,...}, {x1, %X2,...}]
re:
O £, — i-e ypaBuenue, mpe/ICTABIEHHOE B POU3BOJILHOM BU/IE;

O x. — i-e HeusBecTHOE.
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YpaBHeHus £, £, ... MOTYT TaKXKE NPEACTABIATHCS YePe3 00bEIUHUTENbHBIA 3HAK &&.
TTpumeps! ipeacTaBneHns GyHKIIMN Solve [F, X]:

Solve[{a*x"2+y==b, x+2*y==atb}, {x,y}]

Solve[a*x"2+y==b&&x+2*y==a+b, {x,y}]

Ilpu BBOAE ypaBHEHHMI 3HAK YMHOKEHUs (*) MOKHO 3aMEHUTb Ha)KaTUEM KJaBUIIU
<ITpobemr>.

Tlpn pemennn npakTHHaecknX 3anad OBIBAaET yI00HO, a B PSAJE CITyTacB Jake IEeco-
00pa3Ho, BBOJUTE YPaBHCHUS OTICIBHO OT ()YHKITHHM Solve, IPUCBAWBas UM WMCHA,
KOTOpBbIE 3aTeM BBOJUTH B (PyHKIIMIO Solve BMECTO ypaBHeHui. Hanpumep:
fi=a*x"2+y==b; f,=x+2*y==a+b

Solve[{f:, f:}, {x,y}]

Ui

Solve[fi&&f,, {x,V}]

Takoe npeacraBiaeHue ynpollaeT IpoBepKy 1OCTOBEPHOCTU PEUICHUS CUCTEMbl ypaB-
HEHUI,

W3 MaTeMaTHKN W3BECTHO, UTO CHCTEMA JIMHEHHBIX YPABHEHHUH JIFOOOT0 TTOPSAKA UME-
€T pelmIeHWe, W TPUTOM eAWHCTBeHHoe. [losToMy B nanHOM chywae (yHKIMS
Solve [F, X] OTpaHUYCHUI Ha MOPSNOK YPABHEHUI HE MEET.

PeweHune cuctem nuHeNHbIX anrebpanyeckux ypaBHEeHUN
TexHonorus peuieHus ypaBHEHUMA:

1. BBoa ypaBHEHUI C NPUCBOCHUEM KAXKIOMY M3 HUX, C IOMOILbIO 3HAKA MIPUCBOC-
HUS (=), YHUKQJIEHOTO UMEHH.,

2. Bpoa ¢yskuuu Solve[{f:, f,, ...}, {%X,y,...}] Wi Solve[£f &&£28&&. ..
{x,y,---}11.

3. TlomydueHwe pemieHWS IMyTEM OTHOBPEMEHHOTO HAaXaTHs KOMOWHAIIMH KIIABWIIT
<Shift>+<Enter>.

4. IlpoBepka A1OCTOBEPHOCTH PELISHUS CUCTEMBL YpaBHEHUIA.

IlpuBenem npumepsl pelieHus IMHEHHbIX anre0pauueckux ypaBHEHUM B aHAIUTUUeE-
CKOM BHJIE.

Mpumep 9.1

Heo0x0AUMO PELIUTD CIEAYIOLINE CUCTEMb] TMHEHHBIX YPaBHEHUHA:
X +ax, +bx; =y, 3x, —4x, +2x; =1 X +7x, —x3 =35
Q+a)x, +x,+cx3 =y, X +7xy, —2x, =4 -1.6x; +3.7x, =12

ax, +bx, +cx; =y, 2x; +7x, +3x3 =3 X +2x, +5x, =75
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Pemenne ypaBHeHMit 110 U3J103KCHHOM TEXHOJIOTHH NIPUBENICHO Ha puc. 9.1.

fl-xl+asx2+bx3--¥1
¥l+axsd +hxi==1v1

£2 - (24a8) »%x14+ X2 4+ Cwx3 - 2

(2 +3) ¥l + 32 +oxi= %2
f3-a+xl+h +X2+Cax3 2 ¥3
axl +hx2 +oxi==v3

Solve[{f1, £2, £3}, {x1, x2, x3}]

-c¥l+becyl-P y?2iacy?2+byi-acy3’

{{xl—»— :
-ab+2b2yab2yc-_2ac-bc
2cyl+aby?2-cy?2-2byi-aby3+cyl
X2 - B
-ab+2h? +ab’+c-2ac-hbc

ayl-?byl-abyl-2 ¥2.by¥2_¥3+2ayi+a® ¥3

i
-ab+2b*+ak® +c-2ac-hc

f3=-3x1_-4x2,2x3 -1

JHl-4dx2d +2dx3i=1

f1=x1+Tx2-2x3---4

HKl+ T2 -2x3==-1

f5=2x1+7Tx2+3Ix3 ==

2l +7H2 +3 x5 =3

Solve[£3&& £4&& £5, (x1, x2, x3}]

{{Xl—)—ffg, :-:2—)—13;9, x3+%}}

Solve[{x1+Tx2-x3--3.5, -1.6x1+3,1x2==-132,
x1+2x2+5xF==7.9}, {x1, x2, x3}]
[i®l - —4.31815, =2 - 1.37502, x3 - 1.51327}

Puc. 9.1. Pemenue cucrem ypasHenuii npumepa 9.1

W3 puc. 9.1 BuaHO, 9TO cHcTEMa pEIna MEPBYIO CHCTEMY YPABHCHUI B aHAJIUTHYE-
CKOM BHJE, BTOPYIO — B BHJE TOYHBIX 3HAYCHUI HEU3BECTHBIX, NPEICTABICHHBIX B
parionansHOM (opme. TpeThst cucTeMa ypaBHEHWH Takke pEIleHa, HO pEIICHHES
[IPEACTABICHO B BUJE BELISCTBEHHBIX 4UCEN. OTO OOBSCHSETCS TEM, YTO CUCTEMA
YPaBHEHUM TOUHOro pelieHus He uMmeeT. Takum oOpazoM, QyHKIMS Solve MOMKET
peliaTh CUCTEMbI yPABHEHUN TAKKe B YUCICHHOM BHIE.

U3 TpuUMEpa BUAHO, 9TO PCHICHUC TIPCACTABIIACTCA B BUAC MMOACTAHOBOK: X1—>, X5—>,
x3->. OTO HE JaCT BOBMOXKHOCTH TPOBCPUTH TOCTOBCPHOCTL PCHICHUSA, @ TAKKC HC-
TIOJIB30BATh 3HAUCHHUSA X1, X2, X3 B JanbHENRTITIX pacucTax.
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Jls IpOBEPKM JTOCTOBEPHOCTH PEMICHUS IMOJIL30BATENb OJKEH TPEJACTaBUTh HEW3-
BECTHbIC B SIBHOM BHJIE€ C MPUCBOCHUEM UM MMEHM: x;=-4.31818, x,=1.37592,
x3=1.81327, 3aTE€M HCIIOJIH30BATEL WX 110 HA3HAUCHUIO.

Tlonyuuth peilieHUe B SIBHOM BHUJE MOXKHO C IOMOIUbIO BBIPKEHUS BUAA {Xi, Xa,
%3} /., KOTOPOE CTaBUTCA Tiepen (QyHKIMEH Solve: {xi, x», xs3}/.Solvel{fi,
f,, f3}, {x1, %, xs}].Tlocne naxarus komOuHamu knasui <Shift>+<Enter>
[0J1y4aeM PeUICHUE B SIBHOM Buje. Tenepp x, x,, X3 MOXKHO MCIOJb30BATH [0 HA3HA-
YEHMIO, B TOM YMCJIC U /ISl IPOBEPKU JOCTOBEPHOCTH PELICHUS CUCTEMbl YPABHEHUN.

Mpumep 9.2

Heo0xommMo pemmuTh CIIeIyONTHE CHCTEMBT alreOpanueckiX ypaBHCHHIA:

ax; +bx, +x; =5, 2x) =X, +4xy =1
(2+a)x, +x, +cxy =35, X +7xy, —2x; =4
Xyt Xy x5 =83 TxX; +x,+x;=3

" TIPOBCPUTHL JOCTOBCPHOCTH PCIICHUSA.

Pemenns crucrem ypaBHeHUit prBeeHs! HA puc. 9.2.

fl-axl:bx?,x3--51

axl +bx2 +x3==51

f2={2+a)¥x1l+x2? +cx3 =82

(2 +3) ¥l +32 40K = =2

£f3=x1+x2+x3--53

M1+ X2 + X3==53

z =Solve[{f1, £2, £3}, {x1, x2, x3}]
sl-csl+s2-hs2-s3+hcs3

(- :

-1-2a+2h+ah+ac-hbc
-2sl-asl+csl-s2+as2+2s3+asi-acsi
X2 = - B
-1-2a+2h+ahb+ac-hbc

z2l+asl-as?+hs2+as3i-2bs3-abs=3
x3 —=- }}
-1-2a+2h+ah+ac-bc

{f1, £2, £3} f. 2|
sl asl-as?2,.h=2,a53_-2bs3_abs3 b(-2sl_-asl.csl-s2.,as2,:283+asi-acsd

{- 1-2a:2b.ab.ac-hc ) 1_-2a+2?bsab:ac_hc )
a(sl-cs1+52-hs2-53+bcs3)
==51
1_2a.2b.ab.ac-hc !
ci{zsl+asl-as? +h=s2+as3-2h=3-ahsi) -2g1-asgl+cs=sl-22+as2+223+as3-acs3
-1-2a+2b+ab+ac-hc -1-2a+2b+ab+ac-hbc

{2+a) (s1-cs1+s52-hs2-s53+bcCcs3)

==52,

-1-2a+2bh+ab+ac-hc

Puc. 9.2. (Yacme 1 u3 2) Pemenue 3aaa4 npumepa 9.2
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sl+asl-as2+bs2+asi-2bs3i-absi -2sl-asl+csl-s2+as2+253+as3-acsi
B -1-2a+2b+abh+ac-bc - -1-2a+2b+ab+ac-hc B
sl-csl+s52-hs2-s3+hcs3 3
1 zarzbsabrac bo 1
Simpli £y[%]

{{True, Trus, True})

f1/.z
{ sl+asl-as2 . bs2,as3_-2bs3_abs3i h{2?=1_asl;csl-s2.,as52,2=s3;as¥i_-ac=s3)

-1-2a+2h+ab+ac-hbc -1-2a+2h+ahbh+ac-hc
a{sl-csl,s2_hs2_s3+bcsd)

== sl}
-1-2a+2h+ab+ac-hc
Simplify[%]

{True=}

£1-2x1_x2,.4x3--1
ZH1l-xZ+4%3 ==
£2-x1,Tx2_2x3 ==-_4
¥l+ THE-EXT ==-4
£3-Tx1l+x24%3 -3
THl+M2 + X3 =3

z =Solve[fl&L £2 L4 £3, x1, x2, x3}]

{{xl—»%, ®2 —)—?, H3 = E}}

59 T3

(f1, £2, £3) /. 2
{{True, Trus, Trus)}
f1=2x1-x2+4x3==1
Z¥l-®2 +4¥3 ==
£2=x1+Tx2-2x3 ==-4
¥l+ THE-EXT ==-1
£3-Tx14+x24+%3 -3
Trl +x2 +¥3 =3
{x1, x2, x3} 7. Solve[f1&L £24& £3, {x1, x2, x3}]

== 113 11
(2. -2y

159 159 53
(1, £2, £3)

ITrue, True, Truesl

Puc. 9.2. (Yacme 2 u3 2)

Ha pwuc. 9.2 nokazans! pasusie GopMbl TpencTaBieHNs GYHKIMH Solve W CMOCOOBI
MTPOBEPKHU IOCTOBEPHOCTH PEIICHUS CHCTEM YPaBHEHHSI.
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PeLwlieHne cucTeM HefIUHEMHbIX YPaBHEHUH

B CUMBOJILHOM Buae

Texnonorns PCHICHUA CUCTEM HEJIMHEWHBIX ypaBHCHI/Iﬁ Ta e, UTO U JINHCHHBIX.

Ilokaxem ee Ha npumepax.

Mpumep 9.3

HeobxommMo pemnTh CIEeayIOmNe CHCTEMBI HETMHEWHBIX YpaBHEHHIH:

x+ay=>b xy=a
5 2 2_ 4h
x+by“=a+b Xty =a
U IPOBEPUTH JIOCTOBEPHOCTh PELICHHUS.
Pemenne mpuseneno Ha puc. 9.3.
W3 puc. 9.3 BuaHO, 94TO BCE PEUICHUS TTOJyUEHBI BEPHO.
fl=x+ay:==h
H+ay==
£2-x+b¥Y"2:.-a+h
:-:+1:15:V2 ==z +h
w=Sc0lve[ffl, £2}, {x, ¥}]
—a? +2b*-a* 2+ a+db a+a ya+dhb
e ¥ |
2h 2h
—a? 4 2bh? ya¥if? laidb a-+a+a+db
{x_> r ¥ }}
2h 2h
—af+2b% a2 lasdn a+va va+db
fx- P Y- |
2h 2h
-a? +2h% va¥i 4lasdb a-+a+~a+dhb
{X—) r ¥—= }}
2h 2h

{f1, £2} /. w

afarvava+an) -atrow-av24a+dm
+

i

2h

(a.+‘a'r; ‘\"Pa.+-12h)2 -af + 203 —a"'rz"."ra+4h
+

ih

a(a—ﬁ’\l’a+4h) _a’ i 2h iaaasdb
+

==h,
2h
==a+h},
2h
==h,

{ 2h

2h

Puc. 9.3. (Yacmo 1 uz 2) Pemenue npumepa 9.3
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(a—’\r;‘\'a+4h)2 —a?+2hf +a’ P s asan

ih * 2h ==a+h}}
Simpli fy[%]
{iTrue, Truel, {Trus, Truesll
fi-x¥y--a
Hy==a

fi-x"2,¥"2::ab
e +y’ = ah

r -Solwe[{£3, £4}, {x, ¥}]

{{H;(_h 2 e A ___amt,
¥ e ___am}
O N R R TR R e
vl 2 Zavaiw ),
hi[h 2 e A _+_am1,

2

¥ — T+—1‘:l\||'—4l+l:l2 }
{x—»;[—h —+—a-,|_4+h2 "I—4+hz\/ah+—a"l —4+h2 E,
¥ —=- —+—a\1|'—4+ }}

Simplify[{f3, £4} /. r]
{{True, Trus}, {True, True}, {Trus, Trusl, {Trus, Trush}

Puc. 9.3. (Yacme 2 u3 2)

9.2.2. ®dyHkuua Solve[F,X,Y]

OyHrTHS Solve [F, X, Y], Tak %Ke, Kak W PYHKIMS Solve [F, X], TIO3BOJIIET peIIaTh
CUCTEMbl JHHEMHBIX U HEIUHEHHbIX ypaBHEHUH B aHATMTUYECKOM BUJE, HO TOJLKO
C OrpaHMYEHUEM: PELICHUS OCYILIECTBIAIOTCS MO MEPEMEHHbIM X W HUCKIOYAIOTCS
1Mo TIEpEeMEHHBIM Y. Hanpumep, QyHKIHS Solve [ {x+2*y-a==3, 2*x+y"2+b==7},
x, y] OTIPEIEITUT x U UCKITIOUUT W3 PEILICHUS y.
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Mpumep 9.4

HeobxommMo pemmnTh Ceayromne CHCTEMB! YPaBHEHHIH:

a*x"2+b*x*y=1 7 a+3 b+c=1
x*y+c=7 -5 a+l2 b=3
atb+2 c==17

l_lepBy}o CHUCTCMY PCIIUTH OTHOCUTCIILHO %, BTOPYIO — OTHOCHUTCIJIBHO a, 3aTCM OTHO-
CUTENIRHO a 1 b. Pemenus TOJIYyYUTH B ABHOM BU/IC.

Pemenne mpuseneno Ha puc. 9.4.

fl-ax"2:hX¥y-==
ax? +bhuy==

f2 -x¥y+cC:=:
CH+HY ==

z =Solve[{fl, £2}, x, ¥]

{{x_)_'\,' 1-7h+beo }, - A 1-Th+he }}
Ja =

{ W 1-7bsbe  4f 1-Thabe

o e

f3i-ta+ibic-=-1

xi. z

}

Ta+ib+c==
fi1=-5a+12h ==
—Sa+lib==3

fi-a+bh+2c---1
a+bh+2c==-7
s =Solve[{£3, £4, £53, fa, b, cH

o3 54 722
== TTRAET T _)_E}}

s1-Solvwe[{f3, f4, £5},a, {b, c}]
a3

|- p—

ot

alf.sl

{ a3
1581

52 =Solve[{f3, £4, £5}, {a, b}, cl

93 g4
{{pr e il
{a, b} f. 52
oG 54
Us =i

Puc. 9.4. PemieHue cucrem ypasHeHuit npumepa 9.4
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9.2.3. ®yHkumna NSolve[F,X]

O®yHk1MA NSolve[F,X] MO3BOJSET pelllaTh CHUCTEMbl JUHEHHBIX W HEIUHEHHBIX
YpaBHEHHI B UucieHHOM Buje. OHa MPEACTaBISETCS ClEIYOIIUM 00pa3oM:

NSolve [{f:i, f2,...},{%1, Xoy...}
Tac:
O £ —i-e ypaBHEeHHE, NPEACTABICHHOE B IIPOM3BOJILHOM BUJIC,

O x.— i-e HeusBecTHOE.

£1-2x1+Tx2_x3==

EX1+THE-—HI==5

£2-x1_2x2,05x3 .-

H1-Zx2+ 503 =2

£f3-4x1 %24 3x3 -7

Gxl +¥2 +3%3 ===-7

s -HSolwve[{f1, £2, £3}, {x1, x2, x3}]

fixl s —3.75, K2 5206818, x3 o 1,077

{f1, £2, £3} /. s

[ {Trus, True, Trus})

f1-2y+3x"2::5

It +2y=>5

f2-x:1¥"2::17.5

X+ Ty = 7.5

r - Hsolwe[{f1, £2}, {x, ¥}]

{{x-1.5110628030619° , ¥ - -0.9249661921959316° 3,
{x—-0.96617174325244309° , ¥— 1.0997517333207495° },

{x—-1.0123543818272729°, y -0.962707908392686° },
{x - -1.5572391323647399° , ¥ -1.1314934695175007" }}

{f1, £2} f. ¢

f4True, Truel, {True, Truel, {(True, True), [Trues, Truel)
£3 = 5in[x1] - x2 --1.3

—HZ +3in[®1] ==1.3

£4 = Cos[x2] - x1 == -0.82

—x1 +Cos[x2] =-0.82

rl-HSolve[{£f3, £4}, {x1, x2}]

NSolwe[ {—xd + 3in[x1l] == 1.3, -x1+ Coz[xi] == -0.82} , {x1, =a}1]

Puc. 9.5. Petenue cucteM ypaBHeHHii npuMepa 9.5



Petuenune cuctem ypasHeruii B cpeae Mathematica 269

YpaBHeHus £, £, ... MOTYT TaKXKe NPEACTABIATHCS YePe3 00bEIUHUTENbHBIA 3HAK &&.

Texuonorust peuieHuss CUCTEM YPABHEHUM ¢ HOMOILIBLIO (YHKIUM NSolve[F,X]
[PAKTUYECKU HE OTAMYACTCS OT TEXHONOTUMM pPelleHUs C MOMOLUbIO (YHKUUU
Solve{F, x}. IlpuBeaem npumepsl.

Mpumep 9.5

Tpebyercst pemnTE CIEIYIOMNE CUCTEMBI YPABHEHUIH:
2%, +Txy —xy, =35 2y+3x2 =5 sinx; —x, =1.3
X =2x,+5x; =2 x+7y2 =75 cosx, —x, =—0.82

4x, +x,+3x; =7
Peuienus npuBeaeHsl Ha puc. 9.5.

W3 puc. 9.5 BunHO, 9TO QYHKIWMS NSolve [F,X] HE PEIINIA TOCICTHIO CHCTEMY
YpaBHEHU. DTO 00BICHIETCS TEM, UTO CHCTEMA COCTOWT M3 TPAHCIICHICHTHBIX ypaB-
HeHui. [J{g ee perieHWs HEOOXOMWMBI METOJBI, HEpCATM30BaHHBIC B (PYHKIIMH
NSolve[F, X].

9.2.4. Onuuun cbyHKuumn Solve

Onnn GyHKINA Solve BEIBOISTCS KOMaHIO# Options [Solve]:

Options [Solve]
{InverseFunctions — Automatic, MakeRules — False, Method — 3,
HMode — Feneric, Sort - True, YerifySolutions — Automatic,

WorkingPrecision— o}

B sTom cricke 3naveHus onumit ykazaHsl o ymMouaHuro. ONIWAY IPYA MPaKTHIECKUX
pacueTax IPUMEHSIIOTCS PEIKO.

IlpuBeneM TOMBKO OAUH IPUMED.

Mpumep 9.6

Heo0Oxonumo pemurh ¢ UCHOOJbL30BAHMEM ONUUU Method CAEAYIOIIYIO CUCTEMY
YPaBHEHUI:
xytz=a

x+y+z=5b
y+z=c
Peuenue npuseneHo Ha puc. 9.6.

U3 puc. 9.6 BUIHO, YTO Julllb METOJ 3 BbLIAT PEIICHUE B IBHOM BUJIE.
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Solve[{xy¥+z:--a, X+¥+2Z=-h, ¥+ 2z:=-c}, [x, ¥, 2}, Hethod - 1]
Siil-b+e)l v+ —a+c, xab-c, 25 c-v11
Eolve[{xy +2:=-a, X+¥+2=-h, ¥+ 2:=-c}, {x, ¥, 2}, Hethod - 2]
Iil-b+cl v+ —a+c, x+b-c, 23 c-v1}

Solve[{xy¥+z:--a, X+¥+2Z=-h, ¥ +2=-c}, [x, ¥, 2}, Hethod - 3]

Puc. 9.6. PemeHue cucteMsl ypaBHEHHit ¢ moMoLIpto onuu Method

9.2.5. dyHkuma FindRoot[F, {X, x,}]

OyHkuMg FindRoot[F, {X, xo}] PEMIAET CHUCTEMBI JIMHEHHBIX M HETMHEHHBIX
ypaBHEHUI YHMCICHHBIMU MeToAaMu uTepaiuit. s ee peanmnzammu He0OXOIUMO
3HATh HaYalbHble MPUONMIKEHUS HEU3BECTHIX. DYHKIIMSA UMEET BUJL:

FindRoot [{fi, £, ...}, {1, Xw}, {X2, X0}, ...]

rae:

O £, — i-e ypaBHEHHE, IPEICTABIEHHOE B IPOU3BOJILHOM BHIIE;
O x. — i-e HeU3BECTHOE;

O x;, — HayanbHOE NPUOILKEHHUE i-[O HEU3BECTHOLO.
YpagHeHUS £, 2, ... MOTYT TAKKE TIPEACTABIATECS ePE3 0OBETUHUTEITLHEIN 3HAK & 6.

TexHO0rust pellieHus: CUCTEM YPaBHEHUM ¢ noMoLIblo QyHKIMU FindRoot [F, {X,
X0} ] CYIIGCTBEHHO OTJMYACTCS OT TEXHOJOTMM PEIISHUs] YPABHEHUH C MOMOUILIO
(pyHKIME NSolve [F, X]. OTIWYHE COCTOWT B HEOOXOMMUMOCTH OTIPCICIICHHS HAYAb-
HBIX TIPUOJIMAKECHUM. METOoMBI BEIOOpa HAaYaTEHEIX IPUOTIKCHUN PacCMOTPECHBI HAMH
B pazo. 9.1.

IIpuBeaem npuMepsl pellieHUs. CUCTEM YpaBHeHUH PyHKUMeH FindRoot [F, {X, %0} ].

Mpumep 9.7

HeobxommMo pemmnTh Cleayromne CHCTEMB! YPaBHEHHIH:

sinx, —x, =1.3 te(yy, +02) =y}
cosx, —x, =—0.82 0.5y2 +2y2 =1
X0 =1.8 Y10 =09

Xy =—0.35 Yo =0.5

TIpoBepUThH 1OCTOBEPHOCTD PELLICHUSL.
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Peuenue cucrem ypaBHeHUi npuBeneHO Ha puc. 9.7.

£1-Sinpxl]-x? --1.3
-¥2 +3in[xl] ==1.3

£2 = Cos[x2] - %1 ---0. 82

1 +Cos [¥2] =-0.82

r =FimBoot[{f1, £2}, {x1, 1.8}, {x2, -0.35}]
Ixls 1.7656G5, x2 » —-0.319646]

{f1, £21 7. ¥

{False, Falzse!

x¥1:=1.76935; x2:=- _0.319646

Sin[x1] - x2

1.3

Cos[x2] - x1

-0.520003

fx1, x2} f. ¢

{1.76535, —0.310646)

£3-Tan[¥1¥2 +0.2] --¥1"2

Tan[0.2 + y172] == v1°

f4=0.5y1"2+2y2"2 ==

0.57F +2y2° ==1

z =FindRoot [{£3, £4}, {y1, 0.9}, {¥2, 0.5}]
[¥1=0.910994, ¥2 - 0. 540854}

{¥l, ¥2} /.2

[0.910994, 0.540854)

¥1:=0.910994; ¥2:- 0.50854

Tan[y¥l ¥2+0.2]

0.52991

¥1+2

0.82991

0.5y1"2 ;2 y2~2

1.

Puc. 9.7. Pemienue cucrem ypasHeHuit npumepa 9.7



272 naBa 9

9.2.6. dyHKuua Eliminate[F,x]

OyHkuMsg Eliminate[F,x] MNpeIHa3HAUYeHa Ul COKPAIIEHWs 4YHCIa YPAaBHEHHS
CUCTEMBI ITyTEM UCKIIFOUCHUS 3aJaHHBIX NIEPEMEHHBIX x. OHA UMEET BUIL

Eliminate[{f:, £, ...}, x]

rae:

O s —i-e yYpaBHEHUE, NIPEACTABICHHOE B [IPOU3BOJILHOM BUJE:

D X — HCHU3BCCTHOC, TTOJICKAICC UCKITFOUCHUTO.

YpaBHeHus £, £, ... MOTYT TaKXKE NPEACTABIATHCS YePE3 00bEIUHUTENbHBIA 3HAK &&.

Ota (pyHKUHMS OCYLIECTBISET MPEoOPa3OBAHNE NCXONHOW CHCTEMBI YPAaBHEHMI Tak,
YTO YHCIIO YPABHEHMH M TIEpEMEHHEIX cokpamaercs. [IpenesibHEIM SBIseTcs OXHO
YPaBHEHHUE C OJHUM Heu3BecTHbIM. Hanpumep, mycThb JaHa cUCTEMA ypaBHEHMUIA:

2x, +3x, =1

X —2x,=2

Pewure 3Ty cucremy ypaBHEHMH MOKHO METOAOM noicraHoBku. Haxoaum x, us
BTOPOro ypaBHEHusl U MojcTaBisieM B neppoe. [lomydaem mocne npeoGpazoBaHus
ypasuenue x, =2-3/4x,, Koropoe peliaercs snemenrapHo. [IpeoGpazosauue ypas-
HeHWH QyHKIMelt Eliminate [F, x] MOXeT OBITh HE TOJHEKO METOIOM TOACTAHOBKH,
HO TakXe JOOBIM JIPYrMM METOJOM, M3BECTHBIM B anrebpe. Hamwame stoit dyHk-

U — €IIIe OMHO JI0KA3aTe/IbCTBO BHLICOKOW MHTEIUICKTYAJILHOCTH crcTeMbl Mathe-
matica.

TIprBenem npumep, Ha KOTOPOM OOBSICHAM CMBICT 3TOH (yHKIHH.

Mpumep 9.8

Jlana cieayrouas cucteMa ypaBHeHHit:

x? +ay2 —z=2
x+y—-bz=7
2x+3y+9z=1

Heob6xomnMo MONyYIHTE SKBUBAJICHTHYIO CHICTEMY, COCTOSIIIYIO M3 IBYX YpaBHEHWI C
JIByMSI HEM3BECTHBIMH, UCKIIFOUHB Z, U OJHO YPABHEHUE C HEU3BECTHBIM X, UCKIIOUUB
yucz.

Pemenne mpuseneno Ha puc. 9.8.

W3 puc. 9.8 BUAHO, YTO NPU UCKIIOUEHUU U3 CUCTEMbl yPaBHEHMI z IporpaMma om-
pejenuia z U3 Kakoro-To OJHOr0 ypaBHEHUs U MOJCTaBuia ero B gBa Apyrux. O6pa-
30BaJIach CHCTEMA U3 JBYX YPAaBHEHUII C IByMS HEM3BECTHBIMU: X U y. [Tpn nuckiode-
HUM JIBYX MEPEMEHHBIX ¥ W z TIOJYYE€HO OIHO YPaBHEHHE ¢ HEM3BECTHBIM X. C LEIBIO
YIOPOLLUEHUS! STOTO BLIPAKEHUS] HAMU UCIIOJb30BaNach (PyHKLMS FullSimplify.
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fl-x"2,ay"2_2-:-2

B +aP —E=2

f2-x,¥-hz -1

K+yV-lbE==

£3-2x:+3y+92:--1

2 +3y+9z=—=1

Eliminate[{f1, £2, £3}, z]

9ay ==19-2%-9%" -3 7&Eb (-1+2%+37) ==63-3x%-97

Eliminate[{f1, £2, £3}, {y, z}]

b [-18+a-4ax+9x +dax’)+h (48 +126a-3x-2Max+Mx +I6ax’) =
-18-396%9a+9x+11Max- §1x° - 81ax’

FullSimpli fy[Out[5]]

Al9 (=7 +¥) +B(—1+2®017 43 (3+1) (2 +x (1491 +3b (-2 + %)) ==

Puc. 9.8. TIpeoOpa3oBaHue CUCTEMbI YpaBHEHUIT

JlOCTOBEpHOCTL pelleHUs JIEFKO NPOBEPUTh. CPABHUBASI PE3yIbTATbl, MOJIy4YEHHbIE
¢ noMmolblo GpyHKkIMU Eliminate u gpyrumu Metoaamu. Ilokaskem 3To Ha mpumepe.

Mpumep 9.9

Jlana crieyrommasi cucTeMa ypaBHEHWH:
2552 +12y-7z=5
12x+25y% +3z=7
x+y+10z2 =14

Heo6X0AMMO ONpeieuTh HEU3BECTHBIC C MOMOLIBIO (PYHKIMH NSolve U METOJ0M
[IO/ICTAHOBKM C MCIIOJb30BaHMeM (yHKIMM Eliminate. PelneHue npusejieHo Ha
puc. 9.9. OnpeaeneHue 3Ha4YeHUH X, ¥, z U3 BHIPAKEHUM, MOMYUEHHBIX METOIOM MO/~
CTaHOBKH, BBIMOJIHEHO ¢ NOMOLIBIO (yHKIMU NRoots. M3 puc. 9.9 BuaHo, 4TO pelie-
HUS COBIAJAIOT /115 BCEX HEU3BECTHBbIX.

@yHk1Ma Eliminate JaeT BO3MOXHOCTb OLPEJCIUTh 00NACTH HEU3BECTHBLIX X, V, Z
nyteM nocrpoeHusi rpapuxkoB ¢yHkimid. Ha puc. 9.10 nokaszan rpagux ¢yHkuuu
w= f(x) mpumepa 9.9. U3 rpaduka BUAHO, 9TO KOOPAWHATHI TOUEK MEPECCUCHUS
(hyHKIIMM € OCBIO X COBOAJAIOT CO 3HAYCHUSMMU X, IOSYUEHHbIMHU B mpumepe 9.9.
@yHkuuMg Eliminate MOxeT ObITh BECbMa IOJE3HOM /18 ONPEAENeHUsS HAYAIbHbIX
3HAYCHUIM HEU3BECTHbIX [IPU PEILCHUN CUCTEMbL HEIMHEHHBIX YPABHEHUH € IOMOLLbIO
(pyHKIIMM FindRoot.
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£1-25%x"2,12y_72--5

2Ex +12y-Tz =235

£2=12x+25¥"2+32 :=

1 x+25v +3z ="

X+y+10z"2 ==14

x+y+10z =14

w=HSolve[{£1, £2, £3}, {x, ¥, 2}]

{ix —-0.382156401766938" , ¥— 0.6022236130606954", z— 0.5306516060020971" },
fx - 0.52653697482202 78, ¥—-0.17169375052956706" , z — -0.018470765712354995" },
fx —-0.8674761977115225°, y—-0.7855509839907304 ", z — 0. 6214660045731777"},
{x —+0.3730956246564325 , ¥—+0.268021121459602", z —0.24232315513705044 }}

Eliminate[{fl, £2, £3}, {¥, 2}]

422 % - 4770% +2800x% + B000%* ==-521

HRoots [Dut [18], x]

¥==-0.867476 | | x ==—0.382156 | | x ==0.373096 | | x== 0.526537

Eliminate[{fl, £2, £3}, {x, z}]

37170y - 538850 %" + 90000% + 1000000 % == —21853

HRoots [0ut[23], ¥]

y==-0.788551| | ¥ ==-0.171694 | | y==0.268021 | | y==0.602224

Eliminate[{f1, £2, £3}, {x, ¥}]

—7057520 = + 54044100 z° — 107540000 2° + 64000000 z° == 149453

HRoots [Dut[26], 2]

z==-0.01847058 | | £ ==0.242323 | | =z ==0. 621466 | | z == 0.539632

Puc. 9.9. Pemenue 3anauu npumepa 9.9

9.2.7. MaTpuyHble MeToAbl peLueHUss CUCTEM
NINHEUHbIX YPaBHEeHUMN
CI/ICTCMy JIMTHEHHBIX aJ'IFC6paI/IqCCKI/IX ypaBHCHI/Iﬁ MOKHO TPEACTAaBUTH B CIICAYIOMICM

BHIIE: A*X=B, TJ¢ A — MaTpHuna KOdPPUINEHTOB, X — BEKTOP HEM3BECTHBIX, B —
BEKTOP CBOOOIHBIX WIICHOB (TIPAaBBIX YaCTel) CHCTEMBI YpPaBHEHMIL.

TexHosorus perreHns ypaBHeHUit B cucreme Mathematica Tipocta u COCTOWT B crie-
JIYIOTIEM:

1. BBox mMaTpuis! k03pHUIMEHTOB ¢ TPUCBOCHNEM €if IMEHH, HATIPAMED A.

2. BBo0J BeKTOpa HEU3BECTHBIX C UMEHEM X.
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w:=8000x"4+2800x"3-4770x"2-422x+521
Plot[w, {x,-1,1}]
2000
1500 ¢
1000 r
-1 -0 0.5 1
-500

Puc. 9.10. I'paduk Gpynkumn w = f(x)

3. BBox BekTOpa CBOOOMHBIX WIICHOB ¢ IMCHEM B,

4. OOpa3oBaHHe BBIPAXKECHUS z=A . X==B.

5. BBoja yHkuuu Solve[z, x].

6. IlonyueHue pelieHUa OJHOBPEMEHHBIM HaxxaTueM Knasulll <Shift>+<Enter>.

BBox maHHBIX MOXHO YIPOCTHTB, €CITH BMECTO 00pa30BaHUs BEIPAXKEHHS A.X==B
MPEACTaBUTh €r0 B BUIC NMPOU3BENEHHS MATPHUIBI A HA BEKTOP X W NMPHUPABHSATH K BEK-
TOpY B.

ManI/IqHLIC MCTOABI MO3BOJIAOT peHIaTh CUCTEMBI JINHEHHBIX ypaBHCHI/Iﬁ C BCHICCT-
BCHHBIMU W KOMITJICKCHBIMU TICPECMCHHBIMU.

TlokaxkeM TEXHOJOIUIO PELICHUS! CUCTEMbl JIMHEUHBIX YPABHEHUNM MAaTPUUHbIM METO-
JIOM Ha NIPUMEPAX.

Mpumep 9.10

PemnTs MaTpUYHBIM METOZOM CIEIYIOILYIO CHCTEMY YPaBHEHHMI:
2x, +3x, = 7x; =1
=3x,+x,+5x;=75
5%, +3x;=25

Peuenue npuBeneHo Ha puc. 9.11.
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a={{2, 3, -7}, {-3,1, 5}, {5,0, 3}}

2, 3, e {-3, L, 31, {5, 0,31

X ={x1, x2, x3}

Ixl, ®2, ¥3)

B-f1,7.5 2.5

{1, 7.5, 2.5}

Z=h.X-=B

[2H143 %2 -TH3, —3x1+x2 +5x3, 5x1+43x3) ==/1, 7.5, 2.5
Solve [%]

{i{xl+ -0.0664336, H2 +2.58042, x3 -0.244056} )

62,3, -1y, (-3, 1,5y, {5, 0, 3yy.0x1, x2, %3} - {1, 7.5, 2.5}
12%1+3®2 -7x3, -3 x1+¥2 +5%3, 5x1+3x3} =={1, 7.5, 2.5}
Solve [%]

(¥l -0.06E4336, k2 + 2.58042, ®3 - 0.044056) )

Puc. 9.11. Pemenue cucteMbl ypaBHEHUH MAaTPUUHBIM METOJOM

ManI/IqHLIﬁ MCTOX TTO3BOJIICT PCIIATE CUCTCMBI JINHEHBIX aJ'IFC6paI/IqCCKI/IX YpaBHC-
HUI B aHAUTUTHYECKOM BHJIE. TToxaxem 3Ty BO3MOXXHOCTEL Ha TIPUMEPC.

' Mpumep 9.11

HeobxommuMo permnTh MaTPHIHBIM METOIOM CIICAYIOIIYIO CHCTEMY YPaBHEHMI:
Xy +ayx, +asxy = b
bix; +byx, +byxy =0,
C1X) +CpXy +C3X5 =Dy

Peuenue npuBeneHo Ha puc. 9.12.

Kpome npupenenHoro cyuiecTByloT B cucreme Mathematica cneayroiue apa mar-
PHUYHBIX CTTOC00a PEIICHUST CHCTEM anreOpanieckrX YpaBHEHHIL.

O Cnocod 1. Onpenenenue BEKTOPa HEU3BECTHBIX X 110 POpMyJIe: X=A"B.

Ilpu 3TOM Omepanus yMHOXKEHMS 3aNUCLIBACTCsl (PyHKLHUEH Dot, a onepauusi UuH-
BEPTUPOBAHUs MaTpullbl A — (yHkuueil Inverse. Torna peuenue 3anucelBaeT-
Csl B CJIETYFOIIEM BHJIE:

X:=Dot[Inverse[A], B]
3 Cniocod 2. Tlpumenenne QyHkmn LinearSolve.

@yHKIMA LinearSolve 3alMCbIBAETCS B CAEAYIOLUEM BUJIE:
X:=LinearSolve[A, B]
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A ={fal, a2, a3}, {b1, b2, b3}, {c1, c2, c3}}
tial, a2, a3}, {bl, bz, B3}, {1, o2, o3t}
X ofxl, x2, x3)
Ikl ®2, €31
B - (b1, b2, b3}
b1, b2, b3y
Z=h.X:==B
faldl+a2x2 +a3x3, b1xl+hZx2 +03 K3, clxl +o2 X2 +03x3) == (b1, bZ, b3}
Solve[Z, {x1, x2, x3}]
-a3b?2hi+a?bh¥ +aib2c?-blhic?2-a2b2ci+hlh2cl

x1—-
{{ aib2cl-a?bh3cl-a3blc?2+alb3c?2+a?blc3i-alb2c3 ’

aiblb3-alb3?-a3b2cl+blbicl-b1* c3+alh2cl
x2 = -

ajb?2cl-a?hicl-a3blc?2+albic?2+a?blici-alh?cd ’

-a2blb3i+alb2b3i+a2b2cl-blb2cl+bl1?c2 -alh2c?
X3 =~ }}

aib2cl-a2hicl-a3bhlc2+alb3c2 +a2bhlic3-alh2c3

Puc. 9.12. Pemenne cuctembl ypaBHEHUIT B aHATUTUUECKOM BUIE

TlprBenem puMep perIeHnsT CHCTEMBI JIMHEHHEIX YpaBHEHHMH AByMST CMIOCOOaMH.

Mpumep 9.12

HeobOxonumo pemiuth 1ByMS MaTpUUHBIMU METOAAMU CIEAYIOLIYIO CUCTEMY JHUHEH-
HbIX YPABHEHUI:

ax, +2x, —3x; = b
=Tx,+cx, +xy=b,
Xy +x, +dxy = by

Pemrenue 3anaun npuseneHo Ha puc. 9.13.

9.2.8. OcoOble cny4yau pelueHus
cUcTeM ypaBHEHUHN

CucreMa ypaBHEHUH MOXXET MMETb YUCIO DPELICHUM, PAaBHOE UYMCILY HEU3BECTHBIX,
Takas CHCTEMa Ha3bIBacTCS cogmecmuoi. Ecmy aucio ypaBHeHWH GeCkOHETHO GOITh-
o€, TO CHCTEMY Ha3BIBAIOT coemecmuol u Heonpedeiennot. ECIM ke cictema He
VMECT HY OJHOTO PEUICHHS, TO €€ HA3BIBAIOT HECOBMECTHOM. PaccMOTpHM TIpHMEpHI
TaKWX CHCTEM.



278 naBa 9

A-{fa, 2, -3y, {-1,c,1}, {1,1,dn
{{=, 2, 3}, {-T, o 13, {1, 1, d)}

B ={hl, b2, h3}

(b1, bz, b3}

X =Dot[Inverse[a], Bl
b3 (2 +3c) b2 (_3_2d) bl(-1l.cd)

+ +
{23_a+3c+14d+acd 23_a+dc+lddracd 23_a+3c+14d+acd’
{21-a) b3 b1l{1l+17d) b2 {3 +ad)

+ +
23-a+Jc+1dd+acd 23-a+3c+1dd+acd 23—a+3c+14d+acd’
{2-a) b2 hil{-1-c) b3 {14 +ac)

+ +
23-a+Jc+1dd+acd 23-a+3c+1dd+acd 23—a+3c+14d+acd}

Simplify[%]
{h3(2+3c)_h2(3+2d) +bl{-l+cd) bl:3b2.:21h3_ah3d:Thld.ah2d

v

23:3c+1ddraf-1+cd) ’ 23-a+3c+1ddracd

-{-2+a)b2-b1{1+cC) + b3 (14+ac)

23, 3c+14dra(-1.+cd) }

X =LinearSolve[#&, B]

{ -b1-3b2+2b3+3b3c-2h2d+hicd bl+3b2+21h3-abi+Thid+ahb2d

r

23-a+3c+1dd+acd ! 23-a+3c+1dd+acd
-Th1+2h2-abh2+14b3-bhlc+abic

23-a+3c+1dd+acd }

uc. 9.13. Peenne cucTeMbl TMHEHHBIX yPABHEHMIT ABYMsI MATPUUHBIMHU CTIOCOOAMI
Puc. 9.13. P yp y! P 0

Mpumep 9.13

Tpebyercst pemUTE 1BE CIECAYIOIINE CUCTEMBl yPaBHEHHIA:

X +2x,—x; =1 X +2x, —x; =1
2x +4x, —2x; =2 2x +4x, —2x; =2
3%, 4+2x, +3x3 =5 3x,+6x, —3x; =3

Pemenne npuseneHo Ha puc. 9.14.

W3 puc. 9.14 BuaHO, UTO TIEpBas CHCTEMA YPaBHEHNI UMeeT pemeHne: x; =2 —2x;,
X, =—1/2+43/2 x5, T. e. uMeeT GECKOHEUHOE YMCII0 pelueHui (npu 1060M 3HAYECHUH
X5 ). Cucrema COBMECTHa, HO HE OTIpEJICTICHHA.

Bropas cuctema He uMEET HU OJHOTO PELLISHUSI — OHA HECOBMECTHA.

OTMCTI/IM, 910 B 000MX ciryvdasax TJIaBHBIA ONMpCHACTIUTCIIL CUCTCMBI PABCH HYJTIO.
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Solvel{x1+2x2-x3 =21, 2x1+4x2-2x3 =22, 3x1+2x2+3x3 ==0}, {1, x2, x3}]

{{x1—>2—2x3, x2—>—31 +3;3 }}

Solvep{xl+2x2_-x3--1, 2x1,.4x2_-2x3--2, 3x1.,6x2.,-Fx3}, {x1, x2, x3}]

Solvel[{xl +2 w2 -®3==1, Z Xl +4xZ -Zx3==2, 3xl+6x2 -3 3}, {xl, ®2, x3}]
Detpggl, 2, -1y, {2, 4, -2}, {3, 2, 31]

a

Det[f{1, 2, -1}, {2, 4, -2}, {3, 6, _3F})]

u]

Puc. 9.14. Pemienue cucreM ypaBHeHuii mpumepa 9.13

9.3. NMpumepbI AnNa camocToATENbHOrO
pelLueHus cucTeM ypaBHEHUH

IlpuBeneHHBIC Najice CHCTEMBI YPABHEHUH JUISl CAMOCTOSATEIIBHOTO PEILICHHS MTO3BOJISAT
yJamemycs Gosiee TIyboKO YCBOWTH METOJBI PEUICHUS anreOpantdeckux ypaBHEHHIA.
Hx Taxke MOXKHO UCTIONB30BATh ISt CAMOKOHTPOJIST U OLIEHOYHOTO KOHTPOJIS 3HAHUH

9.3.1. BapmaHTtbl cuctem
NUHEWHbIX anreépanyvyecknx ypaBHeHUMn
Pemmmts TIPUBCICHHLIC B Tabi. 9.1 cUCTEMEI ypaBHCHI/Iﬁ MAaTpUYIHbIM U APYTUMH MC-

ToAaMH, U3JIOKCHHBIMU B HACTOSIIEH TJIaBe. CpaBHI/ITB PE3YJLTATHI OTUX MCTOHOB,
YKa3aB uX TOCTOMHCTBA U HCIOCTATKHA.

9.3.2. BapmaHTbl cuctem
HeNMHEMNHbIX anredpanyvyecknx ypaBHeHUn

B ypaBHeHuax ¢ uyetHbiMu HOoMepamu (Tabu. 9.2), a takxe Ne 17 u 19, HauanbHbie
OPUOIKEHUS. JOJDKHBL ObITh ONpe/ieieHbl 0/1b30BaTe1eM. Tak Kak cucTremMa ypaBHe-
HUil BTOPOro NOpsiKa, TO 00JACTH HAYAIbHbIX NPUOIMKEHUH erko HalTH rpaduue-
CKHM CITOCOOOM.



naBa 9

280

L= mkw.ml mﬁ.N+ _kmA
m.ﬁ” m..x.m.~+ N.x.._w.._unT ﬁ.x.mo.0|
€9= %7y + X950 - 'xp7)

9'¢ = xg9+ xXep0— X170
€T—= Sy Srggt
' = 1T 1+ SXgg+ %679

01 6
1'7—= fx9°¢+ “xgco- 'x1€0— P9 T = xL'8— X80+ XL 0
16 = Sxpce+ Txg9+ X170 SLg—=tx/8T—xgg+ /19—

Th=Sxeor+ g - xgy g Te—= L0+ Sopg - YIT6 L
¢L—=fxgp+ e - g 9¢°¢ = fx/ g~ tx/8'0+ '%¢9°0
Tl-= 8¢ 17— Wge+ X101 - $8'CT=XLg0~ X9+ k[~

g¢c= Stz + “xgr0- w9 9 I'¢== %9+ x99 9—xg| L <
19 = fxprg— txpeg— ge §9—= fxg'| - “xpg g 'x¢g
96— = Xp9p— XTI+ 'X60°¢ 9'¢= XTIy = X9+ xT9T

0T = *x79¢— X0I- xS0 ¥ PI-= X9 L+ XGT T+ XTeT- ¢
76— = Sopgo— aprg+ gy Tl== L+ g - xg
TS=SxgL+ x4 %80 Tr= e gL+ T

89 = fxgg 0+ X9 0— 'x.9 z ['§="XCTH+ Xg0— 'x¢' 1

uuHIHARAA BWALOM)) | wL/u g\ uuHIHgRdA BWAOLOIUD) | /U g\

1°6 BNHIQE ],
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TTL= P8+ Sxgp - 'x9T -
9'1= X910~ Xz T+ Ny -

§y =", - X7+ %89
£'¢= apg - g+ lxgo-

pe—=xg0- Xy + Tl | 0t L'S—=Te+x¢z0- 98 | g1
8T = X'y + xg 0+ g TE= %9+ xg0+ 'xT0
€T = g0+ “xpy + X690 L0= X0~ xp'g+ N7y -
9¢=xL 1+ Txpg0— g9 81 81— = xgT+ xge0-"xT9 L1
9= L+ xprg— xggo ¥'S= X7 ¢+ Sopg)— 'x8E 0
€¢= Sz - g1+ %99 p'9=xgy - xgT I+ 'vgg
T11-= XL+ Txgg — lxg| 91 6'1= 5x19°0- “x¢1°0+ 'x9 ¢l
PST=SxLc+ CeT+ xpe) $9°0 = Xy 9 Lxpeo+ 'x9'g
7' = Xy + “xprg— ey - 8'¢- = "xpg - fxgL+ xe
Ig="xLe¢=xgp+ g7 | pp 8T= ¥y I+ apeT-%69 | ¢
1'¢— = fxge— Txgper0+ xgeo €8'0 = *x78'0+ “x8'9+ 'x90
¢1= &gy — Y- w9y I'l-= %60~ “x¢9-'xy
ST'T="xpg'1— “xcg 0+ 'xL'6 il TIT=%L'9=x90'1- X'l 1l
uuHIHARAA BWALOM)) | UL/u g\ uuHIHgRdA BWALOIU)) | /U g\

(anupRHOMO) [°G BTIHITQR ],
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0=678~tx+'x

B/ Ty 1
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4 9-F—¢
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0=p0— SXZTWSg+xguIsg

0=1'¢+ 'xg— x/x

0=¢-'xuptxg+ 0
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PeweHue

anddepeHuManbHbIX ypaBHEHUN

10.1. MeToan4yeckmne 3amMmevyaHus

B HACTOSAIIEH TJIaBE W3JIararoTcs JIUIIb KOMTIIBIOTCPHBIC TCXHOJIOTUU PCIICHUSA Z[I/I(})-

(epeHIaTEHEIX ypaBHEHWH B ciicTeme Mathematica.

Tepea u3yueHUEeM KOMIIbIOTEPHbIX TEXHOJOUI BeEChbMa [10J1€3HO BCIOMHUTb METO/1bl
U aAropuTMbl pelieHus quddepeHunanbHbIX ypaBHeHHH, 00paTuB BHUMAHUE Ha clie-

JYIOLIME METO/IbL:
O anamwTuveckue:
®  METOJ TIOC/IEIOBATENLHOTO U PEPSHIINPOBAHNS;
e  METOJ Heompe/eleHHbIX KO3 PUuuueHToB;
®  METOJ [OC/CA0BATEAbHBIX MPUOIIKEHHIA;
O uncnennwre:
e Diinepa;
e  YCOBEPIUEHCTBOBAHHBLIN MeTo] Dilnepa;
o Ditnepa—Koum ¢ nreparmonHoit 00paboTKoi pe3yTETATOR;
e Pyure—KyTThL

DTH METO/Ibl JOCTATOUHO NOAPOOHO U3n0XkeHbl B [16, 17, 18].

10.2. PeweHue andhepeHUManbHbIX
ypaBHeHuu B cpeae Mathematica

Cucrema Mathematica To3BOJISET pemarh B aHATUTHIECKOM W 9UCITCHHOM BHIC JTH-
HelfHBIe W HeNMMHEWHBIe nnddepeHnnansHEe YpaBHEHUS W CUCTEMEL. Permenne Mox-

HO I1OJIYYHUTh B 06H1€M 1 4aCTHOM BUIC.
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Pemenve nudepennyanbibIX ypaBHEHUM U CUCTEM OCYLIECTBISIETCS C IOMOLIBIO
BCTPOCHHBIX (pyHkImit. CrcTeMa Takke UMEST BHEITHIOW (hyHKIMIO RungeKutta W3
MaKkeTa PaciMpeHusl startup, PEalM3yIONIyI0 OIWH W3 Hamboiee PPEKTHBHBIX
YUCIIEHHBIX METOI0B — MeTox Pynre—KyTTEL

B nanHoii rnaBe npuBOAATCS BCTPOSHHbIE (DYHKLIMU CUCTEMbI, TEXHONIOIMU UX pealu-
3alliH, a TakKe TPAMEPHI pemeHusT T PepeHIaTbHbEIX YPaBHEHNH U CHCTEM pas-
JIUYHOTO BHIA.

10.2.1. AHanunTnyeckne metoabl

AHaTUTUYECKUE METONBI pereHus I depeHIMaTbHEIX YPaBHCHUM B CHCTEME
Mathematica peanu3yroTcst ¢ TOMOIIBIO CIICIYIONIMX MBYX BCTPOCHHBIX (PYHKIIHI:

DSolve[f, yI[x], %]
DSolve[{fy, f2, ...}, {vIxi], vIx], ...}, {Xi, %2, ...}]

PaccmoTtpum noapoOHO 3TU QyHKLIUU U NPUBEAEM IPUMEPHL.

O®yHk1Ms DSolve[f, y[x], x] OpeaHa3HaueHa AJs peuieHus AuddepeHInanbHo-
IO ypaBHCHHS f OTHOCWTEIEHO (YHKIIMH J(X) C apryMeHTOM x. DYHKIMS mdaeT 00-
Liee PelieHUe YPABHEHHUS ¢ MMOCTOSHHBIMU UHTETPUPOBAHUS, KOTOPble 0003HAUAKOTCS
cli].

JuddepenumansHoe ypaBHeHUE NPEACTABISETCS B IPOU3BONILHOM Buje. Hanpumep,
y'==2 x"2-1, y' -2 x"2==-1 UM y’' -2 x"2+1==0. ®yHKUMS [I03BOJISET peLIaTh
nuddepeHlinanbHOe ypaBHEHUE T000r0 NopsaaKa.

KomnblorepHas TexHoaorus petieHus auddepeHunanbHoro ypapHeHUs:

1. BBox ypaBHEHHMS £ C IPICBOCHHEM MY YHHKAIIBHOIO FIMEHH, HalpUMep .
2. Bgox BCTpoeHHOM (yHKIMM DSolve [f, y[x], x].

3. IonyueHue peuieHUa HaxkaThueM koMOuHaiuu kiasuil <Shift>+<Enter>.
MoxHo ypaBHeHUe £ OTJEeIbHO HE BBOAUTD,  BIUCATh €r0 B (PyHKIMIO DSolve.

IIpuBenem npuMepsL.

! Mpumep 10.1

Jaubl cnenyrouiye nuddepeHiimanbHble ypaBHeHUs:

y'=2x% +3x-1,
y'=2Inx+x-2,

y' =3 -x?+x-1.
Heobxomnmo onpenennts f(x) .

Pemenne ypaBHeHmii 0 OIMMCaHHO BBIIIE TEXHOIOTHH ITpUBENEHO Ha puc. 10.1.
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F=y'[x]==2x"2+3x-1
Vx] ==-1+3x+237

pSolve[F, ¥[x], X]

{{y[x] =+ =X+ 32)(2 + 23)(2 +C[1] }}

Dsolvely '[x] == 2 Loglx] + x- 2, y[x], x]

{{y[x] S A+ %E +C[1] +2 xLog[x]}}

DSolvely ' [x]1-3E~{-2x) +x"2-x+1==0, y[x]1, x]

{{y[x] -+ —% B —x+i; —x?z +C[1]}}

Puc. 10.1. Pemenue ypaBHenuii npumepa 10.1

W3 puc. 10.1 BHIHO, 9TO TIPH PEILICHUH NIEPBOTO YPABHEHHS €My ITPHCBOEHO MMS F U
OCYIIECTBIEH BBOJ BHe (yHKUUM DSolve. [Ipu pelieHuu BTOPOro ypaBHEHMS IO-
crejlHee BBEACHO HEMOCPEACTBEHHO B (pyHKUMIO DSolve. Ilpu pemeHuu Tperhero
YPaBHEHUS OHO HPECTABICHO B BUAE, OTIMUHOM OT NEPBBIX ABYX.

W3 mpumepa BUAHO, YTO nporpamMma Hauuia oluiee peleHue ¢ OPOU3BOILHBIMM MO-
CTOSIHHBIMM, a PCIICHHUE CBEJECHO K MPOCTOMY WHTETPHPOBAHHWIO TIPABOH HACTH ypas-
HEHUM.

Oyukuysg DSolve MO3BOMSET peliars AU(depeHIManbHble YPAaBHEHUS BLICOKOIO
nopsaKa.

Mpumep 10.2

HeobxomnMo pemmTs cneayromme ypaBHeHHsT:
Y"(x)=3x2 =2x+1,
Y"(x)= Y (%) =5py(x)+x7 -1
Pemenne npuseneHo Ha puc. 10.2.

W3 mpumepa 10.2 BugHO, 4TO MporpaMma JIETKO Halljla PEHICHHE B cllydae, Korza
HEM3BECTHOM siBsieTcs (PYHKIMS, BXO/AUIAs B YPABHEHUE MEPBOM U TPETbel Mpous-
BoaHOM. [1pw 3TOM perenne nomydeHo He B IBHOM BHAE. [ls ero npeodpazoBaHns B
SIBHOC TIPMMEHeHa QYHKIS N [%].

YacTHOe peweHue auccdepeHUnanbLHOro ypaBHeHUs

Ilpu pemwreHuy mpakTUYeCKUX 3a4ad 33Aal0TCs HavanbHLIMU ycnoBusiMH. Toraa
MOCTOSIHHBIE MHTErPUPOBAHMSL BBIYUC/SIOTCS MPOrpaMMOH, M pelleHMe He UMeEeT
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DSolve[y'''[x] ==3x"2_-2x+1, ¥[x], X]

4

{ix1 - x—; - % +:—; +CIL] +xClz] +x el b}

Fl=y'""[x] ==y '[x]1-5yIx]l+x"2-1
3 %] m=—1 4% - 5ylx] + ¥ [x]
DSolve[F1, ¥[x], X]

1
{{r[x] 5 (-23+10 5+ 2537) @ s li Al gy
125

eununr_[!-#lﬂlzl.zl cl2]+ eulaut[!-#l-wlzl .3] C[S]}}

H[ %]
[{¥Dx] 0,008 {-23." +10." %+ 25.° x°) + 2. T18281528459045 7 PIH ENNINIBANE 2 opy] 4

2_11“2“1328459045\(n.9sznanaznssnsn3'—1.3112aanun771zzr ile c2] +
2.113231328459045\(n.nsznauaznss?asu:'h.:uzdsnuu?nzza' A g C[S]}}

Puc. 10.2. Pemenue ypaBuenuii npumepa 10.2

ko3 puuuenToB C[i]. JIas momydeHUs] YACTHOTO PELIeHUS UCMOb3yeTcs (yHKIMs
DSolve, KOTOpas MPEACTABISIETCS TEMEPh B CIELYIONIEM BHIE:

DSolve[f(x, xo), vIx], %]

e

O f(x, %) — auddepeHunatbHOe yPaBHEHHE B COBOKYINHOCTH C HAyalbHbIMU
YCIOBHAMH,

O vy (x) — uckomas QyHKUMS;

O x — ue3aBucuMasg nepeMeHHas.

Hanpumep, ecmm  auddepentmancHoe  ypaBHEHHE WMEET BHML  y'' (%)=
xy' (x)+2.5y(x)-3.5, a HAYATEHBEIMU YCIIOBUSIMH ABIISIOTCA v (0) =1, y' (0)=0, TO
£(x,x0)={y" " [x]==x*y' [®]+2.5%y[x]-3.5,y[0]==1,y"' (0)==0}

PaceMoTpuM npumepbl 4acTHOro peiueHus auddepeHimanbHbIX ypaBHEHHH ¢ no-
MOIIBIO yHKIMK DSolve.

Mpumep 10.3

Heo6x0anMO PEInTh CIETYIOMNE YPABHEHHS:

O y'(x)=2Inx+x-2 npn HauamsHOM ycosun: y(0)=1;
O »y"(x)=3px)—e* +x-1 npu y(0)=1, y'(0)=0:

O y"(x)==5y(x)-1 mpu y()=y'()=»"(1)=0.

Peuenune npuseaeHo Ha puc. 10.3.
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DSolve[{y' [x]=:2 Loyg[x]+x-2,y[0]==1} ,¥ [x],x]

{{y[x] 42 (2-8x +3° +4xLog[x])}}

DSolve [{y' ' [x]=:3 ¥[x]1-E"{2 x}+x-1,¥[0]=:1,¥' [0]==0} ¥ [x],x]

{{]'[x] —)—(e"r-; ® [15-1 N T Y N B Y R R ET PCYTL NP x]]/
(18 (-2+47) (243 )}

Simplify [%]

{{Y[X]—)%e‘ﬁ“ (15-7 3+(15+?\f_] L A L R =T )

DSolve[{¥'''[x] ---5¥[x]-1, ¥[1]1--0, ¥ '[1] -0, ¥''[1]-- 0}, ¥[x], X]

stid f 3s'"? 1 . 2 517 1 1 . 2
* \e T cos[= V35 -3eF 7 “cos[— V35 4
2 2

Hvix - {e‘T -
gex s Cos[ I3 51”]Cos[ A3 50k ve sz” Sl]‘l[ 3 5”’] -

153

51(3 1 o 2
3¢ 3 +51”“s:'m[_ SEREE I
2

3 13

2e3 " “Sin[%*"’? 5‘”]5111[% 3 5”’x]u/{15 Cos[ 3 5”’] +

sn[; V3 51”]2”}}

Puc. 10.3. Pemenue ypasnenuii npumepa 10.3

PeweHune cuctem andrhepeHumanbHbIX yPpaBHEHU N
B aHafIUTMYECKOM BuUae

CrcteMbl Tu(PepeHIMATLEHBIX YPaBHCHUH B aHATUTHYSCKOM BUC PEIIAIOTCS TaKKe
C TIOMOTITEIO BCTPOCHHOM (DyHKITMM DSolve, KOTOpas B JaHHOM CITydac UMECT BHII:

DSolve[{fi, f2,...}, {vi(x), y2(x), ...}, x]
rac:

O f—i-e YpaBHCHHUC CUCTEMBI;

O yil[x] — i-€ HCKOMOE HEM3BECTHOE;

O x — nezasncumas TIepeMEHHAas.

IlpuBeaem nmpumep 3anucu GyHKUMHU DSolve Jis ciyvas pelieHus cuctem audde-
peHUMANBHLIX ypaBHeHuUH. IlycTh HEOOXOAUMO pPELIUTh CACAYIOULYIO CUCTEMY YpaB-
HEHWIA:
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x'()=y@®)+z(t)-1
V() =2x(t)-3z()+2
Z'(t)=x()+ y(6) +z(1).

Torna pyakmms DSolve OyIAET UIMETH BUI;

DSolve[{x' [t]l==y[t]l+z[t]-1, y' [t]==2 x[t]-3 z[t]+2, x[t]+yl[tl+z[t]},
{x[t], ylt]l, z[t]l}, tI]

Texnonorns pemicHusA CUCTEM I[I/I(fb(])epCHLH/IaJTLHLIX ypaBHCHI/Iﬁ TPAKTUYICCKU HC OT-
JUYACTCA OT TEXHOJIOI'MU PEIICHUA OJUHOYHBIX ypaBHCHMi/'I.

IlpuBeneM npuUMeEpH! PELICHNS CHCTEMBI YPABHEHHUI IO 3TOH TEXHOJIOTHU.

Mpumep 10.4

IlycTh HEO0XOIUMO PEILUTD CISAYIOULYIO cucTeMy U depeHIIHanbHbIX YPAaBHEHUIA:
x' ()= y(0)+2(1)
Y'(6) = x(t)+32(1)
2'(1) = x(O) + y(1).

Pewenune npuBeneHo Ha puc. 10.4. UToObl He NOBTOPSTHCA B AaibHEMIIEeM, MU MO-
Jly4€HUU YACTHOIO PELLEHUS BEKTOPY YPABHEHUI PUCBOSHO UMs £.

f-fx'[t] ==¥[t] +2[t], ¥'[t] ==x[t]+2t], 2'[t] --x[t]+ ¥[E]}
{2 [t] ==vle] +2lt], ¥ [t] == =[] + =[], &' [t] ===[c] +y[c]}
DSolve[f, {x[t], ¥[t], 2[t]}. t]

1 1 1

R R T e P R L R G R L S
1 1 1

¥ - — e (-Le e ")C[A + — e (242’ ") C[2]+ — 2" (-1+ 2" ) C[3],
3 3 3

1 1 1
z[t] w— e " [-1+e® ") Cl+— e ({-1+e* ") Cr2] + — e {2 + &’ ") C[3]
ST C L L PR R Lo R R L

Puc. 10.4. Pemienue 3axaun npumepa 10.4

U3 puc. 10.4 BuaHO, YTO pelieHME NOAYyHEHO B 0OUIeM BUJE, T. K. HauYalbHbIE YCI0-
BUs He ObLIY 3aaHbl.

TTosyanM dacTHOE pelIeHWE TIPH CIEAYIOIIMX HaYallbHBIX YCIOBUSX: x (0)=1,
vy (0)=z(0)=0. B 3ToM ciiyuae QyHKIMS DSolve TPEACTABUTCS TaK:

DSolve [{x' [t]==y[t]l+z(t), y'[t]l==x[t]l+z[t], z'[t]l==x[tl+y[t], x[0]==1,
y[0]==z[0]==0}, {x[t], yltl, z[tl}, t]
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a pelleHue Ha SKpaHe OyAeT UMETb BUJ;

Doolve[ (£, x(0] =1, 3{0] ==z[0] =0}, {x[t], 3[t]. =[t]}, t]

1 1 1
{{x[t] S wm ety ws] 2w -1+ FY, B[] & — m't(—l+m3tj}}
2 2 2

JlOCTOBEpHOCTE PEIIECHHST JIETKO TMPOBEPHUTH METOIOM TMOACTAHOBKWM ITONYYSHHBIX
3HaueHuil x(¢), y(f), z(f) B UCXOIHbIC YPABHECHUS CUCTEMbL.

Pemmm Terneps npakTHdeckyro 3aady.

Ilycts cucrema maccoBoro obcmyxwBanust (CMO) mpencrasiseT coboit 00BEKT ¢
OITHAM OOCITY)XMBAOIIM OPTaHOM. JTO MOXKET OBITEH XKENE3HONOpOXKHAs Kkacca, 6aH-
KOMar, MPOJOBOJIECTBEHHEII Tapek Om3HecMeHa u T. . [ToTok 3asBok Ha 06CTyX)WBa-
HUE (TTacCaXMPOB, TTOydaTeNei KaloBaHbs, MOKyMaTeaeH MPOIyKTOB NMUTaHUS) Xa-
PaKTEpU3yeTCs MHTEHCHBHOCTBIO TIOTOKA A, 8 0OCITy)KHBaHHE — WHTECHCHBHOCTEIO L.
HHTEeHCHBHOCTH A W1 L NIMEIOT pa3sMepHOCTE 1/1ac.

Bpewmst mocTytuieHHs 3asBKM Ha OOCTYKWBAHME W BpeMsl OOCTYKUBAHMS SBISIIOTCS
BEJIMYMHAMH CITydaiiHeIMA. TpeOyeTcs ONpeNeNnTs BEPOITHOCTH COCTOSIHUH CHCTe-
MBI p,(t) — BEPOATHOCTH TOTO, HTO B MOMEHT BPEMEHH [ 3aBOK HA 00CITyKWBaHUE
B CHCTEME HET, p,(f) — BEPOATHOCTH TOTO, YTO B MOMEHT BpemeHH ¢ CMO 3ansita
o0c1y)xuBaHueM 3asBKuU. IIpaKTuueckas BaXKHOCTb PELLEHUs OYEBUIHA.

W3 teopun maccoBoro oOCLyKUBaHUS M3BECTHO, YTO B JAHHOM Cjyvae (yHKLMOHU-

posaarie CMO MOXHO OMHCaTh CICAYIOMEH crucTeMoit au(pepeHIHANBHBIX ypaB-
HEHUH:

d )
PAD )+ up 0,
d

PO 1) - w0,

Bynem peuwarb oty cucreMy aup@epeHUUaNbHBIX YPABHEHUH [IPU CIESAYIOIUX Ha-
YallbHBIX YCIOBUAX: po(0)=1, p,(0)=0.

B namem ciyyae ¢yHkuus DSolve UMEET BUJL!

DSolve [ {po' [t]==-Aps [t]+pp;[t], Py’ [t]== Aps[t]l-ppi[t], py[0]==1,
p1[01==0}, {polt], pultl}, t]

Peutenue npuseneno na puc. 10.5. Jlns y100cTBa BBOAA U uTeHUs A, L 1 ¢ 0003HAUe-
HBI COOTBETCTBEHHO a, m U x. BHawaie mostyueHo ollee, a 3aTeM 4acTHOE PEIICHIe
[PU YCTAHOBJICHHbIX HAMM HayalbHbIX YCIOBUAX. [IpoBepeHa JOCTOBEPHOCTh pellie-
HUS U BBIIOJIHEH HEOOJIbILONM aHaIU3 Pe3y/1bTaTOB.

U3 puc. 10.5 BUIHO, YTO BBIPAXKCHUSA IS BepOHTHOCTCﬁ TIOJIYYICHBI B aHAJTMTHUYICCKOM
BUAE, YTO MNO3BOJLICT MMOYUUTh UX YHUCJICHHbIC 3HAYCHUS JJIA 1000ro ¢ IpU [IPOU3BOJIb-
HbIX 3HAYCHHUAX MHTCHCHBHOCTH II0TOKA 3a1BOK M HHTCHCUBHOCTHU 06Cﬂy)l(l/lBaHl/lﬂ.
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DSolve[{pd'[X] -- -ap0[x] +mpl[x],
Pl'[x] = apl[x] -mpl[x]}, {p0[x], p1[x]}, x]
fael=-o0e ., m)C[1] {-1+ @f-2-m0 2y mC[2]

Hrore - - .
a+m a+m
af-1l+ei==22yC[1] (a+ef==l+m)C[2]
PL[X] —- . }}
a+m a+m

DSolve[{p0'[x] - -ap0[x] + mpl[x], pl'[x]-- ap0[x] - mpl[x],
polo] =1, pilo] = 0}, {polx], pilxl}, =]

S E T o -1+ E 20
{{PU[K] +— P[]
a+m a+m
x:=0
Out[44]

{{p0[0] =+ 1, p1[0] - O3}

X :=Infinity
Out[44]

ael-*="1" L a (=1 + Bl ey
{{DU[OD] + ———————, pll=] 4—7}}
a+m S+

a:i=2; mi:=5 x:=Infinity
Out[55]

{{pot=1 g, pile] %}}
Limit [0ut[55]]

{{Limic[poga] - ; |, Limit[pile] » %]}}

Puc. 10.5. Pemenue 3agaun CMO

JIOTIOJTHUTENBHO BEIMHCIEHE 3HAUCHHUST p, W p, pn x=0 u x = . M3 pucyHka
BuaHO, uto mpu x=0 (mpucBoeHue x:=0) p,(0)=1. p,(0)=0. [loacranoska
OCYIICCTBIICHA B aHATMTHIECKOE BRIPAXEHNE, KOTOPOEC HAXOJHMTCS B CTPOKE Out [44]
B BUJIE OTBETA. Y CTAHOBUBILMECS 3HAYEHUSL po(0) U p,(o0) Takum cnocoOoM moiy-
YHUTH HE YAAIOCh. DTO OOBSICHICTCS TEM, YTO 3HAYCHHS CHMBOJIBHBIX TICPEMEHHBIX a
W m CUCTEME HEU3BECTHBI, a Npu a +m < 0 pewenus Het ( p,(0) = p, () =o). [Ipu
a> 0 u m> 0 pemenue cymecrsyer. Ecny, Hanpumep, a=2, m=35, To NIpA =
peteHue OyIeT TOMyYeHO KakK IyTEeM TMOACTAHOBKH, TaK M ITyTeM BBIYHCIICHHS Mpe-
JICIIOB BEIpAXKEHUN p((t) W p,(t) TIpu t > 0.
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Onuuun pyHkunu DSolve

@yHKIUSA DSolve UMEET JABE CIEAYIOUIUE ONLIUU:

D MaxSteps — MakKCHUMaJAbLHOC YUCJIO L1AroB HUHTEIrpupOBaHUs

D DSolveConstants — OTPCACIIACT TTOCTOAHHBIC UHTCTPUPOBAHUA.

Ilpu mpaktuyeckom peueHuu JuddepeHIManbHbIX YPABHEHUI 3TUMHU ONLMSAMU B
OOJIBIIMHCTBE CIIy4aeB MOJIB30BATLCS HE TPUXOIANTCS.

10.2.2. YnucneHHble MeTOAbI peLleHus
AnddepeHUmanbHbIX ypaBHEHUN

UncneHHble METOABI pemeHus muddepeHimanbHeX ypaBHeHnit B crcremMe Mathe-
matica pean3yIoTcst ¢ TTOMOIIBIO CIETYIOMNX ABYX BCTPOCHHBIX (DYHKIIMIH:

NDSolve[f, yI[x], {X, Xmin, Xmax}]

NDSolve[{fi, f2, ..., vi(%o), ya2(Xo),..-},

{yil=]l, ye[xl, ..}, {%, Zning Zraxl]
re:
O f— muddepennmansioe ypaBHEHNE W HATATBHBIE YCIOBHAS;
O £, — i-e ypasHeHue cucTeMBI MU (EPEHIMATEHBIX yPaBHEHNS;
O yix] — uckomas QyHKUMS;
O v.lx] — i-g ckomas PyHKuMsa cucTeMbl AU PepeHLUANbLHbIX YPABHEHUE;
O vy (x0) — i-€ HAYATBHOE YCIORHE;
O %uin, Xmx— MHHUMANBHOE W MaKCUMAJBHOE 3HAYECHWS HE3ABUCHMOMN Tiepe-
MEHHOIA;

O x — apryment uckomoii GpyHximm.

OyHKIMU YUCIEHHOTrO pelieHus auddepeHiuanbubX ypaBHEHUH U CUCTEM MMEIOT
onuUIo StartingStepSize, KOTOpas OmpejeseT BeJUYMHY HAYAILHOIO llara MH-
TerpupoBaHusl.

UKCIEHHbIE METOIbI Haubosiee 4acTo [PUMECHSAIOTCA B TEX ClIy4HasaX, KOrjla YpaBHCHUEC
B aHATUTHYECKOM BUJIIE CUCTEMOI HE pemractcda Uik BOBCC HC MMCCT aHAJIMTHYCCKOTO
pemicHus. TaxuMu aBJISIOTCS OOMBITUHCTBO HEIMHEHHBIX ypaBHCHHﬁ.

Jlanee MOAPOOHO M3TAralOTCs BCTPOCHHBIC (YHKIMH, CMOCOOBI WX peallM3alii 1
MPUBOASATCS TIPUMEPEI,

®yukuns NDSolve[f, y[x], {X, Xmin, Xmax}]

Ota Qyrkmms pemaer anddepeHnnansHoe YpaBHEHHE 1-TO TIOPSIIKA, BEITHUCISS HC-
KOMYI0 (PyHKIMIO y (x) B AWANa3oHe HE3aBWCHMON MEPEMEHHON X OT Xmin JO Xmax.
Perrenne MOXHO TIOYINTH B BAAE TaOTHIILT MITH Tpadika.
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TexHon0ruio peleHus 3a1a4y NoKaxeM Ha IpUMepe.

Mpumep 10.5

Ilycth HE00X01UMO peluTh crenytoulee TuddepeHiinaibLHoe ypaBHEeHUE:
Y@ —xp(x) =1

Mpy HavaneHEIX ychoBusx y(0)=1. Pemenne cieayeT MONy9InTs B TaONIUTHOM W
rpaduaeckom Buae B mranazone x ot 0 10 5 ¢ marowm 0.5.
Texnonoruss peuieHus AudQepeHlnanbHOr0 YpPaBHEHUS. € IOMOUIbIO  (PyHKLIMU
NDSolve COCTOWT M3 BHITIONHEHHUS CITEIYIOMMX OTIeparinii:
1. BBoa ¢yHkIMU NDSolve, KOTOpas B HallleM IpUMepe UMEET BU:

NDSolve[{y’ [x]==x y[x]+1l, y[0]l==1}, y[x], {x, 0, 5}]
2. ITlonayueHue pelieHUS MOyTeM OJHOBPEMEHHOro Haxarus knapuul <Shift>+

+<Enter>. PeuieHue OyaeT noayueHO B BuAe coOOLIeHHU Oe3 BbIBOJA CAMOL0 pe-
IIICHWS Ha DKpaH.

3. Bgox ¢yHKINM Table IS MONyUEeHNs pemicHUs B TabmmaHoi gopme. B namem
npuMepe 3Ta GYHKIHS OyIeT IMETE BU
Table[{x, y[x]/.Out[8]},{x, 0, 5, 0.5}]

3aech Out[8] — 3TO cTpoKa 8, B KOTOPOIl HaXOAUTCS pelieHue ypasHenus. Ot-
KITHKOM OyZIET BEKTOp, IPEICTABICHHEIH B BUIE CTPOKH.

4. BBox ¢yHKIMM TableForm[%] U TIONYYEHWS pEUICHUS B (opMe TabIHIIEL
OtxnmkoM OyzmeT GyHKIMS y(x), IpeACcTaBIeHHAs B BUC TaOIHIIBI.

5. Bwox ¢ywkmwm Plot[y[x]/.Out[8], {x, 0, 5}]. OTKIUKOM OyIET perre-
HUE B BUJIC TpauKa.

Pemenne 3amaun npuseneno Ha puc. 10.6. Bradasne npuBeIcHO pelIeHUE YPaBHCHUS
B QHAJIUTHYECKOM BHIIE.

PaccmarpuBaemas GyHKIHS MO3BOISIET pemaTh ANQpepeHIHATEHEIE YPABHEHHS BBI-
cokoro mopsaka. [Ipw 3TOM TEXHOJOTHS pemreHws ocTaeTcss mpexHeil. Heckomsko
KUHOHU OyayT TOJbKO QyHKIIMS NDSolve.

Mpumep 10.6

Heo0xonumo peiuts cnenyroiee AudppepeHyan»Hoe ypaBHEHUE:

Y7(x)=3x7 () = 259" (x) = p(x) =1
npy HadameHBIX yernosusx p(1)=1, y'(1)=y"(1)=0. Pemenne Toay9InTs B THara-

30HE x OT 0 710 3 ¢ marom (.5 Tpu MPENCTaBICHNH PEIICHUS B TaOJWMYHOM BUJC W B
nmuarnazone ot 0 10 2 — B TpaduIecKoM.

Pemenne npuseneHo Ha puc. 10.7.
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DSolwe[{y' [x]==x* ¥[x]+1,¥[01=-1},¥[x] .x]
-
{{y[x] —)im_l Zt+al Em Erf[i]]}}
-4 ‘-"{;

WDSolve[{y' [x]--¥[x]+1,¥[0]=-1} ,¥[x], {x,0,5}]
{{v[x]—>InterpolatingFunction[{{0.,5.}},<>1[x]1}}

Table[{x,v[=x]/.Out[E] },{x,0,5,0.5}]

A0, {1y 40,5, {2.29744 +, 1., {4.43656}3 },41.5,{7.9
BEIFH {2, 13,7781, (2.5, {25,385}, {3 ., {39,171}
F13.5,{65.2508} ) ,{4.,4105, 196} 3, {4.5,{179.034}} ,1{5
. {295.826} )}

TahleForm[ %]
o 1.

0.5 2.29744
1. 4, 43656
1.5 7.96337
2. 13.7781
2.5 23,365
3. 39.171
3.5 65,2308
4. 108. 196
4.5 179.034
5. 295. 526

Plot [¥ [x]/f.0ut [8] ,{x,0,5}]

300+

250

2001

150

100+

50 |

Puc. 10.6. Pemenue ypaBHenus npumepa 10.5
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HSolve[{y' ' '[x]--3 x"2 ¥''[x]+2 x

¥' [ +¥[x]+1,¥ [0 ==1,¥" [1]==¥' ' [1]-=-0},¥[x] ,{x,0,5}]
{¥[x]—=Interpolatingfunction[{{0. ,5. }},<>=][=]}}
Table[{x,¥[x] f.0ut[1]}, {x,0,3,0.5}]
{400, 736358443517843° 3} ,{0.5" {0, 96626266 74117316° 1},
{17,417 3 1.5 £1.083491246871599257 ) ),
{2, ,46.91346300495399" 3}, {2.5 ,{5233. 080815734498 1},
{3,702, 368089715606595 %81} }

TableForm[%]
0 0. 736355
0.5 0. 966263
1. 1.
1.5 1.08349
2. 6. 54345
2.5 5233.08
3. 2, 36809 » 10°

Plot [{¥[x]/.0ut[1]},{x,0,2}]

Puc. 10.7. Pemenue npumepa 10.6

q)yHKLIVlﬂ NDSOIVG[{f1, fz,---,Y1(Xo), Y2(Xo);---}; {y1[x]l yJX],---},

{X: Xmins Xma)J]

Ora ¢yHkuus peuiaer cucteMy auddepeHlnanbHbX YpaBHEHUN 1-ro MOpsiiKa, Bbl-
YUCISAS UCKOMBIE QYHKIMH v, (x), v2 (%), ... B ANANa30HE HE3aBUCHMO# MEPEMEHHOM
X OT Xmin 0 Xmax. PEIICHAE MOXKHO TIOJYIHTDH B BU/E TaONMIET VM TPAHKOB.

Texnonornto PCIICHUSA 3a1a9W TMOKAXKEM Ha IMpUMEepax.

' Mpumep 10.7

OyHKIMOHUPOBAHUE ABYXKAHAIBLHON CUCTEMbl MAacCCOBOIO OOCIIY)KUBAHUs C OTKa3a-
MU OMUCBHIBACTCA ClEAyIOlIel cucTeMoii AudpepeHluanbHbIX YPaBHEHUI:
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Po()==09p,()+2p,(?)
Pi6)=0.9py(t)=2.9p,()+4p, (1)
pa(t)=09p, ()~ 4p, ().

Heo0xoaumo onpeaenurs BEPOSTHOCTU COCTOSHUM cuUCTeMbl p,(t) . pi(t). p,(t) B

Teuenre 100 WacoB €¢ (YHKIIMOHWUPOBAHWS TIPH CIICAYIONINX HAYAIRHEIX YCIIOBHIX €€
pabotel: py(0)=1, p,(0)= p,(0)=0.Pemenne NoIyInTs B BHIE TAOINIL U TPAPHKOB.

B nanrom ciyuae GpyHKINS NDSolve OyAeT UIMETh BH:

NDSolve [{ po’ [t]=-0.9 poltl+2p:[t], p1’ [t]=0.9 polt]-2.9p:i[t]+4p:[t],
P2’ [£]=0.9p:[t]-4pz[t], pol0]=1, p:[0]=p.[0]1=0}, {polt]l, pultl, p2[tl},
{t, 0, 100}]

Pemrenne mpuseneno Ha puc. 10.8. Tabnwma npencrasnena B quamnazone ¢ ot 0 jo 1
¢ mrarom 0.1, a rpadmk — B nuanaszone ¢ ot 0 mo 3.

OTKIMKOM d)yHKLII/II/I NDSolve[{fi, £f2, ..., yilxdl, y2[xel, ...}, {yi1[x1,
valxl, ...}, {X, Xmin, Xmax}] B TAONMUTHOM ¥ Tpa)MICCKOM BHAE MOXKET OBITH
mo0as komOuHauus GpyHkuuii yv; [x]. [IpuBenem mpumep.

Mpumep 10.8

Heo0xonuMo pelutsb cneayroyto cucreMy AudpepeHinanbHbIX YpaBHEHUM:
X'()=y(0)z(t)+1
y'(0) =x()=(1)-1
Z'(t) = x()y(t)+1

npu HavanbHbIX ycaoBusax x(0)=1, y(0)=z(0)=0.

Pemenne mpencraBute mis GyHKIMH x(f) W COBOKYMHOCTH (pyHkmwmit x(¢), y(f),
z(¢) B BUAE TabaWIE B quamnazone ¢ ot O o 10 ¢ marom 1 u B BUIE Tpaduka B aua-
naszoue 7 ot 0 10 4.

Pemenne npuseneno Ha puc. 10.9.

HmetoT MecTo cirywan, koraa HeMMHEHHOE ypaBHEHUE BEICOKOTO TIOPsAKA HE peracT-
cs. B Takwx ciaydasx WHOIZA YAAETCs TIONYYIHTE OTBET, €CITM TIpeoOpa3oBaTh ypaBHe-
HUE BBICOKOIO IOPSAKA B CUCTEMY YPABHEHUI U MONBITATLCS €€ PELIUTL. DTO Mpeos-
pa3oBaHUE MOXKHO OCYIIECTBUTb METOAOM BBEASHUS HOBBIX MepeMeHHbIX. [IpuBenem
TIpUMED.

Mpumep 10.9

[lycTh HEOGXO0AMMO PEILUTH CIEIYIOLIEe YPABHeHUE:
V() =y 0+3y' () +3y(0)+1
npu HayanbHbIX yenosusax y(0)=1, y'(0)=»"(0)=0.
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HDSolve[{p0' [t]=:-0.9 pO[t]+2 pl[t],pl' [t]==0.9
pO[t]-2.9 pi[t]+d p2[t],p2' [t]—0.9 pi[t] -4

p2[t] ,p0O[0]--1,p1 [0]-p2[0]--0} {pO[t] ,p1[t] ,p2[t]},
{t,0,100}]

{{p0[t] +InterpolatingFunction({{0.,100.}}, <>][c] ,p
i[t] +InterpolatingFunct ion[{{0.,100.}},<=>] [£],p2 [t
]-+InterpolatingFunction[{{0., 100.3} ,<>][£] +}

Table [{t,{pO[t] p1[t] p2[t]}/.0ut[2]},{t,0,1,0.1}]

110, {11., =2.38559x 107?!, —6.03826x107 %111,
(0.1, {{0.921667, 0.0751894, 0.0031431311%,
{0.2, {{0.862132, 0.127936, 0.0058527711,
{0.3, {{0.581629, 0.166013, 0.0176963} 1),

{0.4, {{0.780636, 0.194028, O.025335601),

{0.5, {{0.752693, 0.215063, 0.0322435111,

{0.6, {{0.730668, 0.231105, 0.0382270 1),

{0.7, {{0.713235, 0.243459, 0.04327641 11,

(0.8, {{0.699393, 0.255141, 0.0474665 1%,

(0.9, {{0.688377, 0.260716, O.05000621 11,

(1., {{0.679598, 0.266694, 0.053708)1111

Tahl eF orm[ %]

1. -2.358559x10-*' -6.03826x 10-%¢
0.1 0.921667 0.0751594 0.00314313
0.2 0.862132 0.127986 0.00588277
0.3 0.51629 0.168013 0.0176963
0.4 0.780636 0.1940258 0.0253356
0.5 0.752693 0.215063 0.0322435
0.6 0.730665 0.231105 0,03327
0.7 0.713235 0.243489 0,0432764
0.4 0.6956593 0.253141 0.0474669
0.9 0. 6585377 0.260716 0.0509062
1 0.67955958 0.2666594 0.053708

Plot [{{pO[t]/.Out [2]} {p1[t]/.0ut[2]},{p2[t]/.0ut[2]}}, {t,0,3}]

0.5 1 1.5 2 2.5 3

Puc. 10.8. Pemenue 3anaun npumepa 10.7
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HDSolve [{x' [t]-=¥[t] =[t]+1,¥' [t]-==x[t] =[t]-
1,z'[t]1==x[t]
¥[t]1+1,x[0]==1,¥[0]--2[0]=-0% ,{x[t],¥[t] ,z[t]}.{t,0,10}]

{{x[t]=>InterpolatingFunction[{{0.,10. %}, ==] [t],v[t
]=InterpolatingPunction[{{0.,10. }}, <=1 [t], =[t]=In
terpolatingFunction[{{0.,10.}}, <>] [£]}}

Table[{t x[t]/.0ut[1]},{t,0,10,1}]

0,010y L, {1.87415 ), {2, {2. 64865} ,{3,{3.51215}},{4,
4.44004) }, {5, {5.3943} ), {0, {06.3033}}, {7, {7.34092} } , {5, {
G.32399})) ,{9,{9.31074}, {10, {10. 3001} }}

TahleForm[%]

.87415
64565
.5l413
-4004
L3543

L3633

L34052
32399
L3107
10,3001

WM -] om e L o O
W -1 ;mon e W R R

=
]

Table[{t, {x[t]/.0ut[1]}, {y[t]/.0ut[1]},{=[t]/.Out [1]}},{t 0,10
111

0,041 " ¥}, {{-1.9190590211230242 " *~-21} } ,
{1.9190590211230242° *~-213}}, {1,{{1.8741514974656315"}},
{-0.49068522651298985°}), {{D.40068522651298985° 1)},

{2,{{2.6486484555017222 "}, {{-0.42547935415814945"}},
{40.425479394 15514945 11}, {3, {{3.51417818237907E5" 1},
{{-0.3110725739861865" }}, {{0.31107257393615868 11},
{4, {{4.490044147411033 "} }, {{-0.2379557654813793"}},
{40.23759557654813793 7 ), 45,{{5.3942004833071637 1},
{§-0.19223107324893138 "}, {{0.19223107394503138 1} 1,
{16,{{6.363304792409019"} } , {{-0.16123653543792826" 11},
{40.16123653543792826" ), {7, {{7.3409172816185558"}},
{{-0.138845899977940115"} }, {{0.135545399977940115"}}},
{8, {{8.323985759675063 "1}, {{-0.121920466491173658" 1} ,
{40.12192046649117365° 11}, {9, {{9.310730518658653 "1},
{6-0.10867122095330521 "}, {{0.10867122095330521 11},
{10,{{10.30008763937424" }}, {{-0.09801933975192177"}1,
{{0.09501933975192177 1} 1}

Puc. 10.9. (HYacmo 1 uz 3) Pemenue 3anauu npumepa 10.8
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TahleForm[%]

57415
64565
.51415
-4004
.3543

L3633

L3405z
.32358
31074
10,3001

[Yu i T [ (R - i =
WM -] om N e W R R

fury
]

Table[{t, {x[t] 7/.Out[1]}, {¥[t]/F.0ut[1]},{=[t]/.Out [1] }} ., {t 0,10
131

(L0, ££1. " ¥}, {{-1.9190590211230212 *~-21}},
{1.9190590211230242° %2133}, {1,{{1.8741514974656315"}},
(-0.49068522651298985°1) , {{0.49068522651298985° )1},

{2,4{{2.64004584555017222 "}, {{-0.42547935415514045°}},
{40.425479394 155814945 11}, {3, {{3.514178182379075" 1},
{{-0.31107257359861865 1}, {{0.31107257359861865 11},
{4, {{4.440044147411033 "} }, {{-0.23795576548313793" }},
{40.2379557654813793 "k}, {5,4{{5.354299458330V163 }},
{{-0.19223107394893135"} 1, {{0.19223107394893138 }}},
{6, {{6.363304722405019"} } , {{-0.16123653 5437028267 1},
{40.161236535437928267 1), {7, {{7.34091728161588558 "},
{4{-0.13884599977940118 1, {{0.1358843599577540115" 1},
{8, {{8.323988759679063 "} 1, {{-0.12152046649117365" }},
{40.12192046645117365° 1} },{9,{{2.31073951868693 "} },
{{-0.10867122095330521 "}, {{0.10867122095330521 )},
{10,4{10.30005763937424" }}, {{-0.093019333973152177 1},
{{0.09301933975192177 1} 1}

TahleF orm[ %]

o 1. —-1.91906x 10-22 1.91906: 1022
1 1.87415 —0. 490685 0. 450655
Z Z.64865 —0.425473 0.425473
3 3.51418 -0.311073 0.311073
4 4.44004 —0.237356 0.237956
5 5.3843 —-0.192231 0.152231
3 6.3633 -0.161237 0.161237
7 7340592 -0.1355845 0. 138542
g g.32359 -0.12152 0.12192
9 9.31074 -0.108671 0.103671
10 10.3001 -0.0580153 0.0580153

Plot[{{x[t]/.Out[1]},{¥[t]/.Out[1]}, {=[t]/.0ut[1]}} {t,
0,4}]

Puc. 10.9. (Yacmo 2 u3 3)
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Puc. 10.9. (Yacmo 3 u3 3)

Peuienue HyxHO umets B auanasone ¢ ot 0 go 10. Oter cneayer nony4utsh B Tabd-
mraHo# gopme B amamazone ¢ ot 0 1o 2 ¢ marom 0.4. I'paduk y(¢) mpencraBuTs B
nuanasoue ¢ ot 0 1o 2.

IIpeoGpasyeM ypaBHEHME B CMCTEMY YPAaBHEHUM METOJ0M BBCACHMS IMEpEMEH-
ueIx. O6osmaunM: /() =z(f), z'(t) =w(¢) . Torga cucreMa ypasHeHH OyIeT UMETE
BUJI:

y'(t)=2z(t)

z'()=w(t)

w(t)y=w(t)+3z(t)+3y()+1.

Peuenune npumepa npureaeHo Ha puc. 10.10.

U3 puc. 10.10 BMIHO, YTO B JAHHOM Clyuae pelleHUE YPABHEHHUS HMEETCS, U OHO
COBIIAJAeT C PEICHUEM DKBUBAJICHTHON cucTeMbl ypaBHeHuii. Cieayer umerh B BU-
Ny, YTO OPEJCTABJICHUE YPABHEHMSI BHICOKOIO IOPSIKA B BUJC CUCTEMbl ypaBHEHUIA
MO3BOJISICT TIOJYYUTH B TAOMUIHOM U TpaduiaeckoM Brae GpyRKIHN z(f) U w(f), T. €.

nponsBonHEIe ¥'(f), ¥"(¢).

Cuctema Mathematica, kak u mo0asi gpyras cUcTeMa KOMIbIOTEPHOU anreOphl, He
SIBJISIETCS U/IeaIbHON B OTHOLUEHUU peuieHus JudpdepeHuualbHbIX ypaBHeHuid. [1o-
Jy4aeMoe pelleHue PeJKO KOrJa COBIAAeT ¢ OTBETOM, UMEIOLIMMCS B MaTeMaruye-
CKMX CIpaBoyHukax. He peaku ciyyau, Korja BCTpoeHHas (yHKUMS He JaeT pelie-
HUS MM OHO OIUMOOYHO, XOTS YpaBHEHME JOCTaTouHO npocroe. [lpuBeaem Takue
[pUMEPBL.
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HDSolve [{¥''' [t]=: ¥' '[t]+3 ¥' [t]1+3
¥[t1+1,¥[0]==1,¥' [0]==¥"'' [0]=-0},¥[t],{t,0,10}]

{iv[t] »InterpolatingFunction[{{0., 10.}} ,<>] [t]}+}
Table[{t w[t]/f.0ut[17]},{t,0,2,0.4}]

{0,{1. 4} ,{0.4,{1.04856}},{0.8,{1.47345}},{1.2,{3.10852
Ph,{1.6,48.18663) ) {2, {22.5947}} )

TahleForm[%]

u] 1.

0.4 1.045856
0.5 1.47345
1.2 3.10594
1.6 . 18663
Z. ZZ.947

WbSolve[{y' [t]:=z[t],z' [t]==w[t],w' [t]=w[t]+3 =z[t]+3
¥It]1+1,¥[0]=-1,z[0]==w[0]=:-0} ,{¥[t] z[t] ar[t]},.{t,0,10}]

{{v[t] »InterpolatingFunction[ {{0.,10.}},<>] [£] ;=[] =Int
erpolatingFunction[{{0.,10.}},<*][t],w[t] +Interpolating
Function[{{0.,10.} 3}, <>] [t] }}

Table[{t ,v[t]/.(ut[20]},{t,0,2,0.4}]

t40,{1.}},{0.4,{1.04856}},{0.8,{1.47345}},{1.2,{3.1
05943 ,{1.6,{8.18662},{2.,{22.947}}}

TahleForm[%]

u] 1.

0.4 1.04356
0.2 1.47345
1.2 3.10594
1.6 8.18662
2. 22.947

Plot [y[t]/.0ut [20],{t,0,2}]

Puc. 10.10. Peenue 3aanauu npumepa 10.9
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Mpumep 10.10

HYCTB HCO6XOI[I/IMO PCIIUTE CIICAYIONINEC YPABHCHUSA U CUCTCMBI ypaBHCHPIﬁZ

Y'(x) = —p(x)+ tgx:
y"(x) =—y(x)+4xsin x;

X'+ y'()y—tx(t)=t
X (O)+ Y (O +y(t) =t +2):

3z2(x)z'(x)—-2x=0.

DSolve[y' ' [x]+y[x]=-Tan[x] ¥ [x].,x]

{{y[x] 5oz Arc:Tanh’Tan’%” Cos[x] +C[1] Cos[x] +C[2] Sin[x]}}

DSolve [v'' [®]+¥[x]==4 x Sin[x] ,¥[=] x]
1

{{y[x] ~¢[1] Cos[x] + C[2] Sin[x] + — (-2 %’ Cos[x] +
2

Cos[x] Cos[?2 x] - 2xCo=s[2x] Sinlx] +
2 xCos[x] Sin[2 x] + Sin[x]Sin[2 x] )}}
Simplify [%]

{{y[x] - [%_ﬁ +C[1]| Cos[x] + (x+C[2]) Sin[x]}}

DSolve [{x' [£]1+¥' [t]1-t :[t]--t ' [t]+¥' [t]+¥[t]--t
(t+2) ,

#[0]--1,¥[0]=-0} , {x[t] ,¥ [t]}.t]

DSolve[{-tx[t]+X[L] +¥[t] =t, ¥[E1+ X [t]+ ¥ [t] ==t (2+t),
x[0] == 1, ¥[0] == 0}, {x[t], ¥[t]}, t]

HDSolve [{x' [t1+¥' [t]-t x[t]-=t x'[t]+¥' [t]+¥[t]--t
(t+2)

K[0]:-1,¥[0]=:0} ,{x[t] ,¥[t]},{t,-1,1}]
HDSolve[{-t X[t] +3'[t] + ¥'[t] =, ¥[t] + 3¢ [£] « Y'[t] =t {2413,
x[0] =1, ¥[0] == 0}, {x[t], ¥[t1}, {t, -1,1}]

DSolve[3 z[x]"2 =' [x]-2 ===0,z[x],x]

[Mz(x] » o2+ 301N, [zZ1%] = (- D2 f «3CINYE), [zx) =+ (-1 2 o +3 011 V3]

Puc. 10.11. Pemenue 3aaau npumepa 10.10
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CucreMy ypaBHEHUH PEIUMTh aHAIUTUYECKUM W YMCICHHBIM METOJAMU [IPU Havallb-
Hbix ycnoBuax x(0)=1, y(0)=0 B nuanazone x ot —1 jo 1.

Peuenue ypaBuenuii npuseneHo na puc. 10.11.

TIpOKOMMEHTUPYEM [0/1y4EHHbIE PEeLLISHUSL.

Pemenns TICPBOTO U BTOPOTO ypaBHCHI/Iﬁ ABJIAIOTCA BCPHBIMHU, HO HE COBITAAAOT CO
CIIPABOYHbIMU JTAaHHBIMHU, B KOTOPBIX IPUBOJAATCA CIACAYIOLIUE OTBETHI:

Y(x) = ¢, cosx+ ¢, sin x — cos x In(tg(n/4 + x/2)),

y(x) = ¢, cosx + ¢, sinx + x(sin x — x cos x).

TTomydeHHBIe peMICHUST MOKHO CYIECTBCHHO YIMPOCTUTH C TTOMOIIRIO (DYHKITMH
Simplify[%].

Pemenne cuctemnr ypaBHCHI/Iﬁ HC TOJMYYUYCHO HH AQHAIUTHUYCCKUM, HU YUCJIICHHBIM
MCTOAaMU, XOTA TAKOC PCHICHUC CYIICCTBYCT.

WHTEpECHBIM SBJISETCS OTBET PCHICHUS TPETHEr0 YPaBHEHWS — TP PAaBHOIICHHBIX
pesynerara.

Tlpn pemennn ardpepeHIMATEHEIX YPaBHEHMH YHCICHHBIMH METOaMH MOTYT BO3-
HHUKaTh HEMOMYCTUMO OOJBITHE OMMOKW 33 CUET METOAWIESCKUX OUIMOOK M OUIMOOK
BEIOOpA IIara WHTETpUpOBaHws. Beerna Heo6X0MMMOo MMOMHHTB, UTO TTPH KOMTIBIOTEP-
HBIX TEXHOJIOTHSIX peIeHns TuhpepeHIMaTBHEIX YpaBHEHUH HE0OX0oaMMa TTpoBepKa
JOCTOBEPHOCTHU IOLy4EHHBIX PE3YIbTATOB.



rmABa 11

Komnmeeprle TeXHOJ1I0Or'mum
BblYUCJIEHUA UHTerpanoB

B cucreme Mathematica peanu3oBaHbl aHATUTUYECKUE U YUCIACHHbIE METOJbL Bbl-
YUCIEHUS UHTErPalloB.

Bemmcnstores HCOTIPCACIICHHLIC U OTIPCACIICHHBIC, KPATHBIC U HECOOCTBCHHBIC WHTE-
rpaJibl, UHTECTPaJibl MHOTUX TICPCMCHHLBIX. an/I OTOM TICPECMCHHBIMU UHTCTPUPOBAHUS
MOTYT OBITH Hucjia, CUMBOJIBHBIC TICPEMCHHLBIC U JAXKC (])yHKLH/H/I. C TIOMOIIBIO OJTHOU
BCTpOCHHOﬁ (])yHKLH/H/I MOXHO OAHOBPCMCHHO BBIYUCIHUTH HWHTETpAl OT MHOTUX

(yHKIMiA.

PaCCMOTpI/IM TCXHOJIOTHIO BBIMHUCJICHUS UHTCTPAJIOB IJTT BCEX TMCPCHUCIICHHBIX CITYJacB.

11.1. AHanuTUYeckKkmne metoabl
BbIYMCJIEHUA UHTErpanos

HuTerpan B aHaTUTHIECKOM BHAE BBITHCISIETCS C TOMOIIBIO CIEMYIONINX BCTPOCH-
HbIX (DYHKIMIA:

a Integrate[f(x),x] — BBEUUCISACT HCOMPEACTCHHBIM WHTErpan (PYHKIIH
£ (x) TIO apryMEHTy x. OTKIIMKOM IBISICTCS TIEpBOOOpasHasd F (x) B aHAJMTHUC-
CKOM BHJIC;

a Integrate[f(x), %, {X, ZXu, Xx}] — BbBIYUCISIET OHpeﬂeﬂeHHbll‘/'l MHTErpan

(yHKIMU £ (%) [0 NEPEMEHHON X C HUXKHUM X, U BEPXHUM X, OpeesaMu UHTEr-
pupoBanvs. [lpenenaMn WHTETPUPOBAHUS MOTYT OBITH CHMBOJBHEIC TICPEMCH-
HEBIC, 9UCHa U Jaxe QyHKIHU. OTKIAKOM SBISETCS BRIpAKCHIE WHTETpalla B aHa-
JIMTUYECKOM BUJIC;

a Integrate[f(x, v,...), {%, Xu, X}, {Y, Vur VY=, .-.-.}] — BBIUUCIACT
OTPEACIIEHHBIA MHTETPA MHOTHX NIEPEMEHHBIX X, V, ... C TIPEACIIAMA WHTETPUPO-
BAHUS Xy, Xy Vs Vi - OTKIMKOM SIBIISIETCS aHATMTUYECKOE BBIpaXKEHHUE TIEPBO-
00pa3HOoil OT MHOTUX NEPEMEHHBIX.
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TexHonOrus BLIYMCACHUS UHTErpajla UCKIYUTECIABHO [POCTa U COCTOUT B Clle-
JYIOUICM:

1. BBox ¢ xmaBHaTypsI TOABIHTETpATEHOM GYyHKIMK ¢ IPHCBOCHHEM €i1 YHHUKATEHO-
r0 UIMEHHU.

2. BBiox BcTpoeHHOM (DyHKIMWM Integrate ¢ TPEOYEMBIMH TTApaMETPaMH.

3. ITlonyueHue peuieHus HaxatueMm knasuiln <Shift>+<Enter>— Ha skpaHe 3Haue-
HUE UHTerpaja.

Ilpumepsl BpluMCaEHUS UHTErPAIOB NpuBeaeHsl HA puc. 11.1. Bouucasiores unrer-
panbl:

b b
[& L ,jz”dx, [+ 25y +4x%y% )dxdy
bx+1 X

a a

fl:={arx-1) f{b+x+1)
Integrate[f1, x]

ax (—a-hb) Log[l +k =]
B e
£2:=(2+x)fx

Integrate[f2, {x, a, b}]

-a+ b -2 Loglal + £Loglhk]
£3:=14+2vXny+dnx"2ny"2
Integrate[f3, {x, a, b}, {¥.a, b}]

., a? 4af a7k K% 4LF

a2+ — + —Zab+bf-a®h® - ——
2 Q Q 2 Q

Puc. 11.1. TIpumepsl BHIUUCIEHUS] UHTETPATIOB B AHATUTHYECKOM BUJIE

ToabiHTerpanbHy0 (YHKUMIO MOKHO Ha 3KpaH HE BbIBOJWTb, a NPEJCTABIATH €€
HEMOCPEACTBEHHO BO BCTPOCHHOM (pyHKIIMU. DTOT ciyyail mokazaH Ha puc. 11.2.

W3z puc. 11.1 n 11.2 BUaHO, UTO pemIEHNs NP Pa3IMIHEIX criocobax BBoAA GYHKIMH
£ (x) COBIAQJAIOT.

B mpeaplayumux mpuMepax mnpejeiaMu UHTErPUPOBAHMS ObLIM CUMBOJIbHBIE IHEpe-
MeHHBIE a 1 b. Ha puc. 11.3 mokaszano BEMHCICHHE WHTETPATOB TeX e QYHKINI B
clydae, KOLJa NpPeAe]aMu UHTEIPUPOBAHUS SBIAIOTCS 4UCHA: x.=1, x.=5, v.=0,
v«=10.

W3 puc. 11.3 BuaHO, 9TO B JTAHHOM CIydac MOJTYHYEHB! 3HAYCHUS MHTETPANoOB B aHa-
JUTUYECKOM BU/IE (B BU/IE TOUHbIX PEILECHU). 3HAUCHUS UHTErPaloB B €CTECTBEHHOM
(opMe momyueHbl ¢ IOMOLIBIO (PYHKIUU N (%) .
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Integrate[{ax- 1} f{bx+ 1}, x]
ax [-a-b) Log[l +kbx]

b hZ
Integrate[{2+x)/x, {x, a, h}]

—a+h-ZLoglal + ZLog[hk]
Integrate[1+2xy+4x"2y"2, {x, a, b}, {yv.a, b}l
. a* 4af ga*k® h* 4k

~Z2ab+bf-a®ht +—
z 9 9 z 9

Puc. 11.2. Boluucnenue uHTerpanoB npu Beoje £ (x)
BO BCTPOCHHYIO (pyHKLIMIO Integrate

Integrate[{2+x) fx, {x, 1, 5}]
2 (2 +Togl[a3])

H[*]

7.215858

Integrate[1l+2xy+4x"2¥"2, fx, 1, 5}, {¥, 0, 10}]
207160
=

HI%]
Se35l.1

Puc. 11.3. Bounucnenie MHTErpanoB Npy YUCAEHHBIX 3HAUCHUSIX
HpeeiOB MHTETPHUPOBAHHS

Ha puc. 10.4 npuBeneH ciyyail BEIYMCACHUS UHTErpaia, KOrJa nNpeaeiaMyu UHTerpu-
poBaHus SIBJISIIOTCS (byHKul/ll/l: x,=Logl[a], x.=Log[b], X,=5in[0.5],
x.=Cos[0.5].

Integrate [{2+x) fx, {x, Log[a], Log[bh]}]
~Log(a] + Loglh] -2 Log[Log(al] + < Log[Log [kl ]
Integrate[{2+x}/ x, {x, Sin[0.5], Cos[0.3]}]

1.60732

Puc. 11.4. BeruucieHue onpeaeieHHOro MHTerpaia
¢ MpezieaMy HHTErPUPOBAHUS B BUAE (DYHKLIMI

W3 puc. 11.4 Buano, uto cucrema Mathematica Bbliana 3HaYeHUE OMNPENEIEHHOTO
WHTErpajia B aHaJIUTUYECKOM W YMCICHHOM Buje. [Ipy 5TOM OTBET B UMCIICHHOM BUJIC



KOMI'lbIOTeprIe TeXHOJTIOMMu BbIMUCTIeHUA UHTerpanos 307

[pe/CTaBlIeH B €CTECTBEHHOW (opme. DTO 00bscHAETCS TeM, 4YTO (PYHKUMU
Sin[0.5] W Cos[0.5] TOYHBIX 3HAYCHNAN HE NMEIOT.

11.2. YncneHHble meToabl
BbIYMCJIEHUA UHTErpanos

Brmmcnenne nATETpaNa B 9MCICHAOM BHIE HEOOXOANMO B CIEAYIONIMX CIIydasX:
O neppooGpasHas HE BLIPAKAETCA YEPES DIEMEHTAPHbIE (PyHKIMM;

O noapuTerpanshas GpyHKIMS 33/1aHa B BUE TAOIMIIbL,

O anammTrveckoe BEIPAKEHAE TIEPBOOOPAZHOH CITMITKOM CIOXKHO.

B kauectBe npumepa Ha puc. 10.5 npuBeaeHbl BHIYUCICHUS HEONPEASNISHHbIX U OIl-
1

PEJICICHHBIX MHTerpanoB OT QyHKumii: y(x)=x%e® u y(x)=x" "
WHTErPUPOBaHUS BUIHBI U3 puc. 11.5.

X

. Ilpeaenst

Integrate[x" {1/ x) »Exp[x], x]

x X
J[B ®xx dx

HIntegrate[x" {1/ x) ~Exp[x], {x, 1, 53}]1
204,435
Integrate [z 20 Exp[- x], x]
Integrate [X"20 *Exp[-x],x]
Integrate [x"20 *Exp[-x],x]
e™ (—24329020081’?6640000 -243290200817664 0000 X -
1216451004088320000 x° - 4054 83668029440000 x° -
101370917007360000 x* - 20274183401472000 x° —
3379030566912000 x° - 4827 18652416000 x° -
60339831552000 x° - 6704425726000 x° - 670442572800 x*° -
60949324800 %" - 5079110400 X - 390700500 - -

27907200 x™ - 1860480 x - 116280x™ - 6840 x*
-380 x° - 20x” - %)

HIntegrate[x*20Exp[-x], {x, 1, 2}]

14860.3

Puc. 11.5. Bpl4uC/i€HHE HHTETPAJIOB AHAJIMTUYECKUM U YUCIICHHBIM METOI0M

W3 puc. 11.5 BuaHO, 4TO TEPBBI MHTErpasl OKaszajics HeOepylUMes, a BTOPOH —
CITMIIITKOM CITOXKHBIM JUTS JalbHEHWIINX pacyeToB W TPYAHO OOBSICHUMBIM. Mexmy
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TEM, BBIYMCICHUS MHTEIPAIOB UYMCICHHLIMM METOJAMU C IMOMOLILIO  (yHKIMK
NIntegrate BBIOIHCHO 63 KaKMX-THOO 3aTpyAHCHHHA.

CyliecTByeT psii cnocobOB YMCACHHOIO UHTEerpupoBaHus. Bo Beex Takux crnocodax
BbIUMC/ICHUE OCYLIECTBISIECTCS 110 NPUOMKEHHBIM (POpPMYysiaM, HA3blBAEMbIM KGAO-
pamypreiviy. Hauboliee 4acTo UCIO/b3YIOTCS CIEAYIOIUE KBAPaTYPHbIE (POPMYIIbL

O upsAMOYroabHUKOB;
O tpaneunii;
O napabou;
O seicero nopsiaka.

B Hacrosmeli rnaBe NpuBOASTCS JMIIb KOMIILIOTEPHbBIE TEXHOJOIMH BbIMUCICHUS
WHTETPAJIOB YHMCICHHBIMA METOIaMH B crcteMe Mathematica.

11.3. TexHonorna BblYNCIIEHNUA UHTErpanos
YUCIEHHbIMN MeTo4aMU

B cucreme Mathematica yucIeHHOE UHTErpUPOBAHUE OCYLIECTBISAETCA C MOMOLIBIO
(yHKIIMM NIntegrate, KOTOpas UMEET BUJ:

NIntegrate (f(x), {X, Xu, X})

rue:

O f(x) — noaviTerpanbhas QyHKIus ;

O x — aprymeHT noabIHTErpanbHOM (yHKIMH;

O x., %, — HWKHUH ¥ BEPXHUIT PENE/IbI UHTETPUPOBAHMUS.

TexHoaorus BoIYUCICHUS UHTErpaja ¢ NIoOMOULbIO (byHKlll/ll/l NIntegrate HE OT/1MYA-
€TCs OT TEXHOJIOTUU BbIYUCICHUS OIPEACICHHOIO UHTEIrpajla B aHAIUTUYCCKOM BU-
Je. anZ[CHaMI/I HUHTCTPUPOBAHUS TTO-TIPCKHEMY MOTYT OBITH YKCHTA U beHKLII/H/I.

£i={x-1)/{x+1) »Exp[x] + Log[x" 2]
HIntegrate[f, {x, 1, 10}]

17588.4

F[x] : = HIntegrate[£, {x, 1, 10}]

F[x]

17588 .4

HIntegrate[{x- 1) f{x+ 1) Exp[x] + Log[x"2], {x, 1, 10}]
17588.4

Hintegrate[{x- 1) f{x+ 1) Exp[x] +Log[x"2], {x, Log[2], Exp[1. 2]}]

13.8735

Puc. 11.6. [Ipumep BbIUMCIEHHS HHTETPAIa YUCTEHHBIMU METOJAMU
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TIprMeps! 4HCIEHHOTO HHTETPUPOBAaHNs TIPUBEICHE! Ha pHc. 11.6.
Ha puc. 10.6 oxazansl 4eThIpe CrIoco0a BEIYUCICHUS OTPENESIEHHOTO HHTErpaia:
O noapTerpanbHoi GpyHKIMY NPUCBOSHO UMS £}

UM [IPUCBOEHO BCTPOSHHOMN (PyHKIMU NIntegrate;

a
O nprceoeHve nMeHN (PYHKIHI OTCYTCTBYET;
a

npeaciaM MHTCTPUPOBAHUNS ABJIAIOTCA YNCIIa U beHKLII/H/I In2 n el'z .

11.4. U\cnonb3oBaHue cuMBOna
uuTerpana (J)

Cuncrema Mathematica TIO3BONSET BEIMHCIATE HEONPEACICHHBIE W ONPEICICHHBIE
VHTErpaJibl aHAJIWTHYECKUMH W YUCICHHBIMH METONAMH, HCIIOJNB3Ysl MaTeMaTHye-
CKUH CUMBOJI MHTEIpaia B OJHOM M3 CIIEYIOIMX BUIOB!

[m]
J-Elﬂllj ; J- odo
[m]

nCpBHﬁ TIPUMCHACTCS TIPpHU BBIMUCJICHUH HCOIMPCACICHHOTO WHTETpalia, BTOpOﬁ—
TIPpU BBIMUCJICHUHA OMPCACIICHHOTO.

TexHonorns BEMUCTCHAS HUHTCIpaia COCTOUT B CJICAYIOIICM:

1. BbIBoA Ha 3KpaH NUKTOrpaMMbl UHTerpana ¢ nomoilupio MeHio File | Palettes |
BasicInput (®Paiin | [lanutpsl | OcHOBHOL BBOJ).

2. BBox B TONS MUKTOTPAMMBI BBIpaXXCHWH TTOABIHTETpANBHON (YHKIMW, 3HaKa
nuddepeHIMpOBaHUS U NPEAEIOB HHTEIPUPOBAHUSL.

3. Tlomyuenme pemenus HaxkatneM kiaBuin <Shift>+<Enter> — na skpane 3Have-
HUE VHTErpaa.

IIpoueaypbl BblYMCIEHUS MHTEIPAIOB € IOMOILBLIO CUMBO/A UHTErpaia [pPUBEICHb
Ha puc. 11.7.

W3 puc. 11.7 BuAHO, 4YTO mpuU UCHOJb30BAaHUM MUKTOrpaMM Mathematica BbliaeT
pelleHye B aHanuTuyeckoM Buje. s NojlyueHus OTBETa B BUJIE YUC/Ia HEOOX0AUMO
JIOTIONTHUTENIFHO WICTIONB30BaTh KOMAHIy N([%] WIM TIEped TIMKTOTPaMMOM BBECTH
CUMBOJ N.

11.5. BbluncneHue KpaTHbIX UHTErparnosn

Boluncnenue kpaTHbIX MHTErpaioB B cucTeMe Mathematica ocyliecTBiseTcs: myTeM
MHOTOKpPAaTHOTO TIpUMEHEHWs (YHKIMM Integrate TIPW AHATUTHYECKOM WM
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I(ax—l)f(hx+ 1) dx
ax (—a-b) Log[l +b=]

— +

b hZ
Y
-[ {2 +x)/fxdx

-8+ b -2 Log[a] + 2Log(b]

fx“ {-1/7x) Exp[x] dx

E
-1
J e % fol:il:-:
1

H[%]
103.896
pli]
N[_[ ((x-1) 7 (x+ 1) Exp[x] +x + 1) dx]
17618.8
os[0.5]

{2+x) /fxdx
in[0.5]

1.60732

J:Exp [-2x]dx

1 1
- +
2et  Zgl

N[fExp[—2 x] dx]

0.0385058

Puc. 11.7. BoluucneHue HHTETPAIOB € UCTOIB30BAHUEM MUKTOTPAMM

NIntegrate TpW YHCICHHOM WHTErpUpoBaHWH. BmecTo 3Thx yHKIMit MOXHO ¥ic-

[0J1b30BaTh UX MUKTOIPAMMBL.

Ha pwuc. 11.8 npuBeneHs! MpUMeEpsl BEIMHACIEHNS KPATHBIX WATETPANOB OT (YHKIMH
x—1

I (x)=—1. PaccMoTpeHsl citydan ABYKpaTHOTO HEOMPENeNICHHOTO WHTErpana ¢

X+

[IpUMEHEHUEM BCTPOCHHOM (pyHKLIUU Integrate U €€ MUKTOrPAMMBIL, TPEXKPATHOIO

ONpPEAENCHHOIO MHTErpaia MpU pa3MyHbIX BapUaHTaxX MpeAeioB UHTErPUPOBAHUS

(puc. 11.8):

(O cUMBOJILHLIX EPEMEHHBIX OT a 0 b;

D HUCJICHHLIX 3HAYCHUAX TMTPCIACIIOB HHTCTPUPOBAHUS OT 0 a0 2;

3 npeznenos HHTErPUPOBAHHNS, 3aNAHHBIX GyHKIMAMK: In2 u ' .
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Integrate[Integrate[{x- 1) f{x+ 1), x], {x, a, b}]

1
z (-4a-a5+4b+b%+4Tog[l+a] +4alogil+a)l —4Tog[l+b] -4k Tog[l «b])

J::[(x -1} f{x+ 1) dxdx

1
- (—4a—az+4b+b2+4LDg[1+a] +daTog[l+a) -4Tog[l+b] - 4b Log[l +b])

J; Jj(x S {x+ 1) dxdxdx

E (-6 a-— Qa —a +6b+9b +b + BLog[l+a] +
1Z aLogll+a] + EaZLDg[1+a] -b6Log[l+hb] -12khLog[l +hb] —EbZLDg[1+b])
-LQJ‘J‘(}{— 1 {x+1ydxdxdx
1
3 (28 -27Log[3])

H[%]
-0.554177

Exp[L.2]
J’: Ij(x—l) fix+ 1D dxdxdx
og[2]

-1.31499

Puc. 11.8. BoluncneHnue KpaTHbIX UHTETPATIoOB

11.6. BbluucneHuve
HeCOOCTBEHHbIX UHTEerpasnoB

Cuctema Mathematica no3BosseT BbIUUCSThL MUHTErpajibl ¢ OSCKOHEYHBIMU Mpee-
mamw. [Tpu 3TOM WCTIONME3YIOTCS TE k€ (BYHKIMW W TEXHOJIOTHH, UTO U B CITyTac BBI-
YUCIICHNST MHTETPANIOB ¢ KOHEYHBIMHA TIpeieiaMi. 3HaueHHe OECKOHETHOCTH 0003Ha-

qaeTcsl THOO CHMBOJIOM ¢0, JINOO CJTIOBOM Infinity.
TIprmepb! BEIMUCTEHHS HECOOCTBEHHBIX MHTETPAOB MPUBEACHE! Ha prc. 11.9.
H3 puc. 11.9 MoxkHO caenars ClieIytonye BEIBOIBL.

(J Peenue HECOOCTBEHHOTO MHTETpANA MOIYYAEM B AHATMTHUECKOM BUgE. [lns
MOy "ICHNS YUCICHHOTO 3HAYCHHs MHTETpaNa MpUMEHseTesS KoMaHaa N([%] uin
CHMBOJI YWCJICHHOTO WHTETPHPOBAHMS N, KOTOPBII CTaBUTCS TIEpEl CHMBOJIOM
wrTerpana (J).

O Boipaskenue neppooOpasHold (QYHKUMU B AHAIMTHYECKOM BMIAE MOKET ObITh
cnoxkHpIM. [l ero ynpolueHus CIOeAyeT BOCHOJb30BaThCad  (DYHKLMSIMU
Simplify, Expand, Factor WA WX TNPOTOTUIIAMH, KaK 3TO TOKa3aHO Ha

x+1
puc. 11.9 npu BelYMCACHUM MHTErpana oT PYHKIUU —
x +1
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) Ecnmm waTeTpan He WMeET MepBOOOPA3HON, TO OTKIMKOM OYIET WCXOIHOE BHIPA-
JKEHUE MHTerpaa.

fs:i.n[x] Fxdx

ELy

2

f(Sin.h[x] +Cosh[x]) /Exp[x" 2] dx
1 M‘l"'f— [ 1
— E m |1 +Erf l— ] J
Z Z
H[%]
1.73023

f(x+1).f'(x"3+1)d1x
T+l [LDg[S—iﬁ] —LDg[S +:|'J.'\v'r§]]

+3
FullSimplify [%]
4
343
rExp[x] f{a+Exp[x])~2dx
1
a

f(x+1),"(2x+ 1y dx

@ 14w
J dlx
o l+2x

HIntegrate[1/f{2x"2+ 1), {x, 0, Infinity}]

1.11072

Puc. 11.9. Bouncnenue HeCOOCTBEHHBIX MHTErPATIOB

11.7. Tabnu4yHoe nHTerpmpoBaHune

TlogpmTerpansras pyHknns f(x) MoxeT OBITH 3amana B Brae Tabmuuel. Hanbonee

4acTO 3TO CIy4YaeTcs MIPU NPOBENCHUM IKCIEPUMEHTANbLHBIX UCCaeaA0BaHUi. B Takux
CllyqasiX BBIYUCIIEHWE WHTETPaja MOXHO OCYIIECTBUTH 10 (hopMysaM TpsSMOYTOIb-
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HUKOB, Tparneuuii uay napaboil. PelieHue MOXHO HOLYHUTh TAKKE IyTeM UHTEPIO-
Jsiudd PyHKUMU f(x) C MOCAEAYIOUIMM €€ UHTETPUPOBAHUEM.

Ilpu ucnonp3oBanuu cucrembl Mathematica 3T MeTOAbl NPUMEHATL HET CMbICTA.
CrcreMa MMEET CIEAYIOMNE BCTPOSHHEBIE (BYHKIMH, TIO3BOJSIONIME BEITTOIHNTE Tab-
JIUYHOE WHTETPUPOBAHUE:

ListIntegratel[{yi, V2, ..., ¥a}, hl
ListIntegratel[{vi, V2, ---, Va}, h, k]
ListIntegrate[{{xi, vi}, {x2, vo}, ..., {Za,¥a}}, Kkl

B (yHKUMIX NpUHATHL crenyoe 0003HaUeHUs:

O y; —3nauenne QyHKUMM y = f(x) Bxi-Mysne, i=1,2, .., n;
O h — war u3MeHeHNs apTYMEHTa;

O k — 4KCIO TOUEK KAXKAOTO U3 MOBIHTErPATOB.

B kauectBe mpumepa BbIUMCIMM 3HAueHHe uHTerpana QyHkuud y = f(x). mpen-
cTaBneHHo# tabn. 11.1.

Ta6auua 11.1. TabnuuHoe npeactaBieHue PyHkuuU y = f(x)

X 1 2 3 4 5 6 7 8
y 1 8 27 64 125 216 343 512

B nannoM ciyuae 1iar UHTErpUupoBaHUs NOCTOSHHLINA U paBeH h=1.

Pemenne 3agaun nmpuseneno Ha puc. 11.10.

M3 tabn. 11.1 BuaHo, uro dgyHkims y = f(x) uMeer Bux: y=x". Ha puc. 11.10
[PUBEEHbI IPOLEAYPbl BbIYMCICHUS UHTErpala B Cllyyae 3aJaHusl HOJbIHTEerpajib-
HOW (DYHKUMM B BHIE TAOJMIBI M B BUIE AHAIHUTHYECKOrO BRIPAKEHHS Y =x . Pe-
3yJ1bTaThl PACUETOB OJIMHAKOBbL. TabIM4HOE UHTErPUPOBAHUE OKA3AI0CH TOUHbIM.

Ha npaxtrke 6niBacT mHaue. OOBIHO PyHKIMSA y = f(x) TpeAcTaBisieTcs B Tab-

JMYHOM BUJAE KAK PE3yIbTaT OIbITA, @ 3TO 3HAYMT, YTO HHTErPal BbIYUCISLETCS
¢ TIOTPEITHOCTBIO, BBI3BAHHOW HETOYHOCTBIO MCXONHBIX JaHHBIX. TaknMm 00pasom,
Mpy TabIMIHOM WHTETPHPOBAHNH BOZHUKAECT HEOOXOIMMOCTE OIICHKY TTOTPEITHOCTH
BBIYMCIIEHUs] uHTerpana. [lpusenem npumep.

IlycTh B pe3ynbTare 3KCOepUMEHTa NOMNYUYeHb] JaHHbIe, IpUBeAeHHble B Ta0a. 11.2.

Ta6auuna 11.2. Tabnuaroe mpeacTaricHne GyHKIMH ¥ = f(x)

x 1 2 3 4 5 6 7 8 9 10
y 4.5 12 20 35 46 68 90 100 | 130 | 160
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£-{1, 8, 27, 64, 125, 216, 343, 512}
(1, 8, 27, 64, 125, 216, 343, 5122

ListIntegrate[f, 1]
4085

4
Integrate[x"3, {x, 1, §}]

4095

4
ListIntegrate[{{l, 1}, 42,8}, {3,27},
(4,64, {5,125} {6,216} 17,343},
{8,512} 1]
4095

4

Puc. 11.10. Brruncnenue uHTerpana npy TabauuHOM 3aJaHHU
HO/BIHTErPaIbHOM (pyHKIMU

Tpebyercs:

() BEMHCIATE HHTErPAT TAOTMIHEIM THCIEHHBIM HHTErPHPOBAHHEM;

O pemwTs 33129y NOJTMHOMHUATEHON WHTEPTIONATIAM,

(O BLIMUCIUTH YMCIEHHOE 3HAYEHUE MHTETPana (PYHKLMU MHTEPIONAUUM P(X) ;
) oneHWTE MOTPEIMHOCTE YHCTIEHHOTO HHTETPUPOBAHHS.

JIns BEMHCICHWS TaOIWIHOTO WHTETpANa HEOOXOMMMO OOpATHTHCS K TIOAMAKETY
ListIntegrate MakeTa NumericalMath.

Peuenune npuseneHo Ha puc. 11.11.

<= HumericalMath 'ListIntegrate”

ListIntegrate[{4.5, 12, 20, 35, 46, 68, 90, 100, 130, 160}, 1]
582.458

Fit[{{1, 4.5}, {2, 12}, {3, 20}, {4, 35}, {5, 46}, {6, 68},
{7, 90}, {8, 100}, {9, 130}, {10, 160}}, {a, x, x" 2}, x]
-0.533333 +3.71212 x +1.21212 %°

Integrate[0ut[11], {x, 1, 10}]

58Z.58¢6

Puc. 11.11. Pemenne npumepa BEIMUCICHHS MHTETpana
C UCTIONb30BaHHEM HHTEPIONALNH
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W3 puc. 11.11 BUAHO, 4TO 3HAYEHUE MHTErPaid, BbIYUCACHHOE YMCICHHBIM Tabauy-
HEIM WHTCrpUpoBanneM (582.458) w maTerpupoBanueM QyHkmu @(x) (582.586),
MPaKTUYECKU COBMaatoT. [Ipu 3ToM (yHKITHEH WHTEPITONSAIMN SBISICTCS TTOTHHOM,
BTOpOIi crenenu @(x) = 1.212x% +3.71x - 0.53. MHuTepnonsuus BbIIOAHEHA € MO-
MOILUBIO BCTPOCHHOM (QyHkimu Fit. [loapoOHO peleHue 3ajaud UHTEPHOJAUUU
W3JI0KEHO B 21aee 12.

OTMETHM, UTO MaKCUMaJIbHAS OTHOCHTEITEHAS CPEIHEKBAIpaTHIeCKas TIOTPENTHOCTE
WHTEPIIONALNN BeNMKa U cocrasiser 68.3%. HecMoTps Ha 3TO, MOTPENIHOCTH BbI-
YUCIICHNST WHTETpajia MPakTHIECKN paBHa Hymmo. M3 3TOro MOXKHO cIenaTh cleayro-
MW BaXKHBIA BBIBOJ: WHTETPAJ, BBIUUCICHHBIN M0 TAOMWYHBIM JaHHBIM, MOXCT
AMETH BEICOKYIO TOYHOCTE, €CITH JTAXKE OTMHOKY SKCIICPUMEHTA BEITHKH.

Hmerot Mecto ciyvau, koraa Tabau4HOEe UHTETPUPOBAHUE NPOCTO HEOOXOAUMO. DTO
OblBaeT TOr/A, KOLJa NepBoOOpa3Hasl HE CYLIECTBYET, & YUC/ICHHOES HHTEIPUPOBAHUE
He JaeT pesyibTara. B Takux cllydasx 3HaueHUe MHTErpaia MOXeT ObITh HOJLYUYEHO C
[OMOLUBIO Ta0AMUHOTO UHTEIPUPOBAHUSL.

TexHoa0rus: BbIYMCACHUS UHTErpaia TabIUYHbIM CIIOCOOOM Opu 3TOM COCTOHUT U3
BBIIOJIHCHHA CIECAYIOIUX ITYHKTOB!

O onpenenenue 06IACTH HATETPUPOBAHUS HA OCHOBAHWH TPA(PUIECKOTO TIPEICTAB-
JIeHUS NO/bIHTErPaNbHOM (PyHKUUY;

O Taby.aupoBanue NOALIHTErPAILHOM (yHKIMM;
() BeMHCIERWE HATETPANA TAGIMYHBIM CTIOCOOOM.
PaccMOTpUM 3TY TEXHOJIOTHIO HA [IpUMEpe.

nyCTB HCO6XOI[I/IMO BBIYUCJ/IUTE CJTCZ[yTOH_U/Iﬁ HUHTCTpAJ:

0 X x
N ) =

Ha pwic. 11.12 moxazan rpadwk nmogsHTErpaTEHON QYHKINH.

W3 rpaguka BUAHO, YTO PYHKUUS CTPEMUTCS K HYJIO U ObICTPO 3aTyxaeT (001acThb ee
W3MCHEHUS OTpaHWYCHA AWANa30HOM x oT O 10 4).

BbluMCAMM 3HAYEHUE HEONPEIEICHHOrO, HECOOCTBEHHOIO MHTErpajoB, UHTErpaia
¢ orpaHuyeHHbiMd npeaenamu oT 0 g0 10, ucnonb3ys BCTpOeHHbIE (YHKUUU
Integrate, a TAKKE TA0JUUHOEC UHTEIPUPOBAHUE.

Pemenne mpuseneno Ha puc. 11.13.

W3 puc. 11.13 BuaHO, uTO MepBOOOpa3Had HE CYLIECTBYET (CHCTeMa MOBTOPSET Bbl-
pakeHue UHTErpaia), MHTerpai ¢ OECKOHEUHbIM MPEJEIOM CUCTEMa HE BbIYUC/ISCT.
3aro Tab/IMYHOE UHTEPUPOBAHUE [1O3BOJIUIO BbIYMCIUTH ONPEACICHHbIA UHTEIpal,
MPeIBAPUTENHHO TTPOTA0YINPOBAB MOALIHTErpATbHYIO (YHKIHIO B AMAMTa30HE x OT ()
10 10 ¢ warom 0.5.
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f£:=(x/ (1+x"2)) *x
Plot[£f, {x, 0, 10}]

1 L

0.8

Puc. 11.12. I'padux noasiHTerpansHoil GyHKIHNA

fr={xf{l+x"2}}"x
[rax

T
‘LWf dx

JD { leZ]xmx

Table[f, {x, 0.001, 10, 0,5}]

{0.9931160474278182° ,0.6322554979764589° ,0. 499653296668
5779° , 0.313190687164853 ,0.15975752780524083° ,
0.0696992354057739° ,0.026945941703968145 ,0.00945225921

dx

0.0002623411057651897 0.00007065756133293688° ,0. 000018
134110187323895° ,4.454405730844279" *" —
6,1.0510549523783843 *"—6,2. 389689228882619 " +" -
7,5.2490687366156434° +-8,1.1164471523185427" *" -
§,2.303958305947073 +*-0,4.6211987501374336" +"-10}

<< HumericalMath'ListIntegrate-
ListIntegrate[0Out[7?], 0.5, 10]

1.06824

10
ML fdx

10
J; {ljx2]xmx

0883605° , 0.0030579655841851687° , 0.0009231525820754326°

Puc. 11.13. Boiuncnenne uaTerpana TabnuuHbBIM METOAOM
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IIpu TaOyaupoBaHuy NOABIHTErPadbHOM PyHKIMK B Auanazone x oT O 10 10 cucrema
HE BbLIACT 3HAueHMe (YHKUMK npu x=0: ona "ue 3uaer”, uro 0°=1. ITosromy Taby-
JMPOBaHUE BbIIOIHEHO B AuanazoHe x oT 0.001 no 10. DTo He MOBIUSIO HA Pe3yib-
Tar, T. K. f(0.00) = f(0)=1.

B nocneanux crpokax puc. 11.13 mokazaH pe3ynbTaT BbIUMCICHUS UHTErpaia B Or-
paHUYeHHOM auana3zoHe x. ONHAKO U B 3TOM Cllyyae PELICHUE HE OJLyUYEHO.

11.8. MNMpoBepKa npaBUIIbHOCTH

BblYUCJIeHUA UHTEerpana

npOBCpI/ITL JOCTOBCPHOCTEL BBIYHUCIICHUA WHTCTpAJIa MOKHO MHOTHMH criocobammu,
OCHOBHBEIMH M3 HUX SBIISIIOTCS CIICAYIOIIUC!:

O BbluKCIEHME TPOU3BONHON NEPBOOOPA3HON PYHKLIMMY;

O npumesenye pasIMUHbIX METOL0B UHTETPUPOBAHMS;

O npeobpazosanye TIOABIHTETPATLHON (YHKITAN;

O wcnonb30BaHNE YUCITEHHOTO WHTEPUPOBAHMS IS MPOBEPKM HCTHHHOCTH TIEp-
BOOOpa3HO;

(O cpaBuenue pe3ynbTATOB BLIMUCIEHUS MHTETPANA C MOMOILIBK) HECKONbKUX YHH-
BEPCAIbHBIX IPOrPAMMHBIX CPEACTB CUMBOILHOMU MAaTEMaTUKU.

11.8.1. BbluncneHme nponusBogHom

nepBoo6pa3Hon hyHKLUHU

npOI/BBOZ[HaS[ HCpBOO6pa3HOI71 beHKLII/H/I ABIIACTCH HOZ[LIHTCFpaJTLHOﬁ beHKLII/ICIL/'I.
3T0 TO3BOJIAICT OCYHICCTBIIATE MPOBCPKY MPABUIIBHOCTHU PE3YIILTATOB MHTCTPUPOBA-

HHUA aHAJIMTUYICCKUMU MCTOJTAaMH. npOBCpI/ITL MPABUIILHOCTE YUCJICHHOT'O WMHTCTPH-
poOBaHuA DTUM MCTOJOM HCBO3MOXKHO.

Ha puc. 11.14 npuBencHsl pe3ysbTaThl MPOBEPKH BBIUUCICHAS CICAYFOIIUX WH-
TETPaoB:

I(a sin x+ b cos x)dx
J.aefbxdx
x-1

x+1

x—1
N

[(xe* +1Inx+Ddx
I(a+2xy+4x2y2)dxdy.
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I(aSin[x] +hCos[x])dx

—aCos[x] +b3in[x]
D%, x]
b Cos=(x] + a3in[x]

IaExp[—h x] dx

a EB—bx

b
D%, x]

—b
aE

I(x- 1) f {x+1) dx

- 2Log[l + x]

D%, x]
2

1-
1a+x

IJ(X -1y S {x+ 1) dxdx

z
2x+% - ZLog[l+x] -2 xLog[l +x]

D[Out[12], x]

2w d = -
1+ 1+

-ZTog[l +x]

DOut[17], x]
2 x E!
+ _
(L+x)2 (l+x)2 1l+x

1+
Ij(a+ 2xy+4 x 2y 2)ydxdy

Ky AR
2 * =

D[Out[1], x]

4 ¥ P

3

8N+

avery 4

DOut[5], ¥]

a+Zxy+dxyt

Puc. 11.14. ITpoBepka npaBUILHOCTH PE3yJIbTATOB BEIYUCIICHHSI MHTETPAIOB
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Ilo pe3ynbratam npoBepku yOexaaeMcs, 4TO BCE MHTErpajbl BbIYMCICHbBI BEPHO.
OnHako MOMBIHTETpaNbHAs (GYHKIHSA Tocie AUPPEPESHIUPOBAHUS OTINIACTCS OT
WCXOIHON MOMBIHTETpabHON (GyHKIMA. [lonp30BaTeNs JOMKEH YMPOCTHUTH TONY-
YEHHBIE TIPOU3BOJIHBIC JI0 UCXOAHBIX BRIpAXXEHUH. B 3TOM HETOCTATOK TaKOTO METOA
npoBepku. [lpaBma, fuis 3ToM TIEMM MOXHO WCITONB30BATh (DYHKITMH CHCTEMBI
Simplify U Expand.

11.8.2. NpumMeHeHUe pa3nNUYHbIX METOAOB
MHTEerpupoBaHus
OTOT ¢noco0 OCHOBAaH Ha CPABHEHUM PE3Y/bTATOB BbIYMCICHUS MHTErPana 4UC/IEH-

HBIM METOJIOM C TIOMOIIEIO (PYHKIIMHM NIntegrate[f (x), {x,a,b}] W aHATATHUC-
CKWM, UCTIONE3YIOMMM ¢opmyny HeroToHa:

b
[ f(x)dx = F(b)-F(a) . (11.1)

rae F(a), F(b) — 3HavyeHUs nepBOOOPA3HbIX MPU HUKHEM U BEPXHEM 3HAUCHUSAX
[PeeI0B UHTErPUPOBAHUS.

Dra dhopmyna B cucteMe Mathematica peamizyercss (pyHKIMEeH Integratel[f (x),
{x,a,b}].

f:=xExp[x]+Log[x] -1
HIntegrate[f, {x, 1, 10}]
195243,

Integrate[f, {x, 1, 10}]
-18 +9e™ + 10 Log[10]
H[%]

195243,

Integrate[f, x]

e (-1 +x) - 2 x+ xTog(x]
H[Out[5], x = 10]

195241,

H[Out[5], x=11]

-2.

Out[6] - Out[8]

198243,

Puc. 11.15. Beruucnenue uHTerpana v npoBepka JOCTOBEPHOCTH pe3yibTaTa
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IlpuBenem npumep BbIYMCIEHUS UHTErpala U MPOBEPKU JOCTOBEPHOCTU PE3YNbTATA.

IlycTh HE00X0IUMO BBIUMCIUTD OIMPEACACHHbII UHTErpal
10
[(xe™ +Inx—1)dx
1

" TIPpOBCPUTH TPABUIIBHOCTL OTBCTA IMYTCM CPABHCHUA PC3YJILTATOB ABYX MCTOI0B
WUHTCTPUPOBAHUSA: TOYHOTO U l'[pI/I6JTI/I)KeHHOT‘O.

IIpouenypsl pelienus 3aaauu B cucreme Mathematica npuseaenst Ha puc. 11.15.

W3 puc. 11.15 BUIHO, YTO MHTErpaid BhIYMCICH NPABUILHO, PE3YIbTAThl IBYX METO-
JIOB COBMA/IALOT.

11.8.3. CpaBHeHMe pe3ynbTaToOB MHTErPUPOBaAHUA
pa3nuyYHbLIMU CUCTEMAMUN CUMBOJSILHOW MaTeMaTUKN

OToT Ccmocob OUCBUJICH. Beraucnenune WHTCrpajia BBITIOJIHACTCH € TMOMOINBIO HE-
CKOJIEKMX CHCTEM CHMBOJIEHOW MaTeMaTHki. B PE3yJbTAaTC CPABHCHUSA PE3YJILTATOB
J€JIACTCs BBIBOJ O JOCTOBEPHOCTH BLIYMUCICHUS UHTErpaa.

B kauecrse mpumepa Ha puc. 11.16 u 11.17 npuBeacHB! pe3ynbTaThl BEMHCICHHUS
¢ nomoteio crcteM Derive 5 mw Mathematica Tpex cleayromx HECOOCTBEHHBIX WH-
Terpajos:

o0

_ _ ax
Ix"e “dx , Ix"e e, I— dx.
0 sinh ax

Hi: a e Real (A, w}

o
a X
B2: I“ X € dx

#1: at

.
#5 - a  fa - 13
oK
fth: I —_— dx
SINH{a -x}
a

'

Puc. 11.16. Beruucnenue unrerpaios cuctemoii Derive 5
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fx" aBExp[-x]dx

If[Re[a] = -1, Gamwa [l +al, J e k" dlx]
1]

fx"aExp[—ax] dx

If[Re[a] = 0, a “Gama[a] , J g2 " dlx]
1]

fax fSinh[ax] dx

z

Es
. rx Cachlax] dlxl
27 Jo

Puc. 11.17. Beruucnenue unterpaios cucteMoii Mathematica

a IflRe [a] = 0,

Amnanusupysi pe3yabTaThl BBIUMCIACHUS MHTErPanoB, MOXKHO CAENaTh CIEAyIOLUe
Ba)KHBIE BBIBOJIBI:

D PE3YIbTAThI BIYMCICHUA UHTCIPAJIOB BEPHbI, TaK KAaK OTBETbHL OJIMHAKOBBL, XOTs
" MIPCACTABJICHBI B PA3HBIX BUIAX;

O otsernl cuctempl Derive 5 6onee ecrectBennbl. ONHAKO 10/1b30BaTENbL OPU STOM
JOJDKEH 3HaTh, YTO WHTETPAJl BBIUMCTSETCS TIPH YCIOBHH a>0. Cucrema
Mathematica 310 yciaoBue cooOLIaeT noJab30BaATENIO.

11.8.4. OCO6eHHOCTU BbIYUCIIEHNA UHTErpanos

B cucteme Mathematica

Cucrema Mathematica BEICOKO WHTCJUICKTYAlIbHA: OHa 0OBLACHSICT TIONBE30BATEITIO
B HCO6XOZ[I/IMLIX CIryvdasax pe3yJibTaThbl BRIYHUCIICHWNA.

Ecmm HHTCrpal pacxoz{smmﬁcsr, TO CHUCTEMA TIOBTOPACT BBIPAKCHUC WHTCrpala
¢ KOMMCHTapUsAMU.

Ecmm UHTCTpall HC CYMCCTBYCT, TO CUCTEMA JIMIIL TTOBTOPSACT €TI0 BLIPAKCHUC.

Ecnm maTerpan 6epercs TONBKO TIPH ONPEACICHHBIX YCIOBHUSIX, TO CHCTEMa BBITACT
pelIeHne M yKka3blBacT TN ycnoBus. [lepBooOpa3nas MOXKET COmEpkaTh CrieIab-
Hble QyHKIIUU.

Bce atm cimyvan Buansr Ha puc. 11.18, rae BEIMUCTIIOTCS CIEIYIONTNE HHTETPaTB;

Tl+sinxdx’ xsmx J-( 1 jldx J-x o dx

o l+cosx b COSX 1-x

B macrosmeli rnaBe ommcaHBl MPAKTHYECKH BCE BCTPOCHHBIE (PYHKIMH CHCTEMBI
Mathematica. Ongnako oHM WMEIOT 6ofbInoe [HcHOo onmuit [12], TpUMEHSIEMBIX
B 0COOBIX CllydasiX. 3/1eCb OHU HE IPUBOJAATCS, T. K. TAKUE CJ1y4au BpsiJl J1d BCTPETAT-
Cs B CTYACHYECKON TIPAKTHKE.
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f(l +5in[x]}) f {1+ Cos[x]) dx
Jw 1+ 3in[x]
— d=x
o 1+ Cos[x]
fSin[x] fCos[x]dx

'L“Tan[x] dix

J(lf(l—x))"(l."x)dlx

1
J[l—x] dx
fx"aExp[—x] dx

M-

If[Re[a] = -1, Gamma [l +al, J B x™ dx
u]

Puc. 11.18.

Oco0eHHOCTH BEIMMCIECHHSI MHTErpanoB cuctemoii Mathematica
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Komnmeeprle TeXHOJION'Mm
pewieHuns 3agad nHrepnonAauunum

12.1. Buabi n aTanbl
KOMMNbIOTEPHbIX TEXHONOMMN MHTEPNoNALMKn

HUnmepnonayueii Ha3piBaeTcs OpeacraBieHue GpyHkuuMu y = f(x), 3aJaHHOM aHaIU-
THYECKU WU B BUJe TaOauubl, PyHKUMe y =@(x), KOTOpas UACHTUYHA UCXOJHOMI

B HEKOTOPO# 061acTH apryMeHTa. MHTEPTONATHsS COBMECTHO ¢ TEOpHEH Ton00us
TEOPUEH PASMEPHOCTEH ABIIACTCA HAYYHONU OCHOBOH MOJCIHPOBAHUS.

I'paduk u Tabnuiia He MOTYT ObITh MOJE/bIO 00BEKTa UK SiBNeHUS. TONbKO MaTeMa-
THueckas GpyHkuus (Gopmyna) MOKET ObITh MOJAENBIO U3Y4aeMOro 00beKTa MU SB-
TEeHUSL.

Ho He TONBKO B MOJECIMPOBAHMH HCTIONB3YETCS MHTEpHOsind. OHa HeoOXoauma
TIPY TITAHWPOBAHNH W CTATHCTHYECKOM 00paboTke SKCIIEpUMEHTa, TIPH 3aMEHE CITOK-
HOM aHanuTHIecKkoit (yHKumwM Ooiee MpocTodf B HYXXHOM JHaNa3oHe HW3MEHCHWS
aprymMeHra.

OCHOBHBIMH 3TaMaMH KOMITBIOTEPHEIX TEXHOIOTHI HHTEPITOISIINY SBISTIOTCS:
O BrIGOp BHNa QYHKINK WHTEPTIONATIAM,

O onpenenenue ko>PUITMEHTOR (hyHKIIAN HHTEPIIONATIHH;

O onpenenenue anexBaTHOCTY PYHKIMU HHTEPIOMSIIUM.

Peanusaius 3TUX 3TanoB OmpeaensieTcs: BhIOPaHHbIM METOJAO0M MHTEPHNOJSILIUM, TU-
TIOM TTPUMEHEHHS BCTPOCHHOM QGYHKIMH W (hOpMOH BEIXOAHOTO JIOKYMEHTA.

Cuncrema Mathematica mO3BOJSET peanm30BaTh PA3IMIHBIC METOABI M TEXHOJIOTHH
uHTepHoiIUY. Bee oHM paccMaTpuBalOTCs B JAHHOM IiaBe.

CyLIeCTBYIOT 1Ba OCHOBHBIX BU/A MHTEPIOSALMU: TOUHAS B y3[1aX U NPUOIMKEHHAs
B y371ax.

Humepnonayueii moyHoil 6 y3iax Ha3bIBAETCS TaKas WHTEPIONALUS, PE3yITETATOM
KOTOpoO#t siBisteTcs (QyHKIMS 3 =@(x), COBMAAAfONIas B y3JaX WHTEPIOJSINHA C
¢ynxmmelt y = f(x). Taxas wATEpIONSIUS MOka3aHa Ha puc. 12.1.
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. 9(x)

Puc. 12.1. Vntepnonsius To4Has B y371ax

HHTepnionduust TouHas B y3/1axX NPUMEHSIETCS TIIABHBIM 00pa3oM B TEX Cllydasx,
Korja TpeOyercst CIOXKHYI0 MaTeMaTHuecKyro (DYHKIMIO 3aMEHHTH OoJjiee TPOCTOoit
B Y3KOM [HMaNa30He 3Ha4EHUIl apryMeHTa.

Ee MOXKHO mpuMeHUTH TaKke B TOM Cllydae, Korjaa TpeOyeTcs HalTh maremaruue-
CKYIO MOJIENb 00BEKTA, XapaKTEPUCTHKH KOTOPOTO MOTYUEHBI SKCIEPUMEHTATEHO ¢
BBICOKO# TOUYHOCTEIO.

Humepnonsyueii npubaudxcennoti 6 y3nax Ha3bIBACTCsl WHTEPIONSINS, TIPA KOTOPOit
3HaueHus (QyHKUMM V= @(X) HE COBOAJAIOT B y3/laX CO 3HAYCHUAMH UCXOJHOMN

¢ynkmmm y = f(x) . Taxas WHTEPNONSATMS MPHUMEHSIETCS JUTS CTIIQXWBAHUS HETOU-

HOCTeH MCXOJHbIX JaHHbIX. B Maremaruke oHa HasblBaercs anmpoxcumayuei. Ee
FeOMETPUUYECKUI CMbICI NOKa3aH Ha puc. 12.2.

YA

> X

Puc. 12.2. ntepnonsiuust npuOnmKkeHHas B y31ax
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Ha puc. 12.2 npunatsl cnenyonie 0003HaueHus:

O o¢(x) — ommnupuueckas QpyHKuus;

O <> (Touxa) — 3HAYEHUS (hyHKIIUH, TIONYIEHHBIE SKCTIEPUMEHTAITBHO;

O A, — yxnouenue (HeBA3Ka) — PA3HOCTD B i-M y3/1€ HHTEPMOSIUU MEKIY O(X;)
uy,.

OyHKIWMS VHTEPNONIIMN Y = O(X) HAXOAWTCS HAa OCHOBAHWH KPHUTEPHEB ONM30CTH

IMITUPUICCKOW PYHKIIMHA ¢(x) W UCXOTHOH, TIOTydCHHOU 3KCTICPUMEHTATIBHBIM HJTH
VHBIM ITyTEM.

TaxkvMu KpUTEPUIMU MOTYT OBITH:
O anrebpawueckast cymma yKITOHEHHH paBHA HyJTO:
n
Ac = Z Ai = 0‘

i=1
D CyMMa KBaJ[paToB yKHOHCHI/Iﬁ MUHUMaJIbHA:

n
— 2_ i
A, =) A; =min
=1

D CpCOHCC 3HAUCHNUC yKJTOHCHI/Iﬁ MUHUMAJIBHO!

n
A,
A, = = = min
n
KomnbioTepHble TEXHOTOIMU PELICHUS 33734 MHTEPHONALIUN ONPEAE/IsIIOTCS BUAOM
KPHUTEPWS OIN30CTH SMITUPUHIECKOH W HCXOAHOM (yHKIIHH, B YaCTHOCTH METOIMKO#
OLICHKH TTOTPEITHOCTEN.

12.1.1. Bbi60op Bnaa pyHKUUN MHTEpPNONALUN

Bribop Brna GyHKINM WHTEPTIONSIIMH SIBISETCS HanOoJIee BaXXHEIM 3TarloM WHTEp-
OOJALMMY, T. K. QyHKUMS ©(X) ompeaeseT MaTeMaTHUecKyl0 MOJEAb HU3y4aeMoro
00bEeKTa WU SBJICHUSL.

CylIeCTBYIOT clieylolue, IPUMEHSIEMbIe B IPAKTUYECKUX pacuerax, crocoObl Bbl-
6opa Bua GyHKUKMU ((X):

O rpadoananuruueckuii;

O ;mueapwzanvu HETMHEHHEIX (YyHKIINH;

O Meroa TabnMUHbIX PA3HOCTEH;

O o6pamenne k mporpamMmaM aBTOMATH3aLNK BEIGOpa PYHKIMH ¢(X) .

PaccMOTpUM 3TH CIIOCOOBL.
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Cnoco® 1. NpadhoaHanuTUyeckun

Oynxums y = f(x) mpeacrasnsiercst B Bue rpaduka. I'padrk cpaBrmBacTes ¢ rpadu-
KaMU TUIUYHbIX MaTeMaTiueckuxX (ryHKUMHM U Ha OCHOBAHWU MX CPAaBHEHUS BbIOUpaeT-
¢st n0xo/s1uast. Hibke pUBOASTCS 4acTO UCHO/b3yeMble GPyHKIMU U UX rpaduKku.

O Crenennas Qpynkuus y = ax’.

I'padux PyHnkuuu nokaszax Ha puc. 12.3.

Yy
A
b>1
|
0<bh<l1
a -
- P \\\
/ ~

// / b<0

-’//’

’ .

Puc. 12.3. Crenennas pynxuust y = ax®

O Jlorapugmuueckas Gynkrms y =a+blnx.

T'padwk yrkmmm nmokasan Ha puc. 12.4.

\

Puc. 12.4. Jlorapupmuueckas GpyHkims y =a+bInx
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O JpoOHo-nuHeitnas pyHkmmus y = .
a+bx

I'padux Pynkuuu nokaszax Ha puc. 12.5.

y
1
- p——
e
-
- X
0
Puc. 12.5. /IlpoOHo-nuneiinas GpyHkuust y =
a+bx
O Tloxazarensnas Qynkuuss y = ab™ .
T'padwk yrkmmm nokazan Ha puc. 12.6.
y
b>1
/ |
J’//
I b=1
a —\ —
\H\"“‘“--_
T— b<1
- X
0

Puc. 12.6. [Tokasarensnas pynxums y = ab”™

Cnoco6 2. llnHeapnsaumnsa HeNMMHENHbIX PYHKLUA

.HI/IHCapI/I?,aLII/IH HEJIMHEHHBIX (])yHKLH/Iﬁ OCYHICCTBIACTCA ITYTCM TIPCIACTABIICHUSA WX
B UHOU CHCTEME KOOpIWHAT MCTOAOM 3aMCHBI TICPCMCHHBIX X U ). IToxaxem crocoOb!

JMHeapu3alluy Ha IPUMepax, PACCMOTPEHHLIX BblLE (PYHKIMHA.
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O Ioxazarenbnas Gyukuus y =ab™.

IIponorapupmupyem mnokazarenbHyro GyHxuuio: Ilny=Ina+xlnb. 3amenoit
nepeMeHHbIX Iny =Y, x =X nonyuuM nuHeliHyto pyHkuuo ¥ =lna+ X 1nb.

O Crenennas Qpynkuus y = ax’.

Tlpencrasum ¢ynkmwio B Buae: Iny=Ina+5b1nx. Torna BBeICHHEM HOBBIX ITe-

peMeHHbIX ¥ =Iny, X =Inx momyunm mmreitayio dyrkimio ¥V =Ina+ bX .
O Jlorapugmuueckas Gynkrms y =a+blnx.
BripaBHmBanme ocymiecTBasIETCS 3aMeHO# mepemMenHbx y =Y, Inx = X . Tloce

3aMEHBI TIEPEMEHHBIX TIONyInM: Y =a+bX .

O JpoGHo-nuHeitnas Gynkmms y =

a+bx’

X x
Tlpencrasum ¢ynkimio B Bune: — = @ + bx . BBens HOBBIE niepeMeHHble ) = —
Y

X =x, nonyuum IuHeiiHyo pyukuuio ¥ =a+hbX .

Cnoco® 3. AHanu3 TaGNUYHbIX pa3HOCTEN

OTOT cnocod Mo3BOJSET BbLIOPATh CTENEHb MHOIOWISHA MPH MOJMHOMHANBLHONH WH-
TeproNiatwn., Ecnu n-¢ TabnwdHbIC pasHOCTH (PYHKIHMH J = f(X) OJWHAKOBHI, TO
CTETNEHb MHOTOWICHA OyIeT HE BHIIIE .

PaceMoTpuM 3TOT crioco0 Ha npumepe.

- Mpumep 12.1

TIpenrosioxuM, 9T0 (GPYHKIMS WHTEPITOJSAIMN SBIISICTCS MHOTOWICHOM W TIPEACTaB-
nmena B Buae tabm. 12.1.

Ta6auna 12.1. Tabnvna Gyaxmmm fx)

X 1 2 3 4 5 6 7
y 22 6.5 12.8 21.1 31.4 43.7 58

B taba. 12.2 opuBeaeHbl 3HaU€HUS TaONMUHBIX PA3HOCTEH.

W3 taba. 12.2 BUAHO, YTO BTOPHIE TAOJUUYHbBIE PA3HOCTH MMOCTOSHHbBL. JTO 3HAUYMUT, YTO
MHTEPHOILUOHHbIA [OAMHOM JO/DKEH ObIThb HE BblLLE BTOPOW CTEHCHU, T. €.

2
y=ap+tax+ax’.
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B pesyabrare perienus 3agauu UHTEPIOISILIUMY [OIYYUM:

y=x2+13x=0.1.

Tadauua 12.2. 3HaueHus TaOIUUHBIX Pa3HOCTE!

x 1 2 3 4 5 6 7
» 22 6.5 12.8 21.1 31.4 43.7 58
A 4.3 6.3 8.3 10.3 12.3 14.3

A® 2 2 2 2 2

Cnoco6 4. Ucnonb3oBaHue cneymnanbHbIX MPOrpamMmm
aBTOMaTu3auuu MHTepnonsauuu

CymecTBYIOT YHWBEpPCAJBHBIE TNPOTPaMMHBIC CPEICTBA, MO3BOJSIONNE BHIOPATH
(YHKIWIO WHTEPIONSIAN, €CTH WCXOAHAS (YHKIMS TPEICTaBIcHa B TabIMIHOMN
¢dopme. Takmmm mporpammusiMu cpeactBaMiu sBisioTes: SIMPLE FORMULA,
TableCurve, Curve Expert.

JTH TIPOTPaMMBI BBEITAIOT G0Jiee THICSIN PasiMIHBIX (GyHKIMI ¢ yKkazaHMeM WX To-
rpemHocTel. X onMcanne v npuMepsl HCIOJIb30BaHNs IPUBEICHE! B [15].

12.1.2. OnpepeneHue kKoacppuneHTOB
PyHKLMM MHTEepnonauum

Koappuumentsr gyakmmm ¢(x) onpenensrorcss MHOTMH criocobamu. Bribop crio-
coba 3aBUCHT OT BUAA QYHKIMHW @(x) (TUHElHas, HeNMMHeitHas, TTONMHOMHATbHAS),
TpebyemMoit TOTHOCTH MHTEPITOISIINN, BO3ZMOKHOCTEH NCTIONB3yeMoit yHUBEpCaTbHON
MaTeMaTHIECKO#H CHCTEMBIL.

Cucrema Mathematica uveeT GoraTsle BO3MOKHOCTH PEIIaTh 3a1a9H HHTEPTIONSIHH.
B naneHeHIIeM OHW HAMM PacCMATPHBAIOTCS W TIPHBOASTCSA TIPUMEPBI MX pealiv-
3aIUH.

12.1.3. OnpepeneHve agekBaTHOCTHU

(byHKLIMVI UHTEepnonAaunmn

AJIeKBAaTHOCTE TIOMYHEHHOIO PEIICHHS OMPENEISETCS BENMYHHON MOTPEITHOCTH
$yukuun ¢(x) . 3a kpurepuii Onu3zocTd QyHKIMHA Haubolee YacTO MPUHUMAIOTCS

3HauYeHUs! aOCOJIOTHON € U OTHOCUTENILHOM O CPENHEKBAJAPATUYECKUX I[OIPELIHO-
CTEH, BEIMUCISIEMBIX 10 (OpPMyTIam:
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(12.1)

B ¢opmynax npuHaTh 0003HAYESHUS:
O A, =7(x;)-0(x;) — pasHOCTb MKy UCXOAHOM Qynkimedi f(x;) u dyHKuM-

el uHTepnonsauuu G(x;);
O » — awucyo aprymenTos GyHKImH f(x) ;
O y.. — MuUHUManLHOE 3HaueHue PyHKmn f(x) .

Pemenne anexsatHo, ecnm 8 <6, , TAe O, — JOIMYCTAMAs MOTPEUTHOCTb.

aon

Crexyer WMeTh B BHAY, UTO HE BCETJA TONYWYEHHAS B PE3yJbTaTe MOACITHPOBAHUS
(QyHkIMA ¥y =@(x) SABAAETCS MOJECIBIO UCCIENYEMOro 00bEeKTa UM SBICHUS, eclu

JiaKe BBLIOJIHACTCS ycnoBue O <90, . D10 OyJeTr cupaBelMBO TOJIbKO B TOM Clly-

aon

"ae, ecli QYHKIWS y = f(x) TONydeHA ¢ BRICOKOI TOTHOCTEIO.

12.2. KoMNblOTEpPHbIE TEXHOSOrnmn
uHTepnonauuun B cpeae Mathematica

12.2.1. UHTepnonsauusa, To4yHasa B y3nax

B cpene Mathematica wHTEpTIONSTHS, TOYHAS B y3JlaX, MOKET OBITH pealM30BaHa
CIIEAYIOLIUMU METOAAMU:

O yuuBepcanbbiM;

O ¢ nomowsio YHUBEpCaNbHbIX (YHKUUM InterpolatingPolynomial H
Inpolation.

YHuBepcanbHbIX MeTOA

VHUBepCAlbHBIA METO]| TPeOyeT PeLIeHUs CUCTEM alredpauuyeckux ypaBHEHUMH, no-
TyYeHHBIX Ha OCHOBAHWW JMaHHBIX GYHKINHA y = f(x) , MpeAcTaBIeHHON B BHIE Tab-
JIALLbL UJIM MATPULIbL.

TexHonorus 310ro cnocoda COCTOUT B BbIUTOJIHEHUH CAEAYIOIUX ACHCTBUIMA:

1. CocraBneHue cucTeMbl YpaBHEHUI (Ipeanoaaraetcs, YTo Bua (yHKUMUU UHTEP-
[OJILIMY U3BECTCH).

2. BBoa QyHKIMH pEMICHWS CHCTEMEI YPaBHCHUHA.
3. Tlomydenwe pemieHNS MyTeM HaxXaTHsi KOMOWHANMH kiaprmnr <Shift>+<Enter>.

an/IBCZ[CM TIPUMCPBI UHTCPITOJIAINUN YHUBCPCATLHBIM MCTOIOM.
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 Mpuwep 12.2

OyHkiusa y = f(x) 3a1aHa B Buae Tabmn. 12.3.

Tabauna 12.3. Oynkims y = flx) B TabmuaHol Gopme

x 1 2 3 4
y 6.2 4.1 19 0.6

HeoOxonuMo pemiuTh 3a7auy MHTEPHONALMM, TOUHOM B y3nax, ecid (QyHKUUS
y=¢(x) sBAIeTcs MoJUHOMOM. Tak kak 9ucio y370B # =4, TO TIOJIWHOM JOJHKEH

ObITh CTENEHHU He Bbillle 7—1,T. 8. ¥ = ay +a, %+ a, x> +a3x° .
CocCTaBUM CHCTEMY yPaBHEHHIA:
ag+a,-1+a, 1> +a,-1° =62
ag+a,-2+a, 2% +a;-2° = 4.1
ay+a,-3+a,-3* +a;-3° =1.9
ag+a,-d+a, 4> +a,-4° =06

Pemenne momyunm ¢ moMomeio GYHKINAM Solve [F, {ao, ai, a», as}l, TAe F—
WCXOJHAs CUCTEMA YpaBHEHHHA.

TexHosoTHs pemIeHNs U €€ pe3ybTaThl MPUBENEHEI HA puc. 12.7.

F={al+al+ai+adi=0.2,
al+Z al+2"2 a242°3 al-=4.1,
a0+3 al+3*2 224343 a3==1.9,
a0+4 al+d"2 a2+143 a3==0.6}
Solve[F,{a0, al,=:,a3}]

{altal+az+ai=6.2,a0+2 a1+t a2+58 &3==4.1,80+3 al+3
SZ2+27 a3=1.9,a0+4 al+le a2+64 ad==0.6}

{{al-7.2,al--0.116667,a2+-1.05,83-0.166667} )

Puc. 12.7. Pemenue npumepa 12.2

B pesynprate momyueHHOro pelieHus UHTEpNOLILMOHHAS (Gopmyna OyaeT UMETb
BUJI:

y=72-0.116667x—1.05x> +0.166667x> .

332[3‘{}7 WHTCPIOJIANN, TOYHOU B y3j1ax, B TaHHOM CJiyda¢ MOXXHO pCIIUTH C TI0-
MOIIBIO MAaTPUYIHOTO METOAa PCIICHUA CUCTCMbBI JINHEMHBIX ypaBHCHHﬁ.
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TexHosorus 3Toro cnocoda COCTOUT B CIICAYIOIIEM!

1. BBoa (pyHKlMM A.X=B, rie A — Marpuua kKo3pPUIUEHTOB, X — MaTpUla HeU3-
BECTHbIX, B — BEKTOP [IPABbIX YaCTEH CUCTEMbl YPABHEHUIA.

2. Beox ¢pyHKIMH Solve [%].
3. Tlomydenwe pemeHNS MyTeM HaXaTHsi KOMOWHaMH kiapumnr <Shift>+<Enter>.
Pesynbrathl pelieHus npuBeaeHsl Ha puc. 12.8.

W3 puc. 12.7 1 12.8 BUAHO, 4TO pellICHUs] COBNAALOT.

Fil=4{{4{1,1,1,1},{1,2,2%2,2"3},
{1,3,3°2,3%33,41,4,4"2,4"3} ).
{al,al,ai,a3)=={6.2,4.1,1.92,0.6}}

Solwe[%]

{{al+al+az+ad, a0+ al+d a2+ ad,al+s al+? az+27
ai, a0+t al+le azZ+64 ail={6.2,4.1,1.9,0.6}}

{{al+7.2,al--0.116667,a2+-1.05,83+0. 166667} }

Puc. 12.8. Pemenne cuctemsl ypaBHEHUIT MATPHUHBIM METOOM

MpoBepka AOCTOBEPHOCTH pelleHuUs]
3a[aun UHTepnonsaAuuu

JInst TpOBEPKH TIPABWIIGHOCTH PEIICHHS 3aadH BBITIONTHUM TabynHpoBaHWE TOIy-
4EHHOM GOpPMYJIbl U PE3y/bTaThl CPABHUM C UCXOJHBIMU JaHHbIMU. HanoMHum, 4to
({yHkuus Tabyasiuu B Mathematica umeet BUa:

Table[f (%), {X, Xu X h}]

re:

O f£(x) — rabynmupyemas QyHKLMSL;

O x — apryment QyHKUMM f (x);

O x., x. — HaYANBEHOE W KOHEYHOE 3HAYCHUS APTYMEHTA;
3 h — war TabnMIEL; eClU h=1, TO €70 MOKHO OTYCTHTE,
@DyHK1MA Table JaeT OTBET B BUJIE BEKTOPA-CTPOKU.
Hpyras ¢yHkuus TabyIMpoBaHUs 3aIUChIBACTCS B BUILE:
Do{Print[f(x)], {¥X, X., X« h}]

Ota QyHKUKS BbIIAET PELICHUE B BUJIE BEKTOPA-CTONOLIA.

BbinonHuM TalyaupoBaHUe MOAYyYEHHOM (PYHKIMU ¢ MOMOLILIO Do {Print[f (x)],
{X, Xy, g, h}].
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Breaem QpyHkumio:

Do[Print[7.2 — 0.116667 x — 1.05 x"2 + 0.166667 x"3], {x,1,4}]

Tlocne HaxxaTus koMOuHalMK knaBuil <Shift>+<Enter> nomyuum oTBeT B BUJE:
6.2

4.1

1.90001

0.60002

CpaBHI/IBaH l'[OJTy‘ICHHLIﬁ pe3ysibTaT ¢ UCXOAHBIMU JIAHHBIMHA, y6C)KI[aCMCH B Tipa-
BUJIBHOCTHU PCHICHUA 3a1a1 UHTCPITOJISATINH.

B mpenpimymem nmpumepe Incio ypaBHEHWH W YHCIO HEW3BECTHBIX OJHO M TO XKe.
Tlpn permrenny MpakTHHIECKUX 3a1a9 MATEPIIONSIINN cuTyarys apyras. [loutn Becerna
pa3Mepsl TaOIMIBI NCXOXHBIX TAHHEIX TTPEBOCXOAT MOPSIOK anredpantieckux ypas-
HEHWH, T. €. YHCITO Y3II0B WHTEPTIONSIMH, a 3HAUNT, U CTCTICHb MHTEPTIONSIINT MEHb-
ie, YeM pa3Mepbl TabaULIbL.

B raxmux CJrydasax OTpaHUUICHHOC YUCIIO Y3JIOB UHTCPITOJIAIIUN TMTPUXOAUTCA BBI6I/IpaTB
"3 BCCTO AUaria3OHa UCXOAHBIX JTaHHBIX. IT0 0OBITHO TIPUBOAUT K TOTPCOIHOCTIAM
HUHTCPNOLMH.

Mpumep 12.3

JlaHHble IKCIepUMEHTa npecTaBaeHbl B Taba1. 12.4.

Ta6auua 12.4. J/laHHble dKCIEpUMEHTa

X 3 6 9 12 15 18 21 24 27 30
y 26 90 180 | 300 | 500 | 700 | 1000 | 1200 | 1500 | 2000

H3pecTHO, 4TO (yHKLMEH WHTEPHONALMU MOXKET ObITh MOJMHOM BTOPOI CTENeHH,

T.e. y=ay+a,x+a,x> . Heo6X011M0 PelUTD 33124y HHTEPIOSLIM H IPOBEPHTD
[PaBUILHOCTh PELLEHUS.
Pemenne npuseneno Ha puc. 12.9.

CpaBHeHWE pe3ybTaroB TaOyTMpOBaHNsS C MCXOTHBIMH JaHHBIMH TIOKa3BIBACT, HTO
MOTPENTHOCTA WHTEPTIONSIIIMN TIPY HEKOTOPBIX 3HATEHHSX X CYIIECTBEHHEBL. JTO BUII-
HO Takxke U3 rpauMkoB (yHKUMM MHTEPHONSALUMU M UCXOJHbIX JAHHBIX, HPEACTAB-
JeHHbIX Ha puc. 12.10.

W3 puc. 12.10 BUAHO, UTO HE BCE TOUKH MCXOMHBIX JAHHBIX Jiexkar Ha kprBoit. [1pas-
Ja, U3 rpaMKOB BUJHO U TO, YTO TOYKMU Tadaullbl ONMU3KO MOJAXOIAT K KPUBOH, U
MOKHO CIeNaTh BbIBOJ, YTO MOTPEIIHOCTh MHTEPMIOISAIMU Mana. A Kakas oHa B aeH-
CTBUTEILHOCTU?
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F={al+6 al+6*2 az==00,
al+18 al+l8*2 aZ--700,
al+27 al+27°2 a2--15003
Solve[F,{a0,al,s2}]
{al+6 al+36 a2--90,a0+15 al4dz4 az--700,a0+27 al+729

2= 1500}
135 0z5 B33
{{aﬂ—y— , als ,aZ—;—}}
7 126 378
N[ %]

{{al--19.2857,81-7.34127,a2-1.81217} }

v=-135/7+925/128 x+685/378 =2
Teble[y,{x,3,30,3}]
135  925x B85 x°
. s i
7 1Z6 378

400 1355 6923 3490 19615 8403 38470
[— o0, . . , 700, ——, , 1500, ——1
21 7 21 7 21 7
H[%]

{19.0476,90.,193.571,329. 762,455,571, 700. ,934.0458, 1200.
71,1500.,1831.9}

Puc. 12.9. Pe3ynbrats! pemenus npumepa 12.3

BbluncauM abCOMOTHYIO M OTHOCUTE/BHYIO CPEJIHEKBAAPaTU4ECKUE HOPELIHOCTH
HWHTEPNOALUUY, BOCHONb30BaBIIUCE popmynamu (12.1).

Co3a1a14M JIBa BEKTOpA: BEKTOP v1 HCXOJHBIX JAAHHBIX U BEKTOP v2 (YHKUUU MH-
TEPOOSIUMY U BBIIOJHUM ONEpPaluy B COOTBETCTBUM ¢ dopmynoii (12.1). Brruucrne-
Husl oka3aHbl Ha puc. 12.11.

lMpumeyaHue

JIs BBINOJIHEHHs ONEPALMU CYMMUPOBAHMA DIEMEHTOB BEKTOpa z° Heob-
XOJIMMO ero akTUBU3UPOBAaTh U HaxaTh kiasully <Enter>. [1oyueHHbli Bek-
TOP OTPEAAKTUPOBATh, 3aMEHUB (PUIypHbIE CKOOKM KBAJAPATHUHbIMU U 3aIlk-
caB B Havajle BEIpaxeHWs (yHkmwio Plus. Ilocie HaxkaTwss KOMOWHAIIMN
kasum <Shift>+<Enter> noxyunm cymMy KBaapaToB pa3HoOCTeH v1 M v2.

W3 puc. 12.11 BUAHO, 4TO MakCUMaibHasg OTHOCUTEIbHAS MOrPEIHOCTh CIUIIKOM
BeNMKa U paBHa nmpumepHo 223%. [lonyuenHas QyHKUMS MHTEPOONSIUUUA HE MOXKET
OBITE MaTEMATHUECKOW MOMENBIO M3ydaeMoro o0bekTa Wi siBieHus. Cyns 1o rpa-
UKy, MOXKHO TIPEATIONOKHITE, 9TO OCHOBHOW MPUIHHOM 3TOTO SBISIETCS HETOTHOCTH
WCXOIHBIX TaHHBIX.
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f1={{3,26},1{6,90}, {9,180}, {12,300},
{15,500}, {18,700}, {21, 1000}, {24, 1200} ,
{27,1500}, {30, 20003

ri=ListPlot[fl, AxesLabel-s{"=" "y"}, PlotitylesPointSize[
0.0211

r2=Plot[-135/7+925/ 126 x+685/378 x"2,{x%,2,40}]
Show[{rl,r2}]

3000
2500
2000 .
1500

1000

10 20 30 40

Puc. 12.10. I'padukn GpyHkumit UICXOAHOM 1 TaOyIALUN

®dyHKums InterpolatingPolynomial

UHreprnosuus NOJIMHOMAaMU XOPOILO U JOCTATOYHO IIPOCTO pealu3yercs B cpeie
Mathematica pyHkuueil InterpolatingPolynomial. ®yHKIMS UMEET BUA:

InterpolatingPolynomial [z, x]
rac:

O z — Marpuna KCXOIHEIX TaHHBIX;
O x — aprymMent QyHKUMM Z .

Texnonorus pelienus 3aaa4u oueBuaHa. [1pusenem npumepsl.

 Mpuvep 12.4

Ilycrh pyukuus y = f(x) 3anana B Buje tadn. 12.5.

Heo06x0mmMo BEITTOHUTE MOJTHHOMHATEHYIO WHTEPITOAIMIO ¢ TIOMOTIBIO (PYHKITHH
InterpolatingPolynomiallz, x].
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w1={2Zk,90,1580,300, 500, 700, 1000, 1200, 1500, 2000}
wv2={19.0476,90.,193.571, 329.762,45958.571,700.,
934.048,1200.71,1500., 1831.9}
2=y 1-vi
{26,90,180,300,500, 700, 1000,1200, 1500, 2000}

{19.0476,90.,193.571,329.762, 495 . 571, 700. , 054,048, 1200.
71,1500., 1831.9}

{6.9524,0.,-13.571,-29.762,1.429,0., 65.952 ,—
0.71,0.,168.13

zh2

{46.3359,0.,164.172,585.777,2.04204,0., 4349.67,0.5041, 0
., 28257 .6}

Plus[45.3358657c000001°, 0., 154, 172040955522225" , 585,774
644", 2.0420409999959247" ,0. " ,4349. 666303599999 ,0.50410
oo0o0o0000516 ", 0. 7, 28257 . 6099999599965 7]

33728.1

Sgre [33728.1/10]
58.0759
558.0758/26%100
Z23.369
58.0759/2000+100
2.9038

Puc. 12.11. Borunicnenue norpemHocTeit MHTEPIosiLuu

Ta6auna 12.5, Tabnwuaroe 3ananne pyHKIHN y = f(x)

X

2

3

4

5

y

8

27

64

125

Pemrenue 3anaun CBOAUTCS K peaiu3anny CIESTYIONIMX MPOLEayp:
1. BBox MaTpuiisl MCXOIHBIX TAHHBIX
z = {{1,1},{2,8},{3,27},{4,64},{5,125}}

2. Bpox ¢yHKIMHU InterpolatingPolynomial [z, x].

3. Haxarne komOmHatwy knapum <Shift>+<Enter> myis momyaeHns perreHws.

Pemenue Ha sxpane OyneT MMETh BUJL, TTOKa3aHHBIH Ha puc. 12.12.

W3 puc. 12.12 cneayer, uro $pyHkuued uarepnonsiguu Oyaer: y = x° . Peiuenue sB-
JMeTCs. TOUHbIM. JI/Isl €ro MoJly4eHus MPULLIOCh YIPOCTUTh Pe3y/bTaT WHTEPIIOs-

II1H, ACTIONB30BaB GYHKIIMIO YIPOIIEHNS Simplify.
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z={{1,1},42,8},43,27,44,64},{5,125}}
InterpolatingPolynomiall =z, x]

01,10 12,8, {3,287 {4,064}, {5,125}
I+ =1+ (T (=240 (34200
Simplify[%]

]
X

Puc. 12.12. UnTepnonsiuus ¢ NOMOMEIO (GpyHKINH
InterpolatingPolynomial[z, x]

OyHk1MS InterpolatingPolynomial pemIaeT 3a/a4d WHTEPNONSINNA TaKXKE B
CJIy"dac HC PABHOOTCTOAIINX Y3JIOB.

DNeMEHTaMH BEeKTOpa z MOXKeT OBITH Habop (yHkIWMit £, (x), £; (%), ... Torga perre-
HUE OyIeT BBIIABATHCS B BHIEC MHOIOWICHA C COXPAHCHUEM HCXOJHOTO BHIA BEIpa-
KEHUM £ (x), £2(x), ...

z={1,Sin[x] ,1 /= Exp[-x]}
zl=InterpolatingPolynomial [z ,x]

{1, Sin(x], %, ce_x}

1+ {-1+%) (—1+Sin[x] +{-2+ 1) (; (1+ % -2Sin[x]] +

; -3+ (-; (1+ ; - 28inlxl) + ; (e - ;+Sin[x]]]]]
Table[zl,{x,1,4}]
H[#]

{1, sin[2], 142 [-1+ ; [% - 2S:i.n[3]] + Sin[a]],
3 (-1 +5in[4] + 2 {% (; -25111[4]] +

% (; (-; + % +Sin[4]] + % (-:— +2Sin[4]””}

{1.,0.909297,0.333333,0.0183156}

Puc. 12.13. Pemenue 3anauu npumepa 12.5

- Mpumep 12.5

OyHk1MA z 33]aHa B Bujae Tabn. 12.6.

B TIOCJICTHEH CTPOKC TaOJTHIIBI TPUBCACHBI 3HAYCHUA DJICMCHTOB BCKTOpPA z TIPH 3a-
JAHHBIX 3HAYCHUAX apryMCHTaA x.
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Ta6auua 12.6. Bun ¢pyHkimii — 31eMEHTOB BEKTOpa z

X 2 3 4
y sin x 1/x e
y(x) 0.909297 0.333333 0.0183156

Tlpomenypsl pemieHus 3agadyd ¢ MOMOIIBI0 (PYHKIMH InterpolatePolynomial
NpHABEIEHBI Ha puc. 12.13.

W3 puc. 12.13 BuaHO, 9TO peHIeHHWE COBMANAET ¢ MCXOIHBIMHU JaHHBIMH. Dopmyna
WHTEPIIOJNATINN TTOJTydeHa BEpHO. Ee, KOHEUHO, MOXHO COKPATHUTE C TTOMOIIHIO (PyHK-
A yITPOTICHNS BRIPAXKCHUH,

dyHkuus Interpolation[data]

Ora (pyHKIMS MO3BOAET pellaTh 3a4auy UHTePHOUMY Haa AaHHbIMU (data) B 1ua-
Ma3oHe apryMEHTOB, 3aTaHHEIX ITUMH JaHHBIMH. [Ipw 3TOM (QyHKIHUS ammpokcuMa-
MM TIOJIE30BATENI0 HenW3BecTHA. J[aHHBIC BBOIATCS B BHAC MAaTpHII (BDYHKIINA
y = f(x). llpu BBOJE 3TOl (pyHKIMU Mathematica Bbl1aeT He (QYHKLUIO UHTEPIO-
TSIAN, 2 HOBYIO (YHKIIHIO

InterpolatingFunction[{{x., X«}}, < > 1

[J€ X., Xx— AMANA30H apryMeHTOB (pyHKuuMu unTepnonsuuu. Eciu Teneps BBecTH

3HAUEHUE APIyMEHTA U3 AMAMNA30HA X.,—X., TO OTKIMKOM OyJeT 3HaueHUe (PyHKLUU
TIpA 33JlaHHOM 3HAYE€HUH apryMEHTA.

TexHosorus peieHus 3aa4u NpocTa U COCTOUT B BBINOJHEHUU CISAYIOUUX IPO-
uenyp:

1. BBoj MaTpHIiIbl MCXO/IHBIX JAAHHBIX C IPUCBOCHUEM €H YHUKATLHOTO UMEHHU.

2. Bgonx ¢yHkim Interpolation(datal.

3. Tlomydenwe pemeHNS MyTeM HaxaTHsi KOMOWHaMH kiaprmnr <Shift>+<Enter>.

Martpulie MCXOAHBIX JAHHBIX UMSI MOXKHO HE IIPUCBAUBATH, 4 BBOJUTL €€ HEMOCPE-
CTBEHHO B (pyHKINIO Interpolation[datal.

PaccMOTpUM TEXHOJIOTUIO Ha pUMepax.

- Mpumep 12.6

OyHkiusa y = f(x) 3a1aHa B Buae Tabn. 12.7.

Heobxomnmo omnpenenuts 3Ha4YeHHE (GYHKINU TIpH x, paBHOM 5.8 n 18.5, u mpose-
PHUTH TOCTOBEPHOCTD MOJYIEHHBIX PEUICHHH.

Peuienue 3a1aumn npuseneHo Ha puc. 12.14.
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Tadauua 12.7. Tabauunoe 3aganue Gpyukuuu y = f(x)

x 2 3 8 12 20

y 1 2.5 4.6 3.2 1.6

f={{2,1},.{3,2.5},{8.4.6} ,{12,3.2},{20,1.6}}
v=Interpolation[£]
42,1 ,{3,2.5 ,48,2.6},{12,3.2},420,1.6}}
InterpolatingFunction[{{2.,20.F}, <]
¥[5.8]
4.56372
¥[18.5]
1.18763
Tahle[¥[{2,3,8,12,20}]]
{1.,2.5,4.6,3.2,1.0}

Puc. 12.14. Pemenune npumepa 12.6

W3 puc. 12.14 BuaHo, uto pyHkuus Interpolation[data] pellaer 3a1aud UHTEpP-
MOJAIINY METOAOM TOYHBIM B y37TaxX. Pesynmpraramn TaOyTMpoBaHUS SBISIOTCS TOU-
Hble 3HaYeHUs QyHKLUMU B y3/1aX HHTEPIIOMSLMU.

12.2.2. UHTepnonsauma HefIMHEUHbIMU (PYHKLUMAMU

Ecnu uHTepHIONATIMOHHON SBJSeTCs HeMMHeHHAs (yHKIMS, TO JUIS OTIPSACIICHAS ¢
K0 PUITHEHTOB METOIAMHU TOYHBIMH B y3J1aX HCIONB3YIOTCS CIICAYIONTHE IBa CIO-
coba:

O cosaanMe ¥ peLIEHUE CUCTEMBL HENMHEHHBIX YPABHEHUI;

O nuueapusaums HeNMHEHHON MHTEPIONSUMOHHON (PyHKUMM yTeM IpeoOpasoBa-
HUsl KOOPAWHAT.

PaccmoTpum 06a cnoco0a.

Cnoco6 1. PeweHne cucTeMbl HENMMHEWHbIX YPaBHEHUN

TexHOJOTHS MHTEPTIONSIAN 3THM CITOCOOOM OTIPEAETSICTCS BUIOM (pyHKIMM WHTEp-
HOJSLUUY U CIOCOOOM PELIEHUS] CUCTEMbI HETMHEUHBIX YpaBHEHUIA.

Tloxaxkem TeXHOIOTHIO Ha TpuMepax.

Mpumep 12.7

Oynkims y = f(x) npexacrasnena B Buae Tadu. 12.8.
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Ta6auua 12.8. TabnuuHoe npeactaBneHue PyHkuuu y = f(x)

1 2 3 4 5 6 7

7.6 16 33 71 156 341 750

1650

f={a b+c==7.6, a b"d+c==71,a b*+c==750}
FindRoot[f,{a,2.5},{b,3},{c,1.5}]
fab+c = 7.6, ab?ic =71, ab¥+c= 7503
{a~»2.960224, b2 .20425,2+1.0705}
y=2.96224%2 20425"x+1.0705
Table[w¥,{x,1,8}]
1.0705+2.962242.20425"

{7.60002,15.4632,32.7256,71.0005,155.214,340.841, 75
0.00%,1651.92}

v1={7.5,16,33,71,156,341,750,1650}
v2={7.6,15.4632,32.7956,71,155.214,
340.841,750,1651.92}
(vl-w2)42
{7.5,16,33,71,156, 341,750, 1650}

{7.6,15.4632,32.7956,71,155.214, 340,641, 750, 1651.92
H

{0.01,0.2868154,0.0417794,0,0.617796,0,025281,0,3. 68
4}

Plu=[0.009999999999999929" 0.2858154239990999945° ,0.0
4177935999999988" ,0,0.6177960000000021° ,0.025280999
999997396 ,0,3.6864000000002792" ]

4, 66941

Sqrt [Out[33] /8]
0.763987
Out[34]1/7.6 100
10,0525

Puc. 12.15. Peenue 3aaauu npumepa 12.7

UsBecTHO, 9T0 GyHKITMEH MHTEPITONSIMH MOKET OBITh GyHKIM y =ab” +c¢ . HeoO-
XOJUMO OIPEIEIUTh HEU3BECTHBIE ¢, b, ¢ U NOrPELIHOCTb (PYHKUMU UHTEPHIOSILIUHU.
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Bribepem Tpu caenyrouue koopauHats! ynkuuu: (1, 7.6), (4, 71), (7, 750) u cocra-
BHUM CHCTEMY ypaBHEHHIA:

ab' +c=176
ab*+c=171
ab’ +¢=750

Pemium 31y cuctemy HenMHEHHbIX ypaBHEHMI ¢ NOMOILBIO yHKUMU FindRoot mpu
CIeIYIOIUX HayalbHbIX 3HAYEHUSAX HEU3BECTHBIX: a=2 .5, b=3, c=1.5.

Pemenne mpuseneno Ha puc. 12.15.

W3 puc. 12.15 BuanHo, 9TO MaTeMaTHIeCKO MOIENBIO 00BEKTA ABITSIETCS CIEAYIONas
(YHKINS HHTEPTIONSIIAN:

vy =2.96 2.2 + 1.07

AOCOMOTHAs U OTHOCUTENbHAS CPEeNHEKBAPATUYSCKUE MOIPEILHOCTH BBHIYMACIEHbI
B COOTBETCTBUM C (opmyroif (12.1). MakcuMansHas OTHOCUTENBEHAS TIOTPEITHOCTE
paBua 10%.

Cnoco® 2. JluHeapu3auus HeNIMHEMHON hyHKLUK

B cucreme Mathematica annpokcumanusi HeMMHEHHBIMU (PYHKUUSIMHA MOXET ObITh
CBE/ICHA K PELICHUIO JIMHEHHbIX YPABHEHUH [yTeM Ipeodpa3zoBaHus KOOPAUHAT.

BbipaBHuBanue QyHKUMI OCYIECTBISETCS yTeM MX Npeo0pa3’OBaHus B JIMHEHHYIO
(yHKIMIO METOZ0M 3aMeHbl mepeMeHHbiX. HaubGonee mpocto 3Tu mpeoOpa3oBaHus
OCYILECTBIISIIOTCS, €C/IU HelIMHeHHble (yHKIMK TUIA: CTeleHHasl, Jorapudmudeckas,
JpoOHO-NKHelHAasl, NOKa3aTeabHas.

TexHONorus UHTEPHOSAIMU METOJ0M JIMHEeAPU3aUUd HelMHEHHbIX QyHKIMH coCTo-
UT B BbIIOJIHCHUU CACNYHOUUX JCHCTBUMN:

1. TlpuBeneHue GpyHKUMH UHTEPHOIALUU B IMHEHHYIO GopMy.

2. TlpeobpazoBanre MaTPHIIGI NCXOIHBIX JAHHBIX B MaTPHILy HOBBIX TTEPEMEHHBIX.
3. OOpa3oBaHHe CHCTEMBI INHEHHBIX YPABHCHHUI.

4. PeuieHue cuUCTeMbl TUHEHHBIX YPaBHEHUH.

5. OO0paszoBaHue PyHKIIMU UHTESPOOIALUM.

6. IlpoBepka aeKBaTHOCTU IOLY4E€HHONH MOJEIIH.

PaCCMOTpI/IM MCTOAUKY Ha ITPUMEPC.

Mpumep 12.8

Oynkims y = f(x) , MomydeHHas B pe3yIbTaTe IKCIICPAMEHTa, TIPEICTABICHA B BUJIE
Tabdn. 12.9.
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Ta6auua 12.9. DxcniepuMeHTaNbHbIE JaHHbIE UCCIENYEMOro 00beKTa

X 1 3 5 7 9 11 13 15

y 25 7.8 18.7 28.5 39 50 61.7 73.8

HCO6XOZ[I/IMO HalTH MAaTCMATUICCKYHO MOJCITL UCCIICIYCMOT'O 06’bCKTEL CCJIN N3BCCT-

HO, 4TO (PyHKIMEN MHTEPHOJSILIMY MOKET ObITh MOKa3aTenbHas PYHKUUI Y = ax®.

Pemenue 3anaun nmokazano Ha puc. 12.16.

f1={1.,3.,5.,7.,9.,11.,13.,15.}
£3={2.5,7.8,18.7,28.5,39. ,50. ,61.7,73.8}
Log[£1]
{1.,3.,5.,7.,9.,11.,13.,15.}
{2.5,7.8,18.7,268.5,39.,50.,681.7,73.6}

{0.,1.09861,1.60944,1.94591,2.19722,2.3979,2.56495,
2.70805})

Log[£2]

{0.9162591,2.05412,2.92852,3.3499, 3. 66356,3.91202, 4.
12228,4.30136}

Solve[{2.054::44+1.09861 b,3.912:-:8+2.398 b}, {A,b}]
T {A-0.4833096,b1.4299}}
a=Exp[0.483096]
1.621029
¥y=1.62 x*1.43
Table[{x v} {x,1,15,2}]
1.62 x+%

§41,1.62},{3,7.79468},(5,16.1824},{7,26.1821},{9,37
.5044},{11,49.9697},{13,63.4533},1{15,77.5862}}

Puc. 12.16. Pemenue 3anauu npumepa 12.9

IIpokommenTupyem puc. 12.16.

B mepBBIX ABYX CTpoKax pHUCYyHKa HaXOASTCS BEKTOPHI MCXOMHBIX JaHHBIX C WMEHa-
MU £1 U £2. 32 HUMH CIEAYIOT T€ e BEKTOPbL B Jorapudmuueckom maciurade. Jlas
BBEITHCIICHUST KOAQGHIMEHTOB a 1 b MUHEHWHO!M PyHKIMHM 1ny=1na+blnx 3a UCXOI-
HBIE JaHHBIC B3STH koopawHarsl (3, 7), (11, 50), xoTopwie B norapudmMmuiIeckomM
maciutade umerot 3Hadenus: (1.09861, 2.05412), (2.3979, 3.91202). Toraa cucrema
JIMHEHHBIX YPABHEHUN UMECT BU:
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2.05412=A*1.098616"b

3.91202=A*2.3979"b

rge A ==lna.

Cucrema pelaercs ¢ NOMOLbIO PyHKIMU Solve. B pesynpTare pelieHus NOLy4eHbl
cneaywiue 3HaueHus ko3¢ puuueHton: a=0.483096, b=1.4299. Torna
a=e™=1.62109

a (DYHKIIMS WHTEPTIONSLIMH UMEET BYIL:

y=1.62 x"*

KoahpdpuumenTst a v b GyHKIMH WHTEPTIONSIIIMN OKPYTICHBI /10 IBYX 3HAYAINX TH(P
MOCJIE 3aMATON (TOUKH).

AJIEKBaTHOCTh MOJETH J0kazaHa TabyinpoBaHWeM (YHKIMHM WHTEPIIONSIIAN C TO-
MOIEIO GYHKINH Table.

CpaBHeHue pe3yibTaToB Taby/IMPOBaHUSI ¢ UCXOJHBIMHM JaHHBIMU II03BOJISET CJe-
TaTh BRIBOJBI, TO 3ajadva peIIcHa BEpHO (3HaUcHWS (yHKIMi MPaKTHIESCKW COBIIaA-
JIAIOT B y371ax UHTEpHnoasuud x =3 u x=11), a QyHKUMS UHTEPHOSLMYU SBIAACTCS
MaTeMaTHIeCKOH MOJIENBIO H3y4aeMoro 00beKTa.

C Lenblo CpaBHEHUS PE3YJIbTATOB JBYX CIIOCOOOB MHTEPHOJSLMU HAMU pellieHa 3a-
Jata MHTEPTIONSINA HEMHHEHION (GyHKmmcH y = ax” . B3aTsl Te ke y37IBl HETCPIIO-
i x=3 W x=11 W pemeHa cucreMa HEMWHEWHBIX YpaBHEHHH ¢ MOMOIIBIO
(¢yHKUMY FindRoot NMPU HAYAILHBIX NPUOMMKEHUIX a, =2, by =1.

Pemenne nveer BHUI:

f={7.8==a 3“b,50--a 11°h}

FindRoot [f,{a,2},{h,1}]
7.8 3%a, 50 11 a1
{la=1.62121,b-1.42994}

W3 pewenust BuaHO, 4TO KOIPQPULUEHTH (PYHKUUMM UHTEPHOSILIMM HPAKTUUECKU
COBIIAJAIOT €O CIyyacM JUHEeapU3allul yPaBHEHHUS.

12.3. UHTepnonauus,
npubnuxeHHas B yanax

Wnrepnosiuusi, npubnuxkeHHas B y3nax (alIpoOKCUMAalds), OCYLISCTBISSTCS I10
KPUTEPVIO MHANMYMa CPEIHEKBAIPATHICCKOW OIMMOKN (METOA HaWMEHBINNX KBaJl-
paroB). Peammsyercs cucremoit Mathematica ¢ momormeio GyHKIMK Fit. OyHKINAS
Fit UMEET BUA:

Fit [{{M}}, {X}, %]
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e

0 M — mMarpuna HCXOTHEIX IAHHBIX;

(O x — nepeyenn GazsMCHBIX NEPEMEHHBIX;
O x — apryment QyHKuMU.

TexHONOrus MHTEPHOISAIMU ¢ NOMOLIBbIO QYHKUMU Fit[{{M}}, {X},x] COCTOUT B
BBIITOJIHEHUU CIEAYIOLUX JEHCTBUMN:

1. BBoa Marpuilbl UCXOAHBIX JAHHBIX C OPUCBOEHHEM €H YHUKANbHOIO HMEHH,
Hanpumep, M.

2. BBoa 6a3uCHbBIX NEPEMEHHBIX X.
3. Beox ¢yHKIMM Fit [{{M}}, {X},x].
4. Tlomydenve pemeHUsS OTHOBPEMEHHBIM HaxaTreM kiasum <Shift>+<Enter>.

an/IBCZ[CM TIPUMCPBI pCHICHUA 3a1a9 UHTCPITOJISINA TI0 HpI/IBCZ[CHHOﬁ TCXHOJIOTHH.

. NMpumep 12.9

Oynxuus y(x) 3anaHa B sage Tadm. 12.10.

Ta6auua 12.10. TabnuuHoe 3anaHue QyHKIMUA V(x)

x 1 3 4 7 10
y 3.5 6.7 4.2 2.8 1.2

, e*.B nan-

~ 2
Heo0xonumo HaliTu pyHKIMIO UHTEPIONAIUUA B Oazuce a, X, X~ ,
+x

HOM npuMepe PyHKUMs Fit OyaeT uMeTh BUJ:

Fit[{{1, 3.5},{3, 6.7},{4, 4.2},{7, 2.8},{10, 1.2}},{a, x, x%,
%/ (1+x), Exp[x]}, x]

Peuienue nokaszano Ha puc. 12.17.

lIpuMmeyaHue

B cucremax Mathematica 3, 4 cB0oOOAHBIN uneH 0A3UCHBIX MEPEMEHHbIX KO-
UPOBAICS CUMBOJbHBIMU [EPEMEHHbIMH, Hampumep, x={a, x, x"2,
x/(1+x), Exp[x]}.

W3 puc. 12.17 BuaHo, uyto ko3(duimeHT npu 6a3UCHON NepeMeHHoR Exp[x] Mall.
To-Bunumomy, 31a 6a3UCHAs NePEMEHHAs HE OKA3bIBACT CYIIECTBEHHOIO BIMSAHUS HA
BU (hyHKIIMH WHTEpTonsumy. [IpoBepuM Hare MpearoToKeHne, AT 9eT0 PEIM
3a7aTy WHTSPTIONSIIAH, UCKITIOYHNB 0a3UCHYIO TIEPEMEHHYIO Exp [x].

Pemenne mpuseneno Ha puc. 12.18.
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M={{1,3.5},{3,6.7},{4,4.2},{7,2.8},{10,1.2}}
E={1,3x,%x"2,xf(1+x) ,Exp[x] }
Fit[M,X,x]
$01,3.53,{3,6.7),{4,4.2},{7,2.8},{10,1.2}}
z x
{1: He ®Hoy l—: EBX}

+ X

103.364 %
-33.1913 - 0.00090638 " - 16.2137x + 1.22525x + — =
+ X

Puc. 12.17. Pemenne 3aaauu npumepa 12.9

M={{1,3.5},{3.,6.7}y.§{4.,4.2} ,{7,2.8},{10,1.2}}

X={1,x,x"2,xf(1+x)}

Fit[M X, x]
{{1,3.5,{3,6.7,44,4.2},4{7,2.8,4{10,1.2}}

st £

_0. 43867 - 3.57786 % +0. 166826 %" +

32.8097x

1+x

Puc. 12.18. Pemenne 3agaun npumepa 12.9 ¢ u3mMeHeHHbIM 6a31COM

CpaBHeHMre (YHKUMM MHTEPHOONSILMM MOKA3bIBAET, YTO HAlllE MPEAN00KeHue ObLIo
oKOOUHbIM: (PYHKIMU CUIBLHO OT/IMYAIOTCS APYT OT ApYra.

Mpumep 12.10

3aBUCHMOCTH BBICOTHI COCHBI OT €€ BO3pacTa, TIOJyUCHHAs B pE3yJbTaTe 3KCIICPH-
MEHTAaJIbHBIX UCCeA0BaHUM, npuBeaeHa B Tadn. 12.11. Heobxoaumo HaiiTu MaTeMa-
THYECKYIO MOJIe/lb POCTA COCHbL M [IPOBEPUTD 8/1eKBATHOCTD MOJEIU.

Ta6auua 12.11. 3aBUCUMOCTb BBICOTHI COCHBI 4 OT €€ Bo3pacta L

Lyner| 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 | 110 | 120 | 130
h,m 18 | 22 |22.5(285|305| 32 | 33 | 34 | 35 |355| 36 |363

Ilpeanonoxum, uto QyHKIMS UHTEPIONALMYU OPEACTABAICT cOO0H NOJIMHOM BTOPOH
CTETICHH, T. €. h=a+bL+cL 2. Torma 0a3WCHBIMH TIEPEMEHHBIMH OYIyT: a, x, x°.
TIprmMenVM MHTEPTIONAIIIO, TPUOTMKEHHYIO B Y37aX, M (PYHKIVIO Fit.

Texnosnorust onpeaeneHus GpyHKIMN HATSPIIONSIINN W €€ Pe3yIbTaThl IPHBEACHE! Ha
puc. 12.19.
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M={{20,18},{30,22},{40,22.5},{50,28.5},
{60,30.5},{70,32},{80,33},{90,34},
{100,35},{110,35.5},{120,36},{130,36.3}}

¥={1,x ,x"2}

Fit[M,X,x]

{{z0,18},4{30,22},{40,22.5},{50,28.5},{60,30.5},{70,

323,{80,33),{90,34},{100,35},{110,35.5},{120,36},4{1
30,36.31)

{1, x, ¥}
10,0635 +0.435307 x —D.DDlE2443x2

Table[Out[25] ,{x,20,130,10}]

{18.0398,21.4807,24.5567,27.2678,29.614,31.5953,33.
2117,34.4633,35.3499,35.8717,36.0286,35.8206}

Puc. 12.19. Pemenue 3anauu npumepa 12.10

£1={{20,18} 430,22} ,{40,22.5},{50,28.5} ,{60,30.5} ,{
70,32} ,{60,33},{90,34},

{100,35%,{110,35.5},{120,36},{130,36.3}}
{{z0,18},{30,22},{40,22.5},4{580,258.5},{60,30.5,{70,
32},480,33},4{90,34},4{100,35},{110,35.5},4{120,36},{1
30,36.3)}

£2=10.0635+0.435307 x-0.00182443 =2
10.0635+0.435307 x - 0.00182443 x°

ri=ListPlot [f1,AxesLabel+{"h" ,"L"} ,PlotStyle=Points

ize[0.02]]

r2=Plot [£2,{x,20,130}]

Show[{rl,r2}]

L

35
32.5

30
27.5

25
22.5

2‘d 40 60 80 100 120

Puc. 12.20. I'padmueckoe npencrasienue GpyHkimii npumepa 12.10
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TabynmupoBanue (GyHKIMHM BBEICOTHI COCHBI OT BO3pacTa IMOKa3ayo, 9TO, Ha TEpBBIit
B3[UISLJ, MOIPELIHOCThL MOJEAM HE3HAUUTEeIbHA. Bpluucium ee, mpenBapUTENLHO
MpeCTaBUB (QYHKIMIO B BUAE TPa(HKOB.

T'padmkn ncxoanoit pyHKIMM (B BUAE TOUEK) W GYHKIINH, TOTYICHHOMN B pe3ynbpTare
WHTEPTIONSTIAY (CTIONIHAS KpHBast), MpUBEAEHBI Ha prc. 12.20.

W3 puc. 12.20 BunHO, 4TO B HEKOTOPBIX Y3JIaX UMEIOTCS MOTPEITHOCTH WHTEPIIONIS-
uuy. OLEHUM 3T MOrPELIHOCTH, BBIYUCIUB A0COMIOTHYIO U OTHOCUTENBHYIO CpPEj-

vi={18,22,22.5,28.5,30.5,32,33,34,35,35.5,36,36. 3}
{18,22,22.5,28.5,30.5,3%2,33,34,35,35.5,36,36.3}
£2=10.0635+0.435307 »x-0.00182443 x*2
Table[£2,{x,20,130,10}]

{18.0399,21.4507,24.5567,27.2678,259. 614,31, 5953,33.
2117,34.4632,35.3499,35.6717, 36.0285,35.8205}

v2={18.0399,21.4807,24.5567,27.2678,29.614,31.5953,

33.2117,34.4632,35.3499,35.8717,36.0285,35.8205}
{(vil-vr2)°2

{18.0399,21.4807,24.5567,27.2678,29. 614,31, 5953,33.
2117,34.4632,35.3499,35.6717, 36.0285, 35,8205}

{0.001592201,0.268672,4.23001,1.51832,0.734996, 0. 163
T82,0.04458169,0.214554,0.12245,0.1358161,0.00081225,
0.22992}

Plus[0.0015920099999999506° ,0.26967249000000126° ,4.
230014889999997"

1.5183168399999971° ,0.7849959999999987" ,0.163782089
9999986° |

0.044816890000000185° ,0.21455424000000045° ,0.122430
00999999867 ,

0.1381608899999978" ,0.0005122500000000615° ,0.229920
24999999472 ]

7.71907
Sgrt [Out [58] f12]
0.802032

Out [59]/18 100
4.45573

Puc. 12.21. Beruucnenue norpemHocTeil MHTEPIOIsALUN
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HeKBaJIpaTuyeckue mnorpeiHoctd. Jlng storo Bocnosb3yemcs (opmyiamu (12.1).
Pemenne npencrasneno Ha puc. 12.21.

W3 puc 12.21 BUAHO, 4TO NOrPEUIHOCTh UHTEPHOIALMU He mpeBbluaeT 5%. MoxHO
CUUTaTb, YTO MaTeMaTHUYeCKas MOJEIb POCTA COCHbL HalileHa U MpeAcTaBageT co0oi
[IOJIMHOM BTOPOM CTENEHHU.

12.4. Nape-annpokcumauus

ArnmpoxcnmMannst [lage iy XnT Anst MHTEPIIONSINY (BYHKINY, 3aaHHOW B aHATUTH-
4ECKOM BUJIE, APOOHO-PALIMOHANBLHON (QYHKLIMEH.

Berpoennas ¢ynxnns [age-anmpokciManiyt HAXOIUTCS B TTAKETE PacIIUPEHIS
<<calculus\pade.m

®yukuus [lane umeer Bua:

Pade[f(x), {x, r, ni, np}]

£ (x) — QyHkuM, 3a1aHHAs B aHATUTUYECKOM BUJE;
X — apryMeHT QpyHKUUH £ (x);
T — TO4YKa, BOIU3M KOTOPOIi cripaBeinBa (PYHKUUS AIMPOKCUMALIUY;

n; — CTCIICHb MHOI'O4JICHA YUCIUTCIIA,

e i R i

Ny — CTCTICHb MHOTOYJICHA 3HAMCHATCITA.

Texnomorus VHTCPIIOIAINNA OUCBUIIHA U HC Tpe6yer TIOSICHEHHH. an/IBCI[CM TIPUMCDPEIL.

Mpumep 12.11

Heo0xonumo Buimonnuts [lage-annpokcumanuio gyHkiuuu y =sinx BOau3u x =0
opu n; = 3 U n, =4. YO0eauTbess B JOCTOBEPHOCTH ANNPOKCUMAIIMUA IYTEM [OCTPOE-
Husl rpagMKOB.

TIponenypsr anmpokcnmari B cpexe Mathematica WMeIOT BUI, TIPWBEACHHEIH Ha
puc. 12.22.

W3 puc. 12.22 BuaHO, 4TO amnpokKcUMallvsi BbIIOJHEHa BepHO. B jauana3oHe ot
x =—=3 110 x = 3 (YHKIIWH COBTIAAfOT.

Armmpokcumarus [lage He WMeeT orpaHWYCHWM Ha BHWI WCXOMHOW ¢yHKImm. Cre-
JYIOUIUA PUMEP 3TO UIATIOCTPUPYET.

Mpumep 12.12

Heo6x0aumo Beinoanuts Iage-annpokcumanuio GyHkuun y = xe™ +1 B6amsu x = 0

opu n; = 3 U n, =4. YO6eauTbess B JOCTOBEPHOCTH ANMNPOKCUMAIIMU IYTEM [OCTPOE-
HUS TpadhiKoB.



KOMI'lbIOTeprIe TeXHOJTIOrnu peLleHna 3agayd nHrepnonaynun 349

<= calculusipade.m
f=5in[x]

Sin[x=]

Pade[£f, {x, 0, 3, 4}]

3L
pac
14 Fxd . 11 x4

43 220
Plot[{£, Out[3]}, {x, -7, 7}]

-6 -4 \-2 2 U
1

Puc, 12.22. [Tane-anmnpokcumanus GpyHkumuu y = Sin X

fl-=-xExp[x]+1

1+e"x
Pade[f1, {x, 0, 3, 1}]
e
1,x,x2_ 102

4z 240
1_ 3x , =2  Llax® | wxd

4 4 240 240
Plot[{f1l, Out[9]}, {x, 0, 5}]

140
120
100
80
60
40
20

1 2 3 4 5

Puc. 12.23. Tage-annpokcumaims GyHKumn y = xe™ +1
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Ilpoueaypa anmpokcumanuu B cpeae Mathematica umeer Buji, NpUBEJEHHBIA Ha
puc. 12.23.

12.5. PyHKLUMN annpoKCMMaLUUn
B NakeTax paclumpeHus

Cuctema Mathematica coaepkuT psia GpyHKIMI anmpoKCUMaluy, KOTOPbIE HAXOST-
Csl B IAKETaX paclidpeHusd Statistics M NumericalMath.

PaccmoTpuM BO3MOXHOCTU 3TUX (PYHKLMI U IPUBEEM IPUMEPL

12.5.1. JluHenHan annpokcumaums

B noxnakere LinearRegression HaXoAsMTCs QYHKIAW TMHEHHOM armpoOKCUMAIIHH,
KOTOPBIE SBISFOTCS JOMOTHEHNSIMH K (YHKIINH Fit, BKIFOUYCHHOM B SIIPO CHCTEMEL.

OCHOBHBIMH (DYHKIIVSIMH TIOATIAKETA SBISIOTCS:
O Regress[F, {I, x, x"2}, x]— pellaer 3a1ady alMpPOKCUMALMH ITAHHBIX

2
F, UCTIOJE3YS KBAJPATHIHYIO MOJICTE BUIA: y =a+bx+cx” ;

O Regress[F, {I, xi, %, xix:}, {x1, %;}] — pEUIAcT 3auaqy JBYXIapamer-
pUHECKOM TUHEHHOM alIPOKCUMALUU NAHHbIX F;

O Rregress[F, {fi,, fi,... }, x] — OCYLIECTBISET JUHEHHYIO ANPOKCHMA-
LIMIO JJAHHBIX F QYHKUUAMU £, fo, ...

Mpumep 12.13

Heo6X0mMMO TIOyYHTh MOIETh 0OBEKTa, TIPEACTABICHHOTO CICIYOMECH MaTpHIICH:
{{1, 1}, {2, 4y, {3, 9},{4, 16},{5, 25}}. [Ipennonaraercs, 4To (byHK-

IUST aIIPOKCUMAIIAN UMEET BUI: V = a+bx + ex?.

CpaBHATEL pe3ybTaThl PEIICHUS C PE3YNBTaTaMH amMPOKCUMAIIMH ¢ TIOMOIIIBIO
($yHKIMY Fit.

B nanHoM ciyuae QpyHKIMS Regress OyAeT UMETh BUJL:

Regress([M, {1, x, ¥°}, x]

Peuenue npuseneHo Ha puc. 12.24.

W3 puc. 12.24 crnienyet, 9To pemieHneM SBseTcs GPyHKIUS y = x? . CBOGOIHBII wicH
U KO3()(UUMEHT OpU X MPAKTUUYECKU PaBHbL HYMO (CTONOMK Estimate). DT0 moa-
TBEPXKJIACTCS TAKXKE PE3YJIHTATOM PEHICHUS 3aJadd allpOKCUMAILMK C TTOMOIIBIO
($yHKIMH Fit.



351

€1 71 edonudu SUHIMYJ *$T'T] "M

R TTAE L OT*T6TES " F — 0T * BTI85°6
[x{g.x X1} ‘WI1ta

ELE i Te3aoL
0T * 225556 0T *F0606" T z 0335
. . & . = . « STCELYAONY
0 0T *T656° T Lat FLE z T2po
suTEAd oT3EEd bgweap bgioumg a1

! =0T * TZ5FS "G « SAUBTIBAPIJRMTIST T < paaenbogpasenlpy * 1 « paaenbod

0 sr0T “9LEZEE g-0T ¥ETTT" 7 T zX
JEBELSEO 8LIF090° 0" #-0T ¥58965°T ar-0T 185596~ X W
« aToeLIsga0e Ted
6886680 9T60ST 0 #-0T ¥ ZFSE0° 7 gr-0T ¥ ZEZIT £ T
anTeAd IBIEL as aqeuTaEeg

fi52 ‘o “{91 ‘%3 ‘{5 "&£} “{y "7y ‘AT ‘111
[x *{g.x 'x "1} ‘W]lssaxhayg
{{cz "6} "{o1 "¥} "{6 £} "{¥ "2} {T "T}} =W

UOTSSAIABIYICIT T, SITYISTIR ]S =~

KOMI'lbIOTeprIe TeXHOJTIOrnu peLleHna 3agayd nHrepnonaynun




352 lnaga 12

OT/iMare B PEIMICHUH OYCBHIHO — 73TO TIOJHOTA aHalM3a Pe3yNbTaToB, KOTOPEIC,
HaJeeMcs, ACHbI 0e3 00bIICHEHUIA.

12.5.2. HennHenHasa annpokcMmauus

B noanakere NonlinearFit Haxoadrcs cieiylouide (pyHKIMU HelMHEHWHOH ar-
POKCUMAIIMU:

NonlinearFit[F, £, x, Al

NonlinearRegress[F, £, x, A]

rae:

O r — nanHble, NMPENCTABICHHBIE B BUIE CIIUCKOB, B YACTHOCTH B BHJIE MATPHIIBL;
O £ — Bua (popmyna) QyHKLMH aNNPOKCHMALIUH;

O x — apryMenT QyHKUMM alIPOKCUMALIUY;

O a— mapaveTpsl (yHKIMK f, KOTOPHIE OTIPENENSIOTCS B PE3YILTATE aATMPOKCH-
MaLnH.

q)yHKLH/H/I HEJIMHEHHO ! AlMpoOKCUMallu UMCIOT CIICAYIOINC Ha3HAYCHUS!

O wNonlinearFin[F, £, x, A] — BbLIAeT (YHKUMIO anpoKCUMAllUM, peanu-
30BaHHYTO HaJ NaHHBIMH F TTPH W3BECTHOM BHAE (GYHKIIMH allpOKCHMANAH £ (x)
C MapameTpamMi A,

O NonlinearRegress[F, f, x, A] — pelaeT Ty ke 3aJa4y, 4TO U QYHKUUS
NonlinearFin[F, £, x, Al], TOIbKO C BblJAYEH pe3ynbTara B BUAC JUATHO-
CTUKH peleHusl, Mogo0HO TOMY, Kak 3To ObUIO B Cllydac JIMHEHHOH anmpokcumMa-
IIAW C TIOMOTIBIO (PYHKIINK Regress.

Bun ¢yskmwn anmpokcuMarim £ (x) 3amaeTcs Tojb3oBareiieM. OHa MOXKET OBITH
KaK JMHEHHOMN, TaK U HEJIMHEHHOM.

IlpuBenem npumep pelleHUs 3a4a41 HENUHEHHON annpoKCUMAaLUU.

Mpumep 12.14

JHana ¢pyHK1Ms, NpeacTaBAeHHAs B BUIE CIEAyIOLIed MaTpUuLlbl:
M={{1, 2}, {2, 4}, {2, 12}, {4, 21}, {5, 32}}
U3BecTHO, 4TO (GYHKIIHS aNMPOKCHMAIIAN HETMHEHHA 1 UMEeT BUIL: ¥y =ab™ .

HeobxomnMo pemnTs 3amady armmpoKCHMAaliH W MTPOBEPHTH JTOCTOBEPHOCTH peTIe-
HUA IlyTeM NOCTPOeHus rpaduKoB.

B nawnom ciyuae F=M, y=ab*, A=a, b. Torma (yHkuus NonlinearFit Oyner
WMETE BUII:

NonlinearFit[M, a b"x, {x},{a,b}]

Peuenue npuseneHo Ha puc. 12.25.
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<<Statistics’ HonlinearFit’
M={{1,2},.{2,4},{3,12},{4,21},{5,32}}
sl=HonlinearFit[M,a b*x,{x},{a,b}]
{{1,2,{2,4},43,12} 44,21} ,{5,32}}
Z.05068 174287
ri=Plot[sl,{x,1,6}]
r2=ListPlot[M ,PlotStyles {PointSize[0.02]}]
Show([rl,r2]

50

40

30

20 ®

10

Puc. 12.25. Pemenue npumepa 12.14

W3 puc. 12.25 BuaHO, YTO mosydeHHas QYHKUMS anlpOKCUMAUUU NPOXOAUT BOIU3U
KOOPJIMHAT TOYEK UCXOJHBIX JaHHbIX. OHA MOXKET ObITh MaTeMaTUYeCKOi MOJENIbIO
M3yqaeMoTo 00beKTa.

12.5.3. MonuHoMmnanbHasa annpokcumaums

B nakere NumericalMath uMeeTcs MOANAKET PolynomialFit, B KOTOPOM Haxo-

TUTCS PYHKIWS TIOJTMHOMHATEHOM anmpOKCHMAITHH, UMCIOTIAS BUT:

PolynomialFit [F, n]

rue:

O r— nauuble, NPEACTABICHHbIC B BUJIE CIIMCKOB, HAIIPUMED, B BUJAE BEKTOPA UIU
MAaTpHULbI;

O n— creneus BO3BpAIIAEMOTO0 MMOJHHOMA.

Ecnu nannsle F TpencTaBieHsl B BUIE BEKTOPA, TO OHM SBIISFOTCS 3HAUCHHSIMA Op-
muHaT QyHKIMH  y = f(x). AOCIHCCH (HOPMUPYIOTCS aBTOMATHUYECKH C MIaroMm,
paBubiM eaunuie. Eciu qaHHbie NpenCcTaBieHbl B BUAE MATPUIIbL, TO 3JIEMEHTbI MaT-
PULIbI ABJSIIOTCSA KOOPJAUHATAMU TOUYeK QPyHKIMU ¥ = f(x) .

CDyHKuym PolynomialFit[F, n] pellaeT 3aaady NOJMHOMUAILHON allIPOKCUMAa-
LUA 110 METOAY HAMMCHBIINX KBaJIpaTOB.
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IlpuBenem npumepsbl NOIMHOMUANLHON ANNPOKCUMALIUH.

- NMpumep 12.15

Heobxomumo mipencTaBuTh (hyHKITHIO, OpAWHATAMH KOTOPOW SBISCTCS BEKTOp V= (1,
3, 7, 13, 22, 34, 50, 75), TMOJMHOMOM YETBEPTOH CTEHEHU. ANIEKBATHOCTH
MOJICTTH YCTAHOBUTE C TIOMOIITBIO CPABHEHUS TPAPUKOB UCXOTHOM (QYHKITHH W MOJICITH.

B JaHHOM CJTyvac beHKLH/IH TOJIAHOMUATEHO W perpeccnu 6yZ[CT UMCTH BUI:

PolynomialFit [V, 4]

Peuenue npuseneHo Ha puc. 12.26.

=< HumericalMath PolynomialFit"
V=y1,3,17,13, 22, 34, 50, 15}

S - PolynomialFit[V, 4]

(1, 3,7, 13, 22, 34, 50, 75
FittingPolynomial [<=, 4]

S[6]

33,6066

S[{z, 5,71

(2.77435, 21,6512, 50. 4153

Expand[5[x]]

3.33920 - 4.89295 x + 3.02746 x° - 0.427399 x* +0.0331439 x*
ri= Plot[S[x], {x, 1, 8}]

r2=ListPlot[V, PlotStyle — {PointSize[0.02]1}]

Show[{rl, r2}]

70
60
50
40
30
20
10

Puc. 12.26. IlonuHoMuansHas anmnpoxkcumarus GyHKLUNH, 3aAaHHOIT BEKTOPOM
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 Mpuwep 12.16

Heobxomnmo HaiiTh MaTeMaTHUYECKYFO MOJICTTE POCTa COCHEI TIO0 TAHHEBIM, TTPUBCICH-
HbIM B Tabn. 12.11. TIpenmnosaraercs, 9T0 MOACIBIO SIBJISIETCS TIOJIMHOM BTOPOU CTe-
[eHH, T. €. n =2 . Peluenue npuBeaeHo Ha puc. 12.27.

<< HumericalMath PolynomialFit’

M={{20,18},{30,22},{40,22.5},{50,28.5},{60,30.5},{7
0,32},{80,33},{90,34},{100,35},{110,35.5} ,{120,36},
{130,36.3}}

{{20,18},{30,22},{40,22.5},{50,268.5},4{60,30.5},4{70,
323,480,33},4{90,34),4{100,35},{110,35.5}, {120,36}, {1
30,36.3})

L=PolynomialFit [M,2]
FittingPolynomial[<>, Z ]
L[{20,70,120}]
{158.0395,31.5953,36.0286}
Expand[L[h]]

10.0635+0.435307 h - 0.00182443 h*

Puc. 12.27. Matematuueckas MOJENb pOCTa COCHBI

CpaBHEHHME TOJYUEHHBIX JAHHBIX C JAaHHBIMU Tnpumepa 12.10 mokas3wiBaeT, 4TO
pellieHUs TONHOCTHIO coBHaAaloT. Torna uTO ke HOBOro JAaeT (YHKUMS
PolynomialFit[F, n] MO CpaBHEeHUIO ¢ (pyHKUMel Fit[{{M}}, {X},x]? B Ha-
LieM NPUMEPE Pa3HbIMU ABJSIOTCSA JUllb OPMbL OTBETOB.

12.5.4. CnnanH-nHTepnonsauus

B moamakere SplineFit makera NumericalMath UMeeTcs QYHKIHS, peanu3yomas
crmaifH-uATeprionsumo. MHTeprionsumst KyOMYeckUMH CrmaifHaMu  o0ecTieurBaeT
BBICOKYIO TOYHOCTb MaTeMaTH4eCcKoil MoeNH, B YeM Mbl YOS IUMCsl Ha IpUMepax.

@YHKIMSA UMEET BUJL:

SplineFit[F, typel

TIe:

O r — nanHble, MPEACTABICHHBIE B BUIE MATPHIIBL;

O type — TuN annpoOKCUMalUy, IO YMOJYAHMIO — 3TO AIIPOKCUMALMs KyOuue-
CKUMHM CTTaifHaMu (Cube). JlOTyCKaeTCsl ammpoOKCUMAITHS CTTafHAMA Bezier W
CompositeBezier.
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| Mpuwep 12.17

Oynkims y = f(x) OpeacTapieHa B BUAE CSYIOUIeH Marpuiibl M=( (1,13), (2, 7.4),
(3, 2.2), (4, 4.4), (5, 9.5), (6, 16)).

Heo0xonuMo monyuuTh MareMaTHuecKyl0 Mojaenb PYHKUMH Y = f(X), UCIONbL3Yd
KyOWTecKyTo CIITaifH-HHTEPIOMSIH0. JIOCTOBEPHOCTE PEIICHHUST TIPOBEPUTH rpadu-
YECKH.

Pemenne nmpuseneno Ha puc. 12.28.

<< HumericalMath " SplineFit"

M={{1, 13}, {2, 7.4}, {3, 2.2}, {4, 4.4}, {5, 9.5}, {6, 16}}
[r1, 13y, [2, h.4y, [3, 2023, [4, 4.4, [5, 5.5), {6, 1631}
Z21=SplineFit[M, Cubic]

SplineFunction[Cubic, [0., 5.3, ==]

Z1[0]

11, 13}

Z1[1]

Z1[5]

{6., 16.}

Z1[3.53]

[4.53, 6.92269]

rl=ParametricPlot[Z1[x], {x, 0, §5}]

r2- ListPlot[M, PlotStyle — {PointSize[0.02]}]

Show[rl, r2]

15
12.5

10

Puc. 12.28. Mutepnonsuus KyOUUeCKUMH CITaiiHaMu
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W3 puc. 12.28 BunHO, 4TO pelIeHHE MOJMYUEHO HE B SBHOM BHIE, T. €. AHATUTHYECKOE
BEIp@XKEHHE (DYHKIMM WHTEPITOJSIMH OTCYTCTBYET. DTO SIBISIETCS CYIIECTBEHHBIM
HEJ0CTATKOM (PYHKIIMU SplineFit[F, type].

U3 rpa(bm(a CICAYCT, YTO UHTCPIIOJIATNSA BBITTIOJTHCHA C UICATBHON TOYHOCTHIO.

le/l OTOM CJICAYET UMETh B BUAY, YTO IOJYUYCHHAA MAaTEMAaTUYCCKad MOAECIb MOXKET
ObITh MOJEJIBIO U3YyUaEMOr'o SIBJIE€HUS TOJBKO B TOM Ciy4dae, €CJIU UCXOJHbIC JaHHbIC
YIOBJICTBOPATIOT YCJIOBUAM TOYHOCTH. an/I CHHaﬁH-HHTCpHOJ’[HHI/H/I CTITAXXUBAHUS
HETOYHOCTEH UCXOIHBIX JTaHHBIX HET.

12.6. MHOoronapameTpunyeckas UHTepnonsuus

OyHKIMM MHOTHX TIEPEMEHHBIX B HAYYHBIX W TPAKTHUECKHX 3aadax BCTPEUAFOTCS
qame, 9eM (QYHKIAM OJHOW TepeMeHHOH. THITHYHBIM MpUMEpOM SIBISIETCS TEOPHS
[UIAHUPOBAHUSL U CTATUCTUYECKON 0OpabOTKU pe3y/bTaToB 3KcnepumeHra. B aroii
TEOPUU CBOHCTBA 00BEKTA U3YHAIOTCS 10 3HAYEHUAM OTKJIMKOB [IPU BO3ASHCTBMU HA
00BEKT 1 (PpakTOpoB. 3HAUEHNS OTKIMKOB ONPEIEISIOTCS B MPOLIECCE IKCIIEPUMEHTA.
B pesynbrate skcnepumenta momayualoT (QYHKUMM Y= f(X;, X,, ..., X, ). Takue

(yHKUMY HE SIBISIOTCS MaTeMaTUYECKUMU MOJAENIMU o0bekTa ucciaeaoBanus. [s
MOJTy4YeHUs MOJAENU HEOOXOJUMO UMETh AHAIUTHUYECKUE BbIpakeHus (PyHKUMI OT-
kivka. [lodywaercs TumvHas 3amada WHTEPTONAIMK (QYHKIMHA MHOTHX TIEpEMEH-
HBIX. E€ 0COOCHHOCTSAMH SIBIISIFOTCS:

O Gonemwe TpymHOCTH BEIOOpa BHAA (PYHKIMM HWHTEDPIIOJNSIAN, CBI3AHHEE C He-
BO3MO>KHOCTBIO Ipaduueckoro npeicrapicHus (QyHKUMU HA [JIOCKOCTH U AAXe
B IPOCTPAHCTBE;

D TPYAHOCTH JOKA3ATC/ILCTBA AICKBATHOCTH MaTEMaTHIECKOH MOIEH.

Unrepnoasiuuio GyHKUMHA MHOTHX [EPEMEHHbBIX YacTO HA3bIBAIOT AIMPOKCUMALMEH,
T. K. IPY ONPEASICHUN MAaTeMaTUYEeCKON MOieN1 O0bIYHO UCHOJIb3YETCSl MHTEePII0J1s-
1M1, TTpUOIKEHHAS B y3/Iax.

Tlonyuenue QyHKUMM UHTEPHONALIMU HA3BIBAIOT PecpecCUOHHbIM AHAAU30M WU IPO-
CTO pezpeccueti.

Perpeccronnslif aHamm3 B cliydac MHOTHX TIEPEMEHHBIX MOXXHO BBITOJHUTE TOJIBKO
€ HOMOILIBIO KOMIIBIOTEPA, "BpyUHYIO" TaKkue 3a/1a4d PeLIUTh HEBO3MOKHO.

3a1aur perpecCHOHHOTO aHaiM3a BO3HHKAIOT HE TONLKO TMPH TMPOBEACHWN MHOTO-
(akTOpHOro sKkcnepuMeHTa. Takue 3a/1a41 4acTo BCTPEUAOTCS. B SKOHOMMUKE, TEXHU-
Ke, 00pa3oBaHUU, MEJAULIMHE U JaXe B CIIOPTEe U TyMaHUTapHbIX Haykax [15].

Crcrema Mathematica TIO3BONIIET pEIIATH 3aJa9W WHTCPIIONSIIAN MHOTHX TIEpe-
MEHHBIX.

TexHonorus uHTepnoaiuMu PyHKUUN MHOTUX [EpeMEHHbIX B cucteMe Mathematica
Hauboslee MPOCTa MO CPABHEHMIO € APYTUMU MaTeMaruueckuMmu cucremamu. OHa
peanusyercst PyHKIMCH Fit, IMCIOTICH BHI;

Fit[M, X, A]
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rae:
0 M — Marpuia UCXONHBIX JAHHBIX;

O x — nepeyens Gazuca QyHKLMU PEIPECCHU;

0 A — nepedenns apryMeHToB (hYHKITAH PETPECCHH.

B nepeune 0azuca QyHKUUM perpeccud MOIyT ObiThb (YHKIIMH CAMOr0 Pa3iudyHOro
BUJIA, 3aK/IIOUEHHbIE B (pUrypHble CKOOKU U OTJE/IeMble JPYr OT JpYyra 3amsiThIMU.
TlepeueHs apryMeHTOB A 3aKTIOTaeTCs B QUTYpHBIE CKOOKH, apTyMEHTBI OTACISIOTCS
JIpYT OT JIpyTa 3amsTEIMA.

TexHO0rui0 MHTEPNOMSILUMY PACCMOTPUM HA IPUMEPE UHTEPHOJALMU (PYHKLIUU
JBYX NEPEMEHHBIX.

 Mpuwep 12.18

Marpwiia uCXOIHBIX TaHHBIX MTpeacTaBicHa Tadu. 12,12,

Tadauua 12.12. Pe3yabTaThl 3KCOEPUMEHTANIbHBIX UCCAEe0BaHUlN 00beKTa

L, 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 | 110 | 120 | 130
Jer

H,m | 18 | 22 |225(285|305] 32 | 33 | 34 | 35 |355 36 |363
oM | 36 | 42 | 58 | 71 | 85 | 97 | 112 | 132 | 153 | 187 | 201 | 221

B taba. 12.12 opunsTel cieayooiue 0003HaA4ECHUsL:
O L — sospacr apesocros;

0 H— cpennss BrICOTA NepeRa;

O Q — sanac npeBeCHHBI HA yHaCTKE.

Heo0xonumo naiitu 3aBucumocts Q = f(L, H) .

B xauectBe QyHKUUU PErpecCu BO3bMEM CIIEIYIOLLYIO KBAPATUIHYIO (PYHKUMIO:
O=f(L, HY=by+b L+b, 1> +b,H+b,H* +bLH .

Peuienue 3a1aun npuseneHo Ha puc. 12.29.

Pesynbrarhl TaOynupoBaHus PyHKUMM NpUBEAeHbI B Ta0L. 12.13.

Tabauua 12.13. CpaBHeHHE UCXOIHBIX JaHHBIX U PE3YJIETATOB HHTEPIIOISLIUI

Q| 36 | 42 |58 |71 |8 |97 | 112 | 132 153 187 201 | 221

Z 349|458 |57 |69 | 82 | 98 | 116 | 135.3 | 155.8 | 177.7 | 200.5 | 224
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M={{20,18,36},{30,22,42},{40,22.5,58},{50,258.5,71},
{60,30.5,85},{70,32,97},{80,33,112},{90,34,132}, {10
0,35,153},{110,35.5,187},{120,36,201},

{130,36.3,221}}

{{20,18,36},4{30,22,42},{40,22.5,58},{50,26.5,71},46
0,30.5,85},{70,32,97},480,33,112}, (90,34, 132}, {100,
35,153},{110,35.5,187),{120,36,201},{130,36.3,221}}

={1,x,x"2,y,y"2,xy}
Z=Fit[M,X, {x.¥}]

i, x, x5, v, yz, X ¥
-35.1074°-0.483089 x + 000179859 x° +

6.56929 ¥+ 0.0654316 ¥ - 0.1940335 ¢
x={20,30,40,50,60,70,50,90,100,110,120,130}
y={18,22,22.5,28.5,30.5,32,33,34,35,35.5,36,36.3}
Z

{Z0,30,40,50,600,70,30,90, 100,110,120, 130}

{18,22,22.5,28.5,30.5,32,33,34,35,35.5,36,36.3}
{34.886,45.8157,56.9145, 65.0955,51.9858,97.9833, 115
.98,135.257,155.6814,177.705, 200.513, 224,045}

Puc. 12.29. Pemenue 3anauu npumepa 12.18
W3 Ttabn. 12.13 BuaHo, ¥TO TONMydIeHHAsT (PyHKIMS PETPECCHH XOPOIIO ANMPOKCHMH-

PYET MCXOJHBIE NaHHBIE. DTO MOATBEPIKAAIOT W PACYETH TOTHOCTH WHTEPTIONSIUN.
AOCONMOTHASA CPEJHEKBAIPATHUECKasl NOrPELIHOCTb € = 3.67, MakcUMajbHas OTHO-

€
CUTENbHAS OTPELIHOCTL O, = I 100% =10.2% , MUHUMAaIbHASI OTHOCUTEIbHAS

[OIPEIHOCT O, = £ 100%=1.7%.
221

Pacuetsl norpeiHocTel He NPUBOAATCSA BBUY UX OUEBUIHOCTH.
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